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Preface

This book has been written with the specific goal to serve as a textbook for a first course in CMOS analog
integrated circuit design. It is intended for electronics engineering students at bachelor level who have
followed basic courses in mathematics, physics, circuit theory, electronics and signal processing.

A distinct feature of this book is the emphasis on the interaction between analytical methods and simu-
lation methods. Traditionally, the teaching of circuit design is based on mathematical models of circuit
elements and on basic circuit theorems. Often, simulations are just referred to as additional examples.
In this book, simulations using the universally accepted program SPICE (Simulation Program with Inte-
grated Circuit Emphasis) are used throughout. The simulations are integrated into the text, both in order
to illustrate and verify the mathematically based theory and in order to develop design methods using the
simulator for more accurate design of integrated circuits.

The material presented in this book has been adapted from material used by the author for many years
of teaching an introductory one-semester course (5 ECTS credits) in CMOS analog integrated circuit
design at the Technical University of Denmark.

Chapter 1 is an introduction to the subject, outlining the basic method for integrated circuit design with
close interaction between hand calculations and simulations, and providing a motivation for the study of
analog integrated circuit design.

7
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Chapter 2 is a recapitulation of some of the basic theory which you are expected to know already. This
recapitulation is used for setting the scene for the following chapters which are the bulk of the course.

Chapter 3 presents the models used for MOS transistors in the book. For analytical purposes, hand
calculations, the Shichman-Hodges model is used. For simulations, both the Shichman-Hodges model
and BSIM transistor models are presented.

Chapter 4 describes the basic gain stages in analog CMOS design, i.e., the common-source stage, the
common-drain stage, the common-gate stage and the differential pair. A thorough review of the concept
of small-signal analysis is given with several examples showing how to build a small-signal model of a
gain stage from the transistor schematic of the stage.

Chapter 5 is about multistage amplifiers. It is shown how a simple opamp can be designed by combining
the stages introduced in chapter 3.

Chapter 6 is a brief review of feedback theory. The use of feedback to improve many system parameters
in an amplifier is explained. Additionally, conditions for stability in a feedback system are presented.
The chapter is also included in order to be able to present a design of the two-stage opamp, considering
that the main application of an opamp is as a gain element in a feedback system where the stability of
the system is a critical parameter.

Chapter 7 reviews the two-stage opamp and presents a design where the issue of stability in a feedback
system is a major consideration.

Chapter 8 gives a brief presentation of some circuits used for biasing of the amplifier circuits presented
in the previous chapter.

Finally, Chapter 9 summarizes the essentials from the previous chapters. It is intended as a quick refer-
ence to the most important equations and conclusions from the book.

All chapters (except Chapter 1 and Chapter 9) include end-of-chapter problems, and answers to the ques-
tions are included in an Appendix. The practical experience obtained by solving a substantial number of
problems is essential for the learning process in a field such as integrated circuit design.

The material presented in the book has been found suitable for a course comprising 12 lectures (with
problem solving sessions) and (optionally) an additional final wrap-up lecture. The duration of each
lecture is about 2 hours including a 15 minutes break.

The lectures may be organized as follows:

Lecture 1: Introduction and recapitulation of basic theory (Chapters 1 and 2).

Lecture 2: MOS transistor basics, Shichman-Hodges transistor model (Chapter 3.1 – 3.4).

Lecture 3: Small-signal transistor models and advanced transistor models (Chapter 3.5 – 3.7).

8
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Lecture 4: Common-source stage and common-drain stage at low frequencies (Chapter 4.1 – 4.2).

Lecture 5: Common-gate stage and cascode stage at low frequencies (Chapter 4.3).

Lecture 6: The differential gain stage (Chapter 4.4).

Lecture 7: Frequency response of the basic gain stages (Chapter 4.5).

Lecture 8: Introduction to multistage amplifies (Chapter 5).

Lecture 9: Feedback theory, basic properties of systems with feedback (Chapter 6.1 – 6.4).

Lecture 10: Stability in feedback systems (Chapter 6.5 – 6.6).

Lecture 11: Two-stage opamp design example (Chapter 7).

Lecture 12: Biasing circuits (Chapter 8).

Prerequisites: This book is aimed at a fundamental level in analog CMOS circuit design. The pre-
requisites needed are only a general background in mathematics and physics and a background in the
fundamentals of signal processing, circuit theory and electronics. There are numerous courses and text-
books which will provide an adequate background. Without this being an exhaustive list, it can be
mentioned that the textbooks used in the introductory courses at the Technical University of Denmark in
signal processing, circuit theory and electronics are the following:

Lathi, BP. 2009, Signal Processing & Linear Systems, International Second Edition, Oxford University
Press, New York, USA.

Hambley, AR. 2014, Electrical Engineering, Principles and Applications, Sixth Edition, Pearson Edu-
cation Ltd., Harlow, UK.

As already mentioned, an important feature of the present book is the extensive use of SPICE for verifica-
tion of the mathematically based theory and for providing designs with properties which are closer to the
properties obtained through actual experimental circuits. A very useful book for learning about LTspice
(the version of SPICE used in this book) is the following, part of which is also used in an introductory
course in circuit theory and electronics:

Bruun, E. 2017, CMOS Integrated Circuit Simulation with LTspice, Second Edition, bookboon.
Available from: http://bookboon.com/en/cmos-integrated-circuit-simulation-with-ltspice-ebook

If you are not already familiar with LTspice, it is highly recommended to complete Tutorials 1 and 2
from this book concurrently with reading Chapter 2 in the present book.

Further reading: Hopefully, some readers of the present book find the subject of CMOS analog inte-
grated circuit design so interesting that they wish to study the subject further. There are many excellent
textbooks about analog CMOS design covering both the topics from the present book in more depth and

9
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covering many other subjects such as noise, data converters and filters. Also, details of semiconductor
physics and VLSI technology are not dealt with in the present book. For such subjects, the reader is
referred to more advanced textbooks, some of which are referred to in the following chapters. Again,
without this being an exhaustive list, the following books are used in advanced courses at the Technical
University of Denmark:

Chan Carusone, T., Johns, D. & Martin, K. 2012, Analog Integrated Circuit Design, Second Edition,
John Wiley & Sons, Inc., Hoboken, USA.

Plummer, JD., Deal, M. & Griffin, PD. 2001, Silicon VLSI Technology: Fundamentals, Practice, and
Modeling, First Edition, Pearson Education Ltd., Harlow, UK.

Acknowledgements: The author would like to acknowledge Dr. Lars Stenberg, former director of IC
research and development at GN Hearing, for a careful review of the book, providing many suggestions
for improving the text. Also, a particular acknowledgement goes to my colleagues Ivan Jørgensen and
Pere Llimós Muntal who reviewed the entire manuscript of the book. They have now taken over the
teaching of CMOS analog integrated circuit design at the Technical University of Denmark, and their
teaching has provided a major source of inspiration for this book.

Erik Bruun
Department of Electrical Engineering, Technical University of Denmark
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Chapter 1 – Introduction

This chapter gives an introduction to the subject of design of analog integrated circuits (ICs) in CMOS
technology. A short background explaining the reason for focusing on CMOS technology is given, and
the design methodology presented in this book is motivated. After having studied the chapter, you should
be able to

– describe a few basic properties of CMOS technology.

– describe Moore’s law.

– know the orders of magnitude of device geometries in a modern CMOS circuit.

– describe the basic steps in the development of a CMOS integrated circuit.

– explain the impact of device scaling on digital circuits and on analog circuits.

– describe and explain a generic model for the design of an electronic system.

1.1 CMOS technology

CMOS technology is the dominant fabrication technology used for today’s electronic systems including
computers, radios, TV sets, smartphones and also electronics embedded into other systems such cars and
household appliances.

CMOS is short for complementary metal-oxide-semiconductor and it is a technology for fabricating inte-
grated circuits using both p-channel field-effect transistors (PMOS transistors) and n-channel field-effect
transistors (NMOS transistors), the two dominant device types in most integrated circuits. In Chapter 3,
we investigate the properties of MOS transistors in detail.

The combination of PMOS and NMOS transistors makes it very easy to design digital circuit functions,
and the transistors for digital circuit functions scale down in size as the fabrication technology improves
and the manufacturers are able to control progressively smaller dimensions. The downscaling of device
sizes implies that still more functions can be put into a single integrated circuit while maintaining or
improving speed/power ratio for digital circuitry. In the beginning of the IC era (mid 1960s), device
dimensions were counted in tens of µm. Today, device dimensions are counted in tens of nm, i.e., a
reduction in linear device size by three orders of magnitude. Contributing to the development towards
more devices in a single IC is also an increase in the die size of an integrated circuit which can be
manufactured with a reasonable yield (percentage of functional dies from a fabrication lot). In the 1960s,
die sizes were counted in mm2. Today’s ICs reach die sizes of more than 100 mm2, allowing tens of
billions of devices to be integrated in a single IC (Altera’s 30 billion transistor FPGA 2015).

11
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This scaling of semiconductor devices was predicted by Gordon Moore, one of the founders of Intel,
already in 1965. In a famous paper published in Electronics (Moore 1965), he presented a graph showing
that the number of components in an IC could be expected to increase by a factor of two per year, at least
until 1975. This development has proved to be even more long-lived than originally foreseen by Gordon
Moore, and in 1975, he revised the prediction and modified the rate of development to a factor of two in
device count per die for every second year (Moore 1975), a prediction known as Moore’s law.

Figure 1.1: Development in number of transistors per chip versus year of introduction. Adapted from Transistor count (2016).

This rate has been maintained for many years as shown in Fig. 1.1 for transistor count for selected
microprocessors. The development is closely followed by ITRS, an organization which monitors the
development in the semiconductor industry and regularly issues reports concerning this development
(International Technology Roadmap for Semiconductors 2016).

1.2 Why analog circuit design?

The development towards smaller device dimensions is particularly beneficial for digital circuit functions
which can be implemented using minimum-size devices. Closely linked to the downscaling of device
dimensions is a downscaling of the supply voltage. This is advantageous for digital circuits as it leads
to reduced power consumption, but it provides a challenge for analog circuit design because it means re-
duced signal swing without a corresponding reduction in noise voltages. Hence, analog circuit functions
often need device geometries larger than the minimum size offered by the technology in order to achieve
a useful performance with respect to noise properties, signal voltage swings, power consumption, etc.
A consequence of this is that the growth rate of the complexity of digital systems is higher than that of
analog systems, so today’s electronic systems are mostly digital.

12
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However, digital systems often need an analog interface to the physical world, for instance in the form of
a transducer interface to a microphone, a loudspeaker, an ultrasound transponder, a light-sensitive device,
a pressure sensor, or some other type of sensing device. Therefore, even though the growth of complexity
in a digital system is higher than that in an analog system and an increasing number of system functions
are handled by digital circuits, analog circuits remain an essential part of most electronic systems.

Figure 1.2: The analog balloon.

The situation may be illustrated as a balloon where the inside represents the digital functions, increasing
in size as air is blown into the balloon, and the shell of the balloon, representing the analog interface,
gets thinner and thinner as the balloon expands but remains to be an essential part in which a flaw would
cause the balloon to collapse. If too much air is blown into the balloon, the analog shell may no longer be
able to withstand the pressure and the balloon will explode. To avoid this situation, new developments in
analog circuit design are needed for a stronger analog shell, including new fabrication technologies, new
device types and new circuit techniques. This field of research and development is sometimes denoted
‘More-than-Moore’ (Arden et al. 2010). Thus, there is good reason to study the design of CMOS analog
integrated circuits. This book is an introduction to this subject.
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1.3 Design methodology

The design of an integrated circuit often follows a design flow as
illustrated in Fig. 1.3. There are five major steps involved: (1)
The schematic design using hand calculation and simplified analyt-
ical models, (2) the schematic simulation and design iteration using
computer simulation, (3) the layout and layout verification using
computer tools, (4) the fabrication of experimental test circuits, and
(5) the experimental verification using measurements on the test cir-
cuits from the fabrication. After each of the steps in the design flow,
it may be necessary to return to an earlier design step in order to
correct deviations from the design goal. It may even be necessary
to go back to start and revise the specifications if they turn out to be
impossible to fulfill.

One of the characteristics of integrated circuit design is that the fab-
rication of test circuits is very time consuming and very expensive
due to the fabrication of the IC wafers. This fabrication is carried
out by specialized companies, and the normal turn-around time is
counted in months while the cost is counted in thousands of dollars,
even when achieving favorable university prices. For this reason, in
IC design there is always a strong focus on achieving a first-time-
right design, and this means that the verification steps in the design
process (i.e., simulation, design rule check, layout versus schematic
check, parasitic extraction, post-layout simulation) are very impor-
tant, and a circuit design is not submitted for fabrication until these
steps have been completed to perfection. Another reason for the ex-
tensive use of simulation is that debugging a circuit after fabrication
is often much more difficult than debugging by simulation.

The phases illustrated in Fig. 1.3 can be treated in a generic devel-
opment model as shown in Fig. 1.4 which is applicable to the de-
velopment of electronic systems in general (Jørgensen 2015). In a
commercial setting, it is absolutely vital to complete all three phases
of development prior to the introduction of new products. In a uni-
versity environment, all of the phases in the design flow cannot be
covered in a single, one-semester university course.

This book is aimed at an introductory course, and for this, the focus
is on the two first steps in the design flow, the circuit design using
hand calculations on the basis of a theoretical foundation and the
circuit design aided by the use of computer simulation.

Figure 1.3: Development flow for IC design.

14
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Figure 1.4: A generic model for the development of an electronic system.

The two phases and the interaction between them are visualized in Fig. 1.5. The simulation serves not
only as a design tool but also as a tool for the designer’s self-evaluation of the design. As an introduction
to the subject, the book covers only some basic circuit functions and circuit blocks which appear in
almost any analog design, the fundamental gain stages, a basic design of an operational amplifier, and
some additional circuits for providing bias currents and voltages to the analog circuit blocks.

Along the way, we review some of the fundamental issues which are required for the analytical design,
including a brief repetition of basic principles for signals, electronic devices, circuit theorems and circuit
analysis (Chapter 2). Also, an introduction to feedback theory is included (Chapter 6), and throughout
the book, the analytical methods are complemented by simulations using the simulation program SPICE
which is the de facto standard for simulating analog integrated circuits.

The SPICE simulator used throughout this book is LTspice. You may use alternative circuit simulators
but LTspice has been chosen here because it is easily available from Linear Technology in a free version,
(http://www.linear.com/designtools/software/), and because it is fairly easy to learn how to use it for
CMOS design (Bruun 2017). Contrary to most commercial IC design tools, it also runs on both Windows
PCs and Macs, and it does not require any sort of licenses. LTspice is optimized for simulating systems
using integrated circuits from Linear Technology, but as a general SPICE simulator, it is also perfectly
suited as a design tool for simulating CMOS integrated circuits. A free guide to the use of LTspice
specifically for CMOS integrated circuits is also available on the web (Bruun 2017).

Figure 1.5: The design phases illustrated in this book.

15
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Chapter 2 – Basic Concepts

This chapter provides some of the information which you are expected to have as a background knowl-
edge from previous studies. Here, the emphasis is on issues related to CMOS integrated circuit design.
After having studied the chapter, you should be able to

– explain and describe analog signals in the time domain and in the frequency domain.

– explain and use device relations for passive components (resistors, capacitors and inductors).

– explain and use device relations for ideal voltage sources and current sources, both independent
sources and controlled sources.

– explain and use basic circuit theorems (Kirchhoff’s laws, Thévenin equivalents and Norton
equivalents, superposition).

– calculate and simulate the step response in the time domain for simple RC networks.

– calculate and simulate transfer functions in the frequency domain for simple RC networks.

– explain the concepts of small-signal analysis and large-signal analysis and derive small-signal
parameters from large-signal characteristics.

2.1 Signals

MOS integrated circuits are designed to process voltages and currents in an electronic system. Examples
include the processing of information in a computer system, acoustic signals in an audio system, and
power in a system for controlling LED lamps. Thus, one of the fundamental issues is the mathemat-
ical representation of voltages and currents or – more generally – signals. We start by considering a
classification of signals.

Analog signals. Analog signals are signals with a value varying continuously in time. An example is a
voltage which is a function of the time t. Figure 2.1 shows a sinusoidal voltage signal. It is described by
its amplitude Va and its angular frequency ω using the relation

va(t) =Va sin(ω t) (2.1)

It is a periodic signal with the period T = 2π/ω = 1/ f where f is the frequency. In general, a sinusoidal
signal is described by va(t) =Va cos(ω t +θ) where θ is the phase angle. Using sin(x) = cos(x−90◦),
we note that θ =−90◦ for the signal given by (2.1). The mean value of the signal over an integer number

17
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of periods is 0. A signal as the one shown in Fig. 2.1 is called an ac signal. The term ‘ac’ is short for
‘alternating current’, and in the short form, it is used for both currents and voltages.

Figure 2.1: A sinusoidal voltage signal.

Often a sinusoidal signal is described by its effective value or rms value (root-mean-square) rather than
its amplitude. This is a concept derived from the power which can be delivered by a sinusoidal signal. A
sinusoidal voltage with the rms value VR,rms delivers the same average power to a load resistor with the
value R as constant voltage with the value VR,dc. A constant voltage is also called a dc voltage, where the
term ‘dc’ is short for ‘direct current’, and just as for the term ‘ac’, in the short form, it is used for both
currents and voltages.
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For the dc voltage, the power delivered to the resistor R is

Pdc =
V 2

R,dc

R
(2.2)

For the ac voltage with an amplitude Va, the average power delivered to the resistor R is

Pavg =
1
R

1
T

∫ T

0
V 2

a sin2(ω t)dt (2.3)

Using
∫ T

0
sin2(ω t)dt =

∫ T

0
cos2(ω t)dt and (sin2(ω t)+ cos2(ω t)) = 1, we can rewrite (2.3):

Pavg =
1
R

1
T

∫ T

0
V 2

a sin2(ω t)dt =
1
R

1
T

∫ T

0
V 2

a cos2(ω t)dt

=
1

2R
1
T

∫ T

0
V 2

a (sin2(ω t)+ cos2(ω t))dt =
1

2R
1
T

∫ T

0
V 2

a dt =
V 2

a

2R
(2.4)

From (2.2) and (2.4), it follows that the same average power is obtained from the dc source and the ac
source if

V 2
R,rms =V 2

R,dc =
V 2

a

2
⇒Va =

√
2 VR,rms (2.5)

Figure 2.2: A triangular voltage signal.

Figure 2.2 shows another analog signal, a triangular signal. Like the sinusoidal signal from Fig. 2.1,
this is a periodic signal with a period T . It can be shown that any periodic signal can be decomposed
into sine-wave signals with frequencies which are multiples of the basic frequency f = 1/T . The basic
frequency is also called the fundamental frequency and the multiples of the fundamental frequency are
the harmonic frequencies with 2 f being the second harmonic, 3 f the third harmonic, and so on. The de-
composition of the time-varying signal into components with different frequencies is obtained using the
Fourier transformation (Lathi 2009), and for the triangular signal shown in Fig. 2.2, the decomposition
results in

v(t) =
8Vf

π2

∞

∑
n=0

(−1)n sin((2n+1)ω t)
(2n+1)2

=
8Vf

π2

(
sin(ω t)− 1

9
sin(3ω t)+

1
25

sin(5ω t)−· · ·
)

(2.6)
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We note that the triangular waveform contains only odd harmonics of the fundamental frequency and
that the amplitude of the harmonics decreases with frequency.

Thus, using the Fourier transform, we can describe the signal in the frequency domain, rather than in the
time domain.

Figure 2.3: An arbitrary time-varying voltage signal.

Figure 2.3 shows an analog signal with an arbitrary, nonperiodic waveform. Also such a signal can be
described in the frequency domain through the use of the Fourier transformation or the Laplace trans-
formation (Lathi 2009). In this case, the resulting frequency spectrum is not discrete as for the periodic
signals but contains in principle all frequencies. For signals used in practice in electronic systems, the
frequency spectrum is limited. Thus, for audio signals, the frequency range of interest is from about
20 Hz to 20 kHz, the audible frequency band. For radio transmission, several frequency bands are de-
fined, ranging all the way from kHz-frequencies to GHz-frequencies.

The average value of the signals shown in the previous figures is 0. This is not always the case. Often, a
signal can be treated as a sum of a constant dc value and an ac signal which is a sum of sinusoidal signals
with an average value of 0. Transforming a time-varying signal into the frequency domain thus results in
a dc value (a frequency component with f = 0) plus a spectrum of ac sinusoids.

When denoting a signal by a letter and a subscript, the standard convention used in many textbooks,
including the present book, is as shown in Fig. 2.4 for a signal represented by a voltage. The total
instantaneous value is denoted by a lowercase letter and an uppercase subscript. The dc value of the
signal is denoted by an uppercase letter and an uppercase subscript. The ac value of the signal is denoted
by a lowercase letter and a lowercase subscript. This means that

vA(t) =VA + va(t) (2.7)

If the ac signal is a sinusoid, the amplitude of the sinusoid is denoted by an uppercase letter and a
lowercase subscript, so

va(t) =Va sin(ω t) (2.8)

for the signal shown in Fig. 2.4.
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Figure 2.4: Signal notation.

Finally, when describing a signal in the frequency domain, we also use an uppercase letter and a low-
ercase subscript, Va( jω) or Va(s) where the complex frequency s = σ + jω is s = jω for physical
frequencies (Lathi 2009), see examples in Section 2.4.

When using LTspice for simulating a circuit, an important issue is that LTspice is case-insensitive. This
implies that you cannot use the conventions described above for distinguishing between dc values, ac
values, amplitudes, etc. You have to learn the signal concepts to a level where you can see from the
context if a certain signal is a dc value, an ac signal, a sum of a dc value and an ac signal, or a signal in
the frequency domain.
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The distinction between (constant) dc values and time-varying signals superimposed on the dc values
is extremely useful when analyzing electronic systems, especially if the variations in the ac signals are
small enough that the electronic system can be described by linear equations with a reasonable accuracy.
This leads to the concept of small-signal analysis which we will use extensively in this book.

A special category of time-varying signals is signals varying in a stochastic manner as a function of time.
A stochastic signal is also called a noise signal and noise signals play an important role in all electronic
systems. However, the treatment of noise signals is beyond the scope of this book.

Sampled analog signals. Often in electronic systems, an analog signal is sampled at specific points in
time as shown in Fig. 2.5. In this way, the signal is described by a series of signal values. Each of the
samples may assume any value (within a limited range of signal values), and the series of values is called
a sampled analog signal, discrete in time but continuous in value.

Figure 2.5: Sampling of an analog signal.

Also the values of each sample may be truncated into a finite number of values where each value is
typically represented in a binary notation. The number of bits used for this notation determines the
number of different signal values and the precision in the representation of the sampled signal values.
If the signal shown in Fig. 2.5 is sampled in a system where each sample is discretized into one of 8
allowed values represented by 3 bits, the resulting sampled and digitized signal may be shown as the
graph in Fig. 2.6.

Clearly, there is a difference between the original signal and the sampled signal with only 8 possible
signal levels. The difference between the original signal and the quantized, sampled signal is an error
signal called the quantization error or quantization noise since it can often be treated in the same way as
a stochastic noise signal.
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Figure 2.6: Sampled values truncated to 8 levels for the analog signal from Fig. 2.5.

An extreme case of the quantized, sampled signal is a signal quantized into only two levels, represented
by the logic values 0 and 1. Two different values of voltage (or current) correspond to the logic values 0
and 1. This is a binary digital signal and it is described by a stream of bits which can be processed in a
computer or digital signal processing system.

The topic of the present book is analog circuits and systems for the processing of signals which are
continuous in time and amplitude but the processing in digital systems is becoming ever more important,
and often the purpose of analog electronic systems is to perform some sort of pre-processing of a signal
before it can be sampled and quantized for further processing using digital signal processing.

2.2 Circuit elements

In CMOS integrated circuits, a number of passive and active circuit elements are available. They include
the standard passive devices, i.e., resistors, capacitors and inductors, but the main feature of the CMOS
technology is the availability of both p-channel and n-channel MOS transistors. In this section, we give
a brief review of passive devices and ideal active devices (voltage sources and current sources) while the
description of the real physical, active devices (MOS transistors) is the topic in Chapter 3.

Resistors, capacitors and inductors. An ideal resistor is characterized by the resistance value R and
the relation Ohm’s law, named after Georg Simon Ohm (1789-1854), a German physicist:

v = Ri (2.9)

where v is the voltage across the resistor and i is the current flowing in the resistor. This relation applies
both to a description in the time domain and in the frequency domain.

In most CMOS technologies, resistors can be designed to have values ranging from less than a kΩ
to several tens of kΩ but they occupy a large area compared to the area of a typical MOS transistor.
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Therefore, for most designs, it is good practice to limit the number of resistors, or rather, the total value
of resistance included in the design. Also, resistors in integrated circuits have parasitic components
associated with them. Often resistors are implemented in a polysilicon resistive layer separated from
the silicon surface by an insulating oxide layer, so a parasitic capacitance from the resistive layer to the
silicon surface cannot be avoided.

An ideal capacitor is characterized by the capacitance value C. In the time domain, the following relations
between capacitor charge Q(t), current and voltage apply:

Q(t) = C v(t) (2.10)

i(t) = C
dv(t)

dt
(2.11)

In the frequency domain, the relation is

I(s) = sCV (s); s = jω (2.12)

In CMOS technology, capacitors can be designed to have values ranging from fF to tens of pF. Since
capacitors are often implemented using the plate capacitance between two conducting layers (or a con-
ducting layer and the silicon substrate) separated by an insulating oxide layer, the capacitor value is
proportional to the area of the capacitor. Therefore, it is important to keep the total capacitor value in a
circuit small in order to avoid excessive use of silicon area for capacitors. The plate capacitors imple-
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mented using conducting layers separated by an insulating oxide layer have a parasitic capacitance from
the bottom plate to the silicon surface which cannot be avoided.

Capacitors may also be implemented using a pn-junction biased in the reverse direction, see page 52. In
this case, the capacitor shows a nonlinear behavior, and the linear relations (2.11) and (2.12) apply only
to small signal variations from a bias point.

An ideal inductor is characterized by the inductance value L. In the time domain, the following relation
between voltage and current applies:

v(t) = L
di(t)

dt
(2.13)

In the frequency domain, the relation is

V (s) = sL I(s); s = jω (2.14)

In CMOS technology, only rather poor inductors can be implemented. They are typically realized in one
or more metal layers as spiral inductors with a planar layout, see Fig. 2.7. In practice, inductors can be
designed to have values up to a few nH, and they are suffering from several parasitic elements, including
capacitance to the substrate, series resistance, and loss due to induced currents in the substrate. Integrated
inductors are used mainly in circuits operating at GHz frequencies, and they will not be treated further
in this book.

Figure 2.7: Layout examples of planar inductors in CMOS technology.

Except for the pn-junction capacitor, the devices described above are all linear devices (the relation
between voltage and current is a linear equation), and in the frequency domain, they are all described by
the relation

V (s) = Z(s) I(s) (2.15)

where Z(s) with s = jω is the complex impedance of the device. For a resistor, Z(s) = R, for a capacitor,
Z(s) = 1/(sC), and for an inductor, Z(s) = sL.

Figure 2.8 shows the standard textbook diagram symbols for the devices and the basic device equations.
In LTspice, the device names are ‘ ’, ‘ ’ and ‘ ’, respectively, and the symbols resemble those shown
in Fig. 2.8.
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Diagram symbol:

Time domain: v(t) = Ri(t) i(t) =C
dv(t)

dt
v(t) = L

di(t)
dt

Frequency domain: V (s) = RI(s) I(s) = sCV (s) V (s) = sL I(s)

Figure 2.8: Diagram symbols and basic device equations for resistors, capacitors and inductors.

Ideal active devices. An active device is able to deliver energy or control the flow of energy in an
electronic system. The ideal active devices include the independent voltage source, the independent
current source, the controlled voltage source and the controlled current source.

The independent sources are not available in integrated circuit technology but they are used extensively as
signal sources and power supply sources for CMOS integrated electronic systems. Physically, an example
of an independent voltage source is a battery, and another example is a voltage regulator, generating a
constant voltage for supplying and electronic system with the dc power needed for its proper operation.
The standard diagram symbols used in textbooks are shown in Fig. 2.9. In LTspice, the device names are
‘ ’ and ‘ ’, respectively, and the symbols resemble the circular symbols shown in Fig. 2.9. In LTspice,
independent sources may be specified as dc sources, time-varying sources or sources in the frequency
domain. To open a specification window for the source, you right-click on the symbol and left-click on
‘Advanced’ in the dialogue window (Bruun 2017, page 48).

Dc voltage source Voltage source Current source

Figure 2.9: Diagram symbols for independent sources. The leftmost symbol is only used for dc voltage sources (batteries).

The controlled sources include four types: The voltage-controlled voltage source, the current-controlled
voltage source, the voltage-controlled current source and the current-controlled current source. They
are characterized by a voltage gain Avoc, a transresistance Rmoc, a transconductance Gmsc and a current
gain Aisc, respectively (Hambley 2014). The subscript ‘oc’ denotes ‘open circuit’ and the subscript ‘sc’
denotes ‘short circuit’. The symbols normally used in textbooks for controlled sources are shown in
Fig. 2.10. Notice the diamond-shaped symbols. They serve to distinguish the controlled sources from
the independent sources.
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Voltage-controlled Current-controlled
voltage source voltage source

Voltage-controlled Current-controlled
current source current source

Figure 2.10: Diagram symbols for controlled sources.
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The controlled sources are also available in LTspice with the device names ‘ ’, ‘ ’, ‘ ’ and ‘ ’, respec-
tively. The LTspice symbols are shown in Fig. 2.11. By default, the direction of the current in the
current-controlled current source is downwards as shown in Fig. 2.11. In the figure, the values of gain
in the different sources are shown as parameters, ‘ ’, ‘ ’, ‘ ’ and ‘ ’. For the voltage-
controlled sources (‘ ’ and ‘ ’), the terminals for the controlling voltage are specifically shown in the
symbols. For the current-controlled sources, the controlling current must be specified as the current
through an independent voltage source with a value of 0 (Bruun 2017, page 34), and the name of this
voltage source is specified in the ‘Value’-line using a specification window opened by a right-click on
the symbol. The gain (‘{ }’ or ‘{ }’) is specified in the ‘Value2’-line.

Also notice that LTspice does not use a diamond-shaped symbol for controlled sources. You may actually
modify the default LTspice symbol into a diamond-shaped symbol using the symbol editor in LTspice
(Bruun 2017, page 29). LTspice also has available an ‘arbitrary behavioral voltage source’ (device type
‘ ’) and an ‘arbitrary behavioral current source’ (device type ‘ ’) where the relation between the
controlled signal and the controlling signal is specified by an equation. It may be a linear equation as
for the ideal amplifiers, or it may be a nonlinear equation describing a nonlinear relation between the
controlled signal and the controlling signal.

Voltage-controlled Current-controlled
voltage source voltage source

Voltage-controlled Current-controlled
current source current source

Figure 2.11: LTspice symbols for controlled sources.
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In CMOS technology, ideal controlled sources are not available, but as we shall see in Chapter 3, a MOS
transistor provides an approximation to a voltage-controlled current source. However, it is nonlinear, and
it has a fairly complicated relation between the current and the voltages applied to the transistor.

The fact that the relation between current and voltage is nonlinear for real devices in integrated circuits
means that the equations for analyzing the behavior of a circuit become nonlinear, and in general, non-
linear equations are more difficult to solve than linear equations, especially when performing calculations
by hand. In order to simplify circuit analysis, the nonlinear relation for a device can be linearized by
calculating the partial derivative of the nonlinear relation and using this as a linear approximation for
small signal variations from a bias point. Figure 2.12 illustrates this concept for a voltage-controlled
current source where small signal variations around the bias point (VI , IO) can be analyzed using the
tangent to the nonlinear relation as an approximation to the actual relation. This approach is called
small-signal analysis, and it is extremely important in the analysis of analog circuits.

io = gm vi

gm =
∂ iO
∂vI

∣∣∣∣
VI, IO

Figure 2.12: Small-signal modeling of a voltage-controlled current source.

2.3 Circuit theorems

The electrical behavior of a circuit is described mathematically by a few fundamental circuit theorems in
combination with relations specifying the behavior of each of the circuit elements included in the circuit.
In the previous section, we reviewed the relations describing some simple, ideal circuit elements. In the
next chapter, we go into detail with the modeling of the MOS transistor which is the predominant device
type in a CMOS integrated circuit. In this section, we briefly review some basic circuit theorems, and
we describe some additional theorems which are useful for simplifying circuit structures when analyzing
circuits by hand calculations.

Kirchhoff’s laws. The two laws first described in 1845 by Gustav Kirchhoff (1824-87), a German
physicist, are the fundamental, general equations in circuit analysis.
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Kirchhoff’s current law (KCL) states that the algebraic sum of currents flowing into a node equals zero.
This is illustrated in Fig. 2.13, showing a small part (four devices) of a circuit. A node is a point where
two ore more circuit elements are connected together. In Fig. 2.13, we can identify two nodes labeled A
and B, respectively. Also, the currents in the circuit elements are labeled as shown in the figure with the
arrow defining the positive direction of current. Applying KCL to the two nodes, we find the two node
equations

Node A: I1 + I2 − I3 = 0 (2.16)

Node B: I3 − I4 = 0 (2.17)

We note specifically that node B is a node where two circuit elements are connected in series, i.e., there
are two and only two circuit elements connected to the node. Thus, KCL implies that the current in
series-connected circuit elements is the same for all elements.

Figure 2.13: Circuit for illustrating Kirchhoff’s current law, KCL.
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Kirchhoff’s voltage law (KVL) states that the algebraic sum of voltages across circuit elements connected
in a closed loop equals zero. This is illustrated in Fig. 2.14. In the circuit shown in the figure, we can
identify three closed loops, loop 1, loop 2 and loop 3 with the positive directions defined by the arrows
shown in the figure and the voltage across each element defined with signs as shown in the figure.

Figure 2.14: Circuit for illustrating Kirchhoff’s voltage law, KVL.

Applying KVL to each of the loops, we find the loop equations

Loop 1: −VA +VB +VC = 0 (2.18)

Loop 2: −VC +VD = 0 (2.19)

Loop 3: −VA +VB +VD = 0 (2.20)

We note specifically that loop 2 contains two circuit elements, C and D, connected in parallel, i.e., both
ends are connected together. From (2.19), we see that VD = VC. KVL implies that the voltage across
parallel-connected circuit elements is the same for all elements.

Series connection of resistors, inductors and capacitors. While Kirchhoff’s laws are the fundamen-
tal theorems for analyzing circuits, there are several other rules derived from KCL and KVL which are
very useful for reducing the complexity of a circuit by combining different circuit elements into simpler
equivalents. This is particularly useful when performing circuit analysis by hand calculations. The first
of such rules which we consider is the series connection of passive elements of identical type.

Figure 2.15: A series connection of N resistors.

Figure 2.15 shows a series connection of N resistors, R1, R2, ... Rk, ... RN . Applying KCL, KVL and
Ohm’s law to the series connection results in

I = I1 = I2 = ...= Ik = ...= IN (2.21)
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and

V = V1 +V2 + ...+Vk + ...+VN

= R1 I1 +R2 I2 + ...+Rk Ik + ...+RN IN

= (R1 +R2 + ...+Rk + ...+RN) I (2.22)

From (2.22), we see that the series connection of resistors R1 to RN is equivalent to a single resistor with
the value

Req = R1 +R2 + ...+RN (2.23)

We also find that the voltage across any resistor Rk in the series connection is given by

Vk = Rk I =
Rk

R1 +R2 + ...+RN
V (2.24)

This is the voltage-divider rule for resistors.

For an inductor, we have V (s) = sLI(s), so using equations similar to (2.21) and (2.22), we find that the
equivalent inductance for a series connection of inductors is the sum of the inductances. Likewise, the
voltage divider rule (2.24) applies to inductors as well as to resistors.

For a capacitor, we have

I(s) = sCV (s)⇒V (s) =
1

sC
I(s) (2.25)

From (2.25), it follows – using equations similar to (2.21) and (2.22) – that the equivalent capacitance
Ceq for a series connection of capacitors is given by

1
Ceq

=
1

C1
+

1
C2

+ ...+
1

CN
(2.26)

Also, the voltage divider rule states that

Vk =
1/Ck

1/C1 +1/C2 + ...+1/CN
V (2.27)

The expressions given by (2.23) and (2.24) may be generalized for impedances in series:

Zeq = Z1 +Z2 + ...+ZN (2.28)

Vk =
Zk

Z1 +Z2 + ...+ZN
V (2.29)
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Parallel connection of resistors, inductors and capacitors. Applying KCL, KVL and Ohm’s law to
a parallel connection of resistors R1, R2, ... Rk, ... RN as shown in Fig. 2.16 results in

V = V1 =V2 = ...=Vk = ...=VN (2.30)

I = I1 + I2 + ...+ Ik + ...+ IN

=
V1

R1
+

V2

R2
+ ...+

Vk

Rk
+ ...+

VN

RN

= V
(

1
R1

+
1

R2
+ ...+

1
Rk

+ ...+
1

RN

)
(2.31)

Figure 2.16: A parallel connection of N resistors.

From (2.31), we see that the parallel connection of resistors R1 to RN is equivalent to a single resistor Req

given by
1

Req
=

1
R1

+
1

R2
+ ...+

1
RN

(2.32)
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Parallel connection of resistors, inductors and capacitors. Applying KCL, KVL and Ohm’s law to
a parallel connection of resistors R1, R2, ... Rk, ... RN as shown in Fig. 2.16 results in

V = V1 =V2 = ...=Vk = ...=VN (2.30)

I = I1 + I2 + ...+ Ik + ...+ IN

=
V1

R1
+

V2

R2
+ ...+

Vk

Rk
+ ...+

VN

RN

= V
(

1
R1

+
1

R2
+ ...+

1
Rk

+ ...+
1

RN

)
(2.31)

Figure 2.16: A parallel connection of N resistors.

From (2.31), we see that the parallel connection of resistors R1 to RN is equivalent to a single resistor Req

given by
1

Req
=

1
R1

+
1

R2
+ ...+

1
RN

(2.32)
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For the parallel connection, we often use the notation

Req = R1 ‖ R2 ‖ ... ‖ RN (2.33)

We also find that the current Ik in any resistor Rk in the parallel connection is given by

Ik =
1/Rk

1/R1 +1/R2 + ...+1/RN
I (2.34)

This is the current-divider rule for resistors.

For a parallel connection of inductors, similar equations apply:

1
Leq

=
1
L1

+
1
L2

+ ...+
1

LN
(2.35)

and

Ik =
1/Lk

1/L1 +1/L2 + ...+1/LN
I (2.36)

For a parallel connection of capacitors, equations similar to (2.30) and (2.31) lead to

Ceq = C1 +C2 + ...+CN (2.37)

and

Ik =
Ck

C1 +C2 + ...+CN
I (2.38)

The expressions given by (2.32), (2.33) and (2.34) may be generalized for impedances in parallel:

Zeq = Z1 ‖ Z2 ‖ ... ‖ ZN (2.39)

1
Zeq

=
1
Z1

+
1
Z2

+ ...+
1

ZN
(2.40)

Ik =
1/Zk

1/Z1 +1/Z2 + ...+1/ZN
I (2.41)

Thévenin – Norton equivalent circuits. In order to simplify circuits with both passive devices and
active voltage sources and/or current sources, Thévenin and/or Norton equivalent circuits may be applied.
The Thévenin theorem states that a linear two-terminal circuit consisting of resistances, voltage sources
and current sources can be replaced by an equivalent circuit consisting of an independent voltage source
in series with a resistor as shown in Fig. 2.17.

The Thévenin voltage Vt is found as the open-circuit voltage of the original network. The Thévenin
resistance Rt is found from the Thévenin voltage Vt and the short-circuit current Isc flowing in a short
circuit connected between the two terminals, i.e., Rt =Vt/Isc. Alternatively, the Thévenin resistance can
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Figure 2.17: Thévenin equivalent circuit.

be found as the resistance between the two terminals with all independent voltage sources and current
sources in the original circuit reset. Observe that resetting an independent voltage source means replacing
it by a short circuit. Resetting an independent current source means replacing it by an open circuit, i.e.,
removing it completely.

In the original version of the theorem formulated in 1883 by Léon Thévenin, a French telegraph engineer
(1857-1926), the theorem was stated for resistive circuits only. However, it also applies to linear circuits
with capacitors and inductors, in which case Rt is replaced by a complex impedance Z t .

An alternative to the Thévenin equivalent is the Norton equivalent described in 1926 by Edward Norton
(1898-1983), an American electrical engineer. The Norton theorem states that a linear two-terminal
circuit consisting of resistances, voltage sources and current sources can be replaced by an equivalent
circuit consisting of an independent current source in parallel with a resistor as shown in Fig. 2.18.

Figure 2.18: Norton equivalent circuit.

The Norton current In is equal to the short-circuit current flowing in a short circuit connected between
the two terminals. The Norton resistance is found from the Norton current and the open-circuit voltage
Voc between the two terminals, i.e., Rn = Voc/In. Alternatively, the Norton resistance can be found as
the resistance between the two terminals with all independent voltage sources and current sources in
the original circuit reset. By comparing the Thévenin equivalent and the Norton equivalent, we see that
Rt = Rn =Vt/In.

Just as the Thévenin theorem, the Norton theorem is also applicable to linear circuits with capacitors and
inductors.
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Superposition. The superposition principle states that in a linear circuit with more independent sources,
the total response is the sum of the responses to each of the independent sources acting alone with all
other independent sources being reset.

In order to illustrate both the superposition principle, the Thévenin equivalent and the Norton equivalent,
we examine the circuit shown in Fig. 2.19.

Figure 2.19: Circuit example for illustrating superposition.

For finding the Thévenin voltage, we find the open-circuit voltage between the terminals A and B. The
contribution from VS with IS reset, i.e., IS = 0, is

Voc,1 =VS
R2

R1 +R2
(2.42)

The contribution from IS with VS reset, i.e., VS = 0, is

Voc,2 = IS (R1 ‖ R2) (2.43)
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Thus, the total open-circuit voltage (and the Thévenin voltage) is

Vt =Voc =Voc,1 +Voc,2 =VS
R2

R1 +R2
+ IS (R1 ‖ R2) = (VS + IS R1)

R2

R1 +R2
(2.44)

The Thévenin resistance is found by resetting both VS and IS and finding the resistance between the
terminals, i.e., VS is replaced by a short circuit and IS is removed. By inspection, we find

Rt = R3 +(R1 ‖ R2) (2.45)

For finding the Norton equivalent, we place a short circuit between the terminals A and B and find the
short-circuit current Isc. The contribution from VS with IS reset, i.e., IS = 0, is

Isc,1 =VS

(
R2 ‖ R3

R1 +R2 ‖ R3

)(
1

R3

)
=VS

R2

R1R2 +R1R3 +R2R3
(2.46)

The contribution from IS with VS reset, i.e., VS = 0, is

Isc,2 = IS
1/R3

1/R3 +1/(R1 ‖ R2)
= IS

R1R2

R1R2 +R1R3 +R2R3
(2.47)

Thus, the total short-circuit current (and the Norton current) is

In = Isc = Isc,1 + Isc,2 = (VS + IS R1)
R2

R1R2 +R1R3 +R2R3
(2.48)

We may verify

Rn = Rt =
Vt

In
=

R1R2 +R1R3 +R2R3

R1 +R2
=

R1R2

R1 +R2
+R3 = (R1 ‖ R2)+R3 (2.49)

which is also the result given by (2.45).

2.4 Circuit analysis

In the design of analog CMOS integrated circuits, we apply both circuit analysis using hand calculations
and circuit analysis using simulations. Hand calculations are often based on simplified circuit and device
models while simulations by computer can be performed with complex device models. There are three
types of analysis and simulation which are used throughout this book: dc steady-state analysis, time-
domain analysis and frequency-domain analysis.

Dc steady-state analysis. The dc analysis serves the purpose of finding dc voltages and currents in a
circuit with all time-varying signals reset. Once the values of dc voltages and currents have been found,
linearized small-signal device models can be calculated using the approach illustrated in Fig. 2.12 on
page 29. The dc analysis is based on Kirchhoff’s laws in combination with device models describing the
behavior of devices in the circuit. For nonlinear devices, the nonlinear models must be used.
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In LTspice, a dc analysis for fixed values of dc voltages and currents is performed using the simulation
directive ‘.op’. It results in an output file with values for all node voltages and all device currents, and the
error log file (opened with ‘Ctrl-L’) contains small-signal parameters, device voltages and device currents
for the transistors and diodes in the circuit. The small-signal concept was illustrated in Fig. 2.12, and in
Chapter 3, we investigate in detail the small-signal parameters for MOS transistors.

Often a dc steady-state analysis with one or more independent sources varied over a suitable range is
performed. This analysis serves to find static (time-invariant) relations between voltages and currents in
a circuit, for example the static relation between input voltage and output voltage for an amplifier. It is
very useful for finding a suitable bias point for the operation of a circuit when time-varying signals are
applied. In a dc analysis, there are no time-varying signals, implying that di(t)/dt and dv(t)/dt are both
equal to zero for all voltages and currents. From (2.11) and (2.13), it follows that all capacitor currents
are zero and that all inductor voltages are zero, so in a dc steady-state analysis, capacitors are treated as
open circuits and inductors are treated as short circuits.

In LTspice, a dc steady-state simulation with a variation of independent voltage sources or current sources
is specified by the simulation directive ‘.dc’ where one or more (up to three) signal sources can be
specified with their range of variation and the increment between each value of the input signal. The
simulation results in a plot window where the varying signal is by default the x-axis and node voltages
and device currents can be selected for the y-axis (Bruun 2017, page 22).

Time-domain analysis. The time-domain analysis resembles the dc analysis with a sweep of the signal
sources. However, in the time-domain analysis, signals are varied as a function of time, implying that
both capacitors and inductors must be taken into account using the relations (2.11) and (2.13). This
complicates the analysis to a considerable extent, and hand calculations are normally performed only
for simple circuits with linear circuit elements while circuit simulations can be performed for complex
circuits including nonlinear circuit elements.

(a) (b)

Figure 2.20: RC network (a) and input voltage vS(t) to the network (b).

In order to illustrate a time domain analysis, consider the very simple RC network shown in Fig. 2.20.
For this, we may find the output voltage vC(t) across the capacitor C when the input voltage changes as a
step from 0 V to a value Vf at time t = 0 as also shown in Fig. 2.20. We first perform a hand calculation.
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For time t < 0, there are no changing signals, and we have the dc solution VC = 0 V. When the input
voltage changes to vS = Vf , Kirchhoff’s current law at the output node gives in combination with the
device equations for R1, R2 and C:

Vf − vC(t)
R1

=
vC(t)

R2
+C

dvC(t)
dt

(2.50)

This is a differential equation for finding vC(t) and the solution is:

vC(t) =Vf
R2

R1 +R2
(1− exp(−t/τ)) (2.51)

where

τ =
1

(R1 ‖ R2)C
(2.52)

The voltage vC(t) can be sketched as a function of time as shown in Fig. 2.21. We see that the capacitor
voltage increases exponentially and approaches asymptotically a value of Vf R2/(R1 +R2).

In LTspice, a time-domain analysis is specified by the simulation directive ‘.tran’ and the input signals
must be specified as time-varying voltages and/or currents. For analyzing the circuit from Fig. 2.20,
we may use the transient simulation in LTspice but this requires that we have numerical values for the
devices and voltages in the circuit. As an example, let us assume R1 = 200 kΩ, R2 = 300 kΩ, C1 = 2 nF
and Vf = 5 V. With these values, we can draw the schematic in LTspice as shown in Fig. 2.22, and we
can specify the input signal as a piecewise-linear voltage.
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Figure 2.21: The capacitor voltage vC(t) for the RC network from Fig. 2.20 with a step function applied to the input.

Figure 2.22: LTspice schematic and simulation results for the circuit in Fig. 2.20.

Notice that we cannot have a rise time of 0 for the input specification. Instead, we select a rise time which
is much smaller than the time constant τ = 1/((R1 ‖ R2)C) = 240 µs. In order to show the capacitor
voltage approaching Vf R2(R1 +R2) = 3 V, we select a simulation time of 0.8 ms which is slightly more
than 3τ .

Figure 2.22 also shows the plot of the capacitor voltage vC(t) resulting from the simulation. The re-
semblance with the analytically derived plot, Fig. 2.21, is apparent, so here we have an example of
verification by simulation of the results achieved by hand analysis.

Frequency-domain analysis. In the frequency-domain analysis, a circuit is analyzed using the device
equations valid in the frequency domain. For nonlinear devices, a linearization of the device equations
is done first, so the frequency-domain analysis is always performed using linear device models, i.e.,
small-signal models. In general, the first step in a frequency-domain analysis by hand calculations is to
establish a small-signal diagram for the circuit. For the circuit shown in Fig. 2.20, all devices are linear
already, so the small-signal diagram is identical to the circuit shown in Fig. 2.20 with the input voltage
defined as an ac voltage Vs(s) in the frequency domain. In later chapters, we examine several examples
of circuits with nonlinear devices, mostly transistors, and we investigate in detail how the small-signal
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diagram for such circuits can be established, but for the circuit in Fig. 2.20, we can directly apply KCL
at the output node Vc(s) using the device equations in the frequency domain with s = jω:

Vs( jω)−Vc( jω)

R1
=

Vc( jω)

R2
+ jω CVc( jω) (2.53)

This results in a transfer function H( jω) =Vc( jω)/Vs( jω) given by

H( jω) =
Vc( jω)

Vs( jω)
=

(
R2

R1 +R2

)(
1

1+ j(ω/ω 0)

)
(2.54)

where ω 0 = 1/τ = 1/((R1 ‖ R2)C).

Often the result of a frequency domain analysis is shown graphically in a Bode plot where a logarithmic
frequency axis is used and the transfer function is shown as a gain function in dB, i.e., |H( jω)|dB =

20 log(|H( jω)|) and a phase in degrees, φ = � H( jω). The Bode plot is named after the American
engineer Hendrik Bode (1905-82). For the transfer function given by (2.54), we find:

|H( jω)| =

(
R2

R1 +R2

)(
1√

1+(ω/ω 0)2

)
(2.55)

� H( jω) = −arctan(ω/ω 0) (2.56)

This results in the plots shown in Fig. 2.23.

Figure 2.23: Bode plot for the lowpass filter function given by (2.54).

Examining (2.55), we see that when ω is very small, |H( jω)| approaches the constant value R2/(R1+R2)

whereas when ω is very large, the transfer function is inversely proportional to the frequency. Thus, a
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piecewise-linear approximation to the gain plot is a horizontal line for small values of ω and a line with
a slope of −20 dB per decade of frequency for large values of ω . The intersection between the two line
segments is given by ω = ω 0, and for this frequency, the −3 dB bandwidth, the gain has dropped by a
factor of

√
2 from the low-frequency value, corresponding to −3 dB.

From (2.56), we find that the phase of H( jω) is 0◦ for very small frequencies, −90◦ for very high
frequencies and −45◦ for ω = ω 0. For the phase characteristics, a piecewise-linear approximation may
also be applied as shown in Fig. 2.23. For frequencies below ω 0/10 and above 10ω 0, horizontal lines
are used, and for frequencies between ω 0/10 and 10ω 0, the phase is approximated by a straight line
with a slope of −45◦ per decade of frequency.

In LTspice, a frequency-domain analysis is specified by the simulation directive ‘.ac’ and the input signal
must be specified as an ac signal. For the ‘.ac’ directive, the upper and lower limit of the frequency range
is specified, and also the number of points per decade (or octave) must be specified. Using an amplitude
of 1 directly gives the transfer function in the frequency domain. The simulation results in a Bode plot
with the frequency f =ω/(2π) as the x-axis, see the simulation for the circuit from Fig. 2.22 in Fig. 2.24.
Again, we notice that the simulation results provide a verification of the analytical results achieved using
math and hand calculations. We also note that the simulation provides a very easy way of achieving the
exact gain and phase plots, rather than the asymptotic piecewise-linear approximations.
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Figure 2.24: LTspice schematic and ac simulation results for the circuit in Fig. 2.20.

As the final example in this chapter, we show the frequency-domain analysis for the circuit shown
in Fig. 2.25. It is derived from the circuit in Fig. 2.20 by replacing R1 with a coupling capacitor C1.
Also, the capacitor in parallel with R2 has been renamed to C2.

Figure 2.25: RC highpass filter.

Using KCL, we find

(Vs( jω)−Vc( jω)) jω C1 =
Vc( jω)

R2
+ jω C2Vc( jω) (2.57)

From this, we find the transfer function H( jω) =Vc( jω)/Vs( jω)

H( jω) =
Vc( jω)

Vs( jω)
=

jω C1R2

1+ jω, R2(C1 +C2)
(2.58)

For this transfer function, we find

|H( jω)| =
ω C1R2√

1+(ω R2(C1 +C2))2
(2.59)

� H( jω) = 90◦ − arctan(ω R2(C1 +C2)) (2.60)

We see that at low frequencies, the gain is proportional to the frequency, giving a positive slope of
20 dB/decade in the Bode plot, and for high frequencies, the gain approaches a constant value of
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C1/(C1 +C2), corresponding to a capacitive voltage division between C2 and C1. The intersection be-
tween the two asymptotic line segments in the Bode plot is given by the frequency ω 0 = 1/(R2(C1+C2)).

From (2.60), we find that the phase of H( jω) is 90◦ for very small frequencies, 0◦ for very high fre-
quencies and 45◦ for ω = ω 0.

Figure 2.26 shows the Bode plot corresponding to this analysis.

Again, for a numerical example, the circuit can be simulated using LTspice. The schematic for this and
the resulting Bode plot is shown in Fig. 2.27 where we have used C1 = 3 nF.

Figure 2.26: Bode plot for the highpass filter function given by (2.58).

Figure 2.27: LTspice schematic and ac simulation results for the circuit in Fig. 2.25.
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The circuit examples shown here contain only linear circuit elements, so the frequency-domain analysis
can be performed directly on the schematics shown. For circuits including nonlinear devices, LTspice
automatically derives small-signal models for all devices and performs the ac simulation using a lin-
earized small-signal diagram with a bias point as found from a ‘.op’ simulation of the nonlinear circuit.
It is always very important to check that the ac simulation is performed using reasonable values of bias
voltages and currents. Often, an analysis of a circuit by simulation will start by using a dc analysis (‘.dc’)
for finding a suitable bias point, then an operating point analysis (‘.op’) to verify the bias point, and then
an ac analysis (‘.ac’) for investigation of the frequency response.
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Problems

2.1

vF(t) =
4Vf

π

∞

∑
n=0

1
2n+1

sin((2n+1)ω t)

Figure P2.1

A symmetric square-wave voltage sig-
nal vF(t) as shown in Fig. P2.1 is de-
scribed by the Fourier series shown
in Fig. P2.1 where ω = (2π)/T .
Assume that vF(t) is connected across
a resistor R. Find an expression for the
total average power dissipated in the re-
sistor. What fraction of the power is in
the fundamental frequency? What frac-
tion of the power is in the 3rd and in the
5th harmonic?

2.2
A sinusoidal voltage signal vA is char-
acterized as follows: The frequency is
3 kHz. The maximum value is 700 mV.
The minimum value is 300 mV. The
value for time t = 0 is 400 mV.
Find VA, Va, ω and θ for describing the
signal in the time domain using the ex-
pression vA =VA +Va cos(ω t +θ).

2.3

Vo( jω) =
Vi( jω)

1+ jω/ω 0

Figure P2.3

A signal Vo( jω) is described in the fre-
quency domain by the relation shown
in Fig. P2.3. The signal Vi( jω) is a si-
nusoid with an amplitude |Vi( jω)|=Va

and a phase angle θ = 0◦.
For a frequency ω = 2ω 0, find the am-
plitude and phase of Vo( jω) and find
an expression for vO(t) in the time do-
main.
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2.4

Figure P2.4

The circuit shown in Fig. P2.4 is a
transresistance amplifier built from an
inverting voltage amplifier with an in-
put resistance of R1 = 10 kΩ and an
inverting voltage gain of Av = 50 V/V.
The feedback resistor R2 = 40 kΩ turns
it into a transresistance amplifier with
a transresistance Rm = vo/iin. Find the
transresistance Rm and the input resis-
tance Rin = vin/iin as functions of R1,
R2 and Av and calculate numerical val-
ues for the specified values of R1, R2

and Av.
Verify your results by simulating the
circuit with LTspice.

2.5

Figure P2.5

For the circuit shown in Fig. P2.5, iS(t)
is a current source with the value 0 for
t ≤ 0 and 1 mA for t > 0. Find the value
of vC at time t = 0. Find the value of vC

for t → ∞. Find the time constant for
the charging of the capacitor C. Sketch
the voltage vC(t) as a function of time t
for 0 ≤ t ≤ 1 ms.
Verify your results by simulating the
circuit with LTspice.

2.6

Figure P2.6

For the circuit shown in Fig. P2.6, find
the transfer function H(s) =
Vo(s)/Vs(s) and find the −3 dB cutoff
frequencies. Sketch the magnitude of
the transfer function in a Bode plot.
Hint: Find H(s) as the product of
(Vi(s)/Vs(s)) and (Vo(s)/Vi(s)).
Verify your results by simulating the
circuit with LTspice.
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2.7

Figure P2.7

Figure P2.7 shows a nonlinear trans-
conductance amplifier. Find the val-
ues of bias voltages and currents for
an input bias voltage (quiescent volt-
age) of VIN = 1.0 V. Sketch the out-
put voltage vO versus the input voltage
vIN for 0.5 V ≤ vIN ≤ 1.5 V. Find the
small-signal voltage gain vo/vin versus
the input bias voltage VIN for 0.5 V ≤
VIN ≤ 1.5 V and calculate the value of
the small-signal gain for VIN = 1.0 V.
Verify your results by simulating the
circuit with LTspice.

2.8

vO =
10 V

1+ exp(−5 V−1 · vIN)

Figure P2.8

Derive an expression for the small-
signal voltage gain vo/vin for an am-
plifier with the nonlinear transfer func-
tion shown in Fig. P2.8. Calculate
the small-signal voltage gain for VIN =

−0.3 V, 0 V and +0.3 V.
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Chapter 3 – The MOS Transistor

This chapter is an introduction to the MOS transistor. We derive a simple analytical model for the
transistor, and we show how this can be linearized into a small-signal model. Also, we introduce more
advanced transistor models, unsuitable for hand calculations but very useful with computer simulations.
After having studied the chapter, you should be able to

– explain the basic physical structure of the MOS transistor.

– explain the difference between an NMOS transistor and a PMOS transistor.

– use the Shichman-Hodges transistor model for nonlinear modeling of the MOS transistor.

– derive a small-signal model for the MOS transistor.

– derive expressions for the small-signal parameters of the MOS transistor using the Shichman-
Hodges model.

– analyze very simple circuits using MOS transistors.

– explain some properties of advanced transistor models.

– simulate circuits with MOS transistors using LTspice, both with the Shichman-Hodges model
and with BSIM transistor models.

Before we can start explaining the operation of the MOS transistor, we need to review the pn junction
used to form a diode in a semiconductor crystal. This is an essential component in the structure of the
MOS transistor.

3.1 Fundamentals of pn diodes

The majority of CMOS integrated circuits are fabricated using silicon as the basic material. Silicon is a
semiconductor, number 14 in the periodic table. It has 4 electrons in the outer shell of electrons which
are available to form bonds with other atoms in a crystal. This is a fairly stable structure and only a
small fraction of the electrons will gain sufficient energy (due to thermal agitation) to move freely in the
crystal.

However, if some of the silicon atoms in the crystal lattice are replaced with atoms having 5 electrons
in the outer shell (for example phosphorus), this extra electron easily escapes from the phosphorus atom
and is free to move around as a carrier of a negative charge. A region of the silicon lattice where a
fraction of the silicon atoms has been replaced by atoms with 5 electrons in the outer shell is called an
n-doped region or n-type silicon, ‘n’ for negative. The atoms used for the doping are called donor atoms.
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Conversely, if some of the silicon atoms in the crystal lattice are replaced with atoms having only 3
electrons in the outer shell (for example boron), these atoms tend to fill the outer shell with an electron
from an adjacent silicon atom. Thus, the missing electron appears as a ‘hole’ which is free to move
around as a carrier of positive charge. A region of the silicon lattice where a fraction of the silicon atoms
has been replaced by atoms with 3 electrons in the outer shell is called a p-doped region or p-type silicon,
‘p’ for positive. The atoms used for the doping are called acceptor atoms.

It should be noted that when doping a silicon lattice with dopants such as phosphorus or boron only a
very small fraction of the atoms in the lattice are dopant atoms. The concentration of the dopants are
typically in the range of 1014 to 1021 atoms/cm3 whereas the number of silicon atoms in a single-crystal
silicon lattice is about 5× 1022 atoms/cm3. In pure silicon, the number of free carries, the intrinsic
carrier concentration ni, is about 1.5× 1010 cm−3 at room temperature and it is strongly temperature
dependent. In p-doped silicon, the concentration p of positive carriers (holes) is approximately equal to
the concentration NA of acceptor atoms and in n-doped silicon, the concentration n of negative carriers
(electrons) is approximately equal to the concentration ND of donor atoms. It can be shown that in
a doped silicon structure, the product of n and p is equal to n 2

i , so a high concentration of electrons
automatically implies a low concentration of holes and vice versa (Grove 1967). The dominant carrier
type is called the majority carrier while the non-dominant type is the minority carrier.

Figure 3.1: A cross-sectional view of a pn junction.

Now, let us consider a silicon structure where a part of the silicon is n-doped and an adjacent part is
p-doped as shown in Fig. 3.1. In the n-type region, there is a high concentration of negative free carriers
while the p-type region has a high concentration of positive free carriers. The free carriers will tend
to diffuse in the silicon crystal in order to obtain an even distribution of free carriers throughout the
crystal. When the electrons leave the n-type region, they fill holes in the p-type region. This is called
recombination. However, when the holes and electrons recombine, they leave behind the fixed charges
from the atomic nuclei, and this creates an electric field near the junction between the regions, pulling
the free carriers back towards their region of origin.
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When the semiconductor junction is in equilibrium, the flow of free carriers by diffusion, the diffusion
current Idif, is exactly balanced by the flow of free carriers caused by the electric field, the drift current
Idrift, i.e., Idif = Idrift. Hence, there is no net current flowing in the diode, and in the region around the
junction, there are no free carriers. This region is called the depletion region or the space-charge region.
Due to the electric field, there is a built-in potential barrier in the junction determined by the magnitude
of the field and the thickness of the depletion region. In this situation, the diode may be considered as
a plate capacitor with the n-doped region and the p-doped region forming the plates and the depletion
region forming the insulating layer between the plates.

The p-type region is called the anode and the n-type region is called the cathode. With this convention,
we note that a diffusion current of holes flows from the anode to the cathode while a drift current of holes
flows from the cathode to the anode. If the anode is biased positively with respect to the cathode, the pn
junction is said to be forward-biased. Conversely, if the cathode is biased positively with respect to the
anode, the pn junction is said to be reverse-biased.

Reverse bias. When the diode is reverse-biased, this increases the electric field and the corresponding
potential barrier in the depletion region between the n-type region and the p-type region, making it even
more difficult for the free carriers to diffuse away from their region of origin, so the diffusion current is
reduced. The increase in potential barrier does not cause a significant change in the drift current because
this current is limited by the number of carriers available for it, and this is the very limited number of
minority carriers from each of the doped regions. Thus, the resulting net current ID in the diode under
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reverse bias is ID � −Idrift, and this is a very small current, often negligible, so the diode is considered
to be off. In the off-state, the thickness of the depletion layer is increased with increasing reverse-bias
voltage, so considering the diode as a capacitor, the value of the capacitance depends on the reverse-
bias voltage with a large reverse bias leading to a small capacitance. Thus, the diode in the revere-bias
direction may be utilized as a voltage-dependent capacitor, also called a varactor.

Forward bias. When the diode is biased in the forward direction, this decreases the electric field and
the potential barrier in the depletion region, making it easier for the free carriers to diffuse away from
their region of origin, so the diffusion current is increased. Even with a reduced field and potential
barrier, the drift current remains almost unchanged because it is limited by the availability of minority
carries and not by the strength of the field. With the increase in diffusion current, there is a net current
ID = Idif − Idrift > 0 in the diode. It has been shown by William Shockley (1949), an American physicist
(1910-1989), that this current follows the relation

ID = IS exp
(

VD

nVT
−1

)
(3.1)

where VD is the voltage across the diode as shown in Fig. 3.2. The current IS is called the saturation
current, n is called the emission coefficient and VT = kT/q is called the thermal voltage. T is the absolute
temperature, k = 1.38×10−23 J/K is Boltzmann’s constant and q = 1.602×10−19 C is the magnitude of
the electron charge. At room temperature, VT � 26 mV. The saturation current IS is typically in the range
of fA to pA. It is proportional to the area of the diode, and it depends on the doping levels in the doped
semiconductor regions. It is strongly temperature dependent, increasing about 15%/◦C with temperature.
The emission coefficient n is normally between 1 and 2. The value of n depends on the details of the
doping profiles of the semiconductor regions (Grove 1967).

Figure 3.2: The diode symbol and the Shockley diode characteristics.
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This relation is shown graphically in Fig. 3.2. We see that the current increases very abruptly as a function
of the forward bias voltage, and often the forward bias voltage can be considered as almost constant over
a large range of currents. For a silicon diode, the forward voltage is often in the range 0.5 V to 0.8 V.
A simple model for a diode is an open circuit (or a capacitor) when it is reverse-biased and a dc voltage
source of some hundreds of mV when it is forward-biased, i.e., a piecewise-linear model.

Both the Shockley diode model and piecewise-linear models are available in LTspice (Bruun 2017,
pp. 53-55). For the Shockley model, the default value of the emission coefficient is n = 1 and the
default value of the saturation current at 27◦C is IS = 10 fA.

Physical structure. The structure shown in Fig. 3.1 is a simplified structure. In modern semiconductor
processes, a diode is often physically formed in the surface of a silicon wafer, so it has a planar structure
as shown in the cross-sectional view in Fig. 3.3 where an n+-region is formed by ion implantation or
diffusion of donor atoms into a substrate with a majority of acceptor atoms. The notation n+ is used
to specify a highly doped n-region. In order to obtain a good contact to the p-region, a highly doped
p+-region may be diffused into the p-region, ensuring a good contact to the metallic connection layers at
the surface of the wafer.

For the MOS transistors which we consider next, the main purpose of the pn junction is to establish an
insulating depletion region between the active regions of the MOS transistor and an underlying substrate.

Figure 3.3: Cross-sectional view of a planar diode.

3.2 Physical characteristics of the MOS transistor

The pn diode is a two-terminal device with a nonlinear relationship between current and voltage. This
makes it useful in applications such as rectifiers but the diode is not capable of providing a voltage gain
or a current gain. For this, we need a device with an additional terminal to be used for an input signal
which controls the current flow between two other terminals of the device. The transistor is such a device,
‘transistor’ being a combination of ‘transfer’ and ‘resistor’ (The Transistor 2014).
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The first type of transistor to come into practical use was the bipolar transistor invented at Bell Labs in
1947 by the three American physicists John Bardeen, Walter Brattain, and William Shockley (Brinkman,
Haggan & Troutman 1997). The bipolar transistor was followed by the field-effect transistor which was
conceptually described by Julius Lilienfeld already in 1925 (Lilienfeld 1925) and 1928 (Lilienfeld 1928)
but did not become realizable until about 1960 when Kahng and Attala demonstrated the first practical
realization of a MOS transistor (Sah 1988).

Physical structure. The MOS transistor is a device with a structure as shown in Fig. 3.4. In its simplest
form shown in Fig. 3.4, it is a planar device in the surface of a silicon wafer. The MOS transistor has two
terminals which are doped regions, diffused or ion implanted into a substrate or bulk. In Fig. 3.4, these
two terminals are n-doped regions in a p-doped substrate. The silicon surface between the two n-regions
is covered by a thin layer of silicon dioxide, SiO2, and on top of this layer, there is an electrode, the gate
electrode, of conducting material.

In the early days of MOS technology, the gate electrode was made from metal, hence the name MOS
transistor, MOS being an acronym for Metal-Oxide-Semiconductor. In present-day’s technology, the
gate material is polysilicon. The term ‘polysilicon’ or just ‘poly’ indicates that it is a polycrystalline
form of silicon whereas the silicon substrate is monocrystalline or single-crystal silicon. Also, in the
early days of MOS technology, the doped regions were formed by diffusion of dopants into the substrate.
Nowadays, the doped regions are normally formed by ion implantation but the term ‘diffused region’ is
still in common use (Plummer 2001).
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Figure 3.4: Cross-sectional view of a MOS transistor.

The entire device is covered by a passivation layer of SiO2 serving as an insulator between additional
conductive layers (metal or poly) used to connect devices together. Contact to the doped n-type regions
and to the gate is obtained via metal layers through contact holes (vias) in the insulating SiO2 layer.

In the cross-sectional view in Fig. 3.4, the metal contacts to the n-type regions are shown whereas the
metal contact to the gate electrode is not shown.

The basic idea of the MOS transistor is that by applying a positive voltage to the gate with respect to
the p-type substrate, an electric field is created which repels the positive mobile carriers from the region
beneath the gate electrode, and when the electric field is high enough, electrons are attracted to the
region beneath the gate from the adjacent n-regions. This forms a channel for electrons between the two
n-regions, and with a voltage difference between the two n-regions, a current will flow in the channel.
The two n-type regions are called source and drain, respectively, with the drain being the region with the
highest voltage so that the current in the channel flows from drain to source. Notice that the electrons
in the channel flow in the opposite direction, i.e., from source to drain. Also note that the pn junctions
between the substrate (or bulk) and the drain and the source must be reverse-biased so that the depletion
layer of these junctions serves to isolate the MOS transistor from the substrate and from other transistors
in the same substrate.

For the transistor shown in Fig. 3.4, the free carriers in the channel are electrons, hence the transistor
is called an n-channel MOS transistor or simply NMOS transistor. A complementary version of the
transistor is also feasible with an n-type bulk and diffused or ion implanted p-regions for source and
drain. For this, the conducting channel is formed by a voltage at the gate which is negative with respect
to the bulk so that the channel formed in this transistor has a majority of free positive carriers, hence it is
called a p-channel transistor or PMOS transistor.

The two transistor types can be combined in a structure as shown in Fig. 3.5. In order to obtain the
correct dopant type for the bulk for both NMOS transistors and PMOS transistors, the PMOS transistor
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is placed in an n-region which is diffused or implanted into a p-type substrate. The n-type bulk region
for a PMOS transistor is called the n-well. Thus, the PMOS transistors have four terminals: gate, drain,
source, and bulk. Since the n-well is implanted into the substrate, it is feasible to have separate n-type
bulk regions for each PMOS transistor but also several PMOS transistors may share a common well.
For the NMOS transistors, the bulk is the common p-type substrate, so all NMOS transistors in a circuit
using the fundamental structure shown in Fig. 3.5 will have their bulk contacts connected together to the
same common potential.

Figure 3.5: A CMOS device structure. Metal layers and insulating oxide layers are not shown. For the NMOS transistor, the
channel length L and the channel width W are indicated on the figure.

The structure shown in Fig. 3.5 is the basic CMOS structure commonly used today. The CMOS structure
can also be found in a version with an n-type substrate and p-wells for the NMOS transistors. This
was actually the structure used for early CMOS circuit families such as the RCA 4000 series of logic
circuits (Pujol 1975). More advanced twin-well technologies provide the possibility of both p-wells and
n-wells separated by insulating layers. This gives added flexibility for the electrical connection of the
bulk contacts for both PMOS transistors and NMOS transistors.

In Fig. 3.5, the metal layers for establishing contact to gate, drain, source and bulk are not shown. Nor
are the thick insulating oxide layers and contact holes shown but the figure shows the definition of the
transistor parameters channel length L and channel width W , indicated for the NMOS transistor. These
two parameters are the physical design parameters available to the circuit designer when a suitable CMOS
process has been selected for the design.

Observe that all the pn junctions in the structure must be reverse-biased. This implies that the p-substrate
should be connected to the lowest voltage in the circuit, typically ground or the negative supply voltage.

3.3 Electrical characteristics of the MOS transistor

The basic idea of the MOS transistor is that the current flowing between drain and source can be con-
trolled by the voltage applied between gate and bulk. For modern submicron MOS transistors, the rela-
tionship between current and voltage is complicated, depending on many design parameters and technol-
ogy parameters. A realistic device model for MOS transistors with channel dimensions (channel length L
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and channel width W ) of submicron magnitude can only be handled by computer simulation but in order
to achieve a first-order mathematical transistor model, we examine a transistor model generally known as
the Shichman-Hodges model (Shichman & Hodges 1968). This model was preceded by the Sah model
described already in 1964 (Sah 1964). These models were developed when transistor dimensions were on
the order of 10 µm and a simple analytical model provided a reasonable fit to the actual device behavior.

The Shichman-Hodges transistor model. We start by considering an NMOS transistor as shown
in Fig. 3.6. It is a simplified cross-sectional view showing the electrical contacts to drain, source and
gate simply as wires connected to ideal voltage sources or to ground.

Figure 3.6: Cross-sectional view of an NMOS transistor with electrical connections to gate, drain, source and bulk and a uniform
channel depth corresponding to vDS � vGS −Vt , implying vDS � 0, and vGS >Vt .
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For the initial investigation, we assume that bulk and source are both connected to ground. Also, we
assume that the drain-source voltage vDS is very small.

When no gate voltage is applied, i.e., vGS = 0, both the source n-type region and the drain n-type region
are surrounded by a depletion layer, compare Fig. 3.1, and the free carriers in the region underneath the
gate are holes from the p-type bulk. When a positive voltage is applied to the gate, i.e., vGS > 0, an
electric field is generated in the gate oxide which repels the positive free carriers in the region under the
gate. When the gate-source voltage is increased, at a certain value of vGS, all the free carriers underneath
the gate are repelled, so a depletion region is formed underneath the gate. The value of vGS for which this
occurs is called the threshold voltage Vt and it is dependent on the characteristics of the silicon substrate
and the oxide. It is a technology parameter for the manufacturing process.

Assuming that the voltage in the surface region beneath the gate is 0, we find from (2.10) on page 24
that for vGS =Vt , the magnitude of the charge density (charge per unit area) in the silicon surface region
underneath the gate is QB =Cox Vt where Cox is the gate capacitance per unit area. For a depleted surface
region, this charge originates from the negative fixed charge from the atomic nuclei left behind in the
depletion layer when the positive free carriers are repelled from the region.

For a further increase in vGS, i.e., vGS >Vt , the electric field in the interface between the gate oxide and the
silicon substrate causes electrons from the drain and source to enter the region underneath the gate, thus
forming a channel with mobile negative carriers as shown in Fig. 3.6. This channel may be considered
as a voltage-controlled resistor Rchannel. The value of Rchannel can be assumed to be proportional to the
length L of the channel and inversely proportional to the channel width W . Also, it can be assumed to
be inversely proportional to the density of charge available for the conduction in the channel and to the
mobility of these carriers.

For a voltage of 0 in the channel region, the total magnitude of the density of charge in the surface region
is Qs = Cox vGS but a charge density of QB = Cox Vt originates from the negative fixed charge from the
atomic nuclei in the channel, so the density of mobile charge (electrons) is Qn =Qs−QB =Cox (vGS−Vt).
The voltage vGS −Vt is called the effective gate voltage or the overdrive voltage, veff = vov = vGS −Vt .
The gate capacitance per unit area is given by Cox = εox/tox where εox is the permittivity of the gate oxide
and tox is the thickness of the gate oxide layer.

The mobility µn of the electrons in the channel is a property of the silicon substrate. Just as the oxide
capacitance Cox, it is dependent on the manufacturing process and cannot be controlled by the circuit
designer, once a technology and a fabrication provider has been selected.

Combining these dependencies, we find

Rchannel =

(
L
W

)(
1

µnCox veff

)
(3.2)

58

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS The MOS Transistor

59

CMOS Analog IC Design: Fundamentals Chapter 3 – The MOS Transistor

With a small voltage vDS applied to the drain, we find

iD = vDS/Rchannel = µnCox (W/L)veff vDS = µnCox (W/L)(vGS −Vt)vDS (3.3)

Notice that in the derivation of (3.3), we have assumed that the effective electric field veff/tox is the
same in the entire channel region. This is an approximation since the voltage in the channel is vDS > 0
in the drain end of the channel and 0 in the source end of the channel. Hence, (3.3) is only valid for
vDS � vGS −Vt .

Figure 3.7: Cross-sectional view of an NMOS transistor with electrical connections to gate, drain, source and bulk and a tapered
channel corresponding to vDS < vGS −Vt .

If vDS is not much smaller than vGS −Vt , the voltage across the gate oxide cannot be assumed to be
constant along the channel. In the source end of the channel, the voltage across the gate oxide is vGS but
in the drain end, it is only vGS − vDS. This means that the depth of the channel is reduced when going
from source to drain as illustrated in Fig. 3.7. When considering a small section of the channel from
distance x to x+dx from the source, see Fig. 3.7, we can utilize that Kirchhoff’s current law requires the
current iD to be the same for any value of x and re-write (3.3) to

iD = µnCox (W/dx)(vGS − v(x)−Vt)dv(x) (3.4)

where v(x) is the voltage in the channel at position x and dv(x) is the voltage drop across the channel
segment dx. From (3.4), we find

iD dx = µnCox W (vGS − v(x)−Vt)dv(x) (3.5)

and integrating with integration limits of 0 and L for x and the corresponding limits of 0 and vDS for v(x),
we find

∫ L

0
iD dx = µnCox W

∫ vDS

0
(vGS − v(x)−Vt)dv(x) (3.6)
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Inserting the integration limits, (3.6) results in

iD L = µnCox W
[
(vGS −Vt)vDS − v2

DS/2
]

⇒ iD = µnCox

(
W
L

)[
(vGS −Vt)vDS − v2

DS/2
]

(3.7)

Notice that in the derivation of (3.7), we have assumed that there is an electric field to generate a channel
all along the channel. This implies that vGS − v(x)−Vt must be positive for all values of x, and with v(x)
reaching a maximum value of vDS, we find

vGS − vDS −Vt ≥ 0 ⇒ vDS ≤ vGS −Vt (3.8)

When vDS = vGS −Vt , the channel depth at the drain end of the channel is 0, and inserting vDS = vGS −Vt

in (3.7) results in

iD =
µnCox

2

(
W
L

)
(vGS −Vt)

2 (3.9)

When vDS is increased beyond vGS −Vt , the channel is pinched off at the drain. The voltage in the end
of the channel is vGS −Vt and the additional voltage vDS − (vGS −Vt) appears across the depletion region
surrounding the drain. Thus, the current iD flows through the pinch-off region due to the electric field
appearing across the region. With the channel profile remaining the same as for vDS = vGS −Vt , the
current in the channel follows (3.9), so to a first-order approximation, (3.9) is valid for vDS ≥ vGS −Vt .
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Thus, (3.7) and (3.9) describe the relation between the drain current, the gate-source voltage and the
drain-source voltage for vGS >Vt and vDS ≥ 0.

For vGS ≤Vt , the drain current is assumed to be 0. This is called the cut-off region.

For vDS ≤ vGS −Vt , the drain current follows (3.7). This is called the triode region. Sometimes the term
linear region is used to indicate the linear relation between iD and vDS for very small values of vDS.

For vDS > vGS−Vt , the drain current follows (3.9). This is called the active region or the saturation region
of the MOS transistor.

The drain-source voltage at the border between the triode region and the active region is called the
saturation voltage vDS sat. The drain current for vDS = vDS sat is given by (3.9) with vGS −Vt = vDS, i.e.,

iD =
µnCox

2

(
W
L

)
(vDS sat)

2 (3.10)

The relation (3.9) describes the drain current as a function of the gate-source voltage when the transistor
is in the active region. For the active region, the drain current does not depend on the drain voltage, and
(3.9) can be shown graphically as a single curve, valid for all values of vDS ≥ vGS −Vt , see the black
curve Fig. 3.8. For vDS < vGS −Vt , the transistor is in the triode region for large values of vGS, see the
colored curves in Fig. 3.8. The characteristics shown in Fig. 3.8 are called the input characteristics of
the transistor.

Figure 3.8: Drain current versus gate-source voltage for an n-channel MOS transistor. The colored dots show the border between
the active region (small vGS) and the triode region (large vGS). For the largest value of vDS, i.e., vDS5, the transistor is in the
active region for the range of vGS shown in the figure.

The relations (3.7) and (3.9) may also be used to show the drain current as a function of the drain-source
voltage for different values of the gate-source voltage, see Fig. 3.9. The characteristics shown in Fig. 3.9
are called the output characteristics of the transistor.
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Figure 3.9: Drain current versus drain-source voltage for an n-channel MOS transistor. The dashed curve shows the border
between the triode region and the active region given by the relation (3.10).

Figure 3.10: Cross-sectional view of an NMOS transistor with electrical connections to gate, drain, source and bulk and a tapered
channel corresponding to vDS > vGS −Vt where channel-length modulation occurs.

The relations (3.7) and (3.9) are the simplest relations describing the electrical behavior of the NMOS
transistor. Often they are sufficient for rough hand calculations. However, in many situations, the as-
sumption that iD does not depend on vDS when the transistor is in the active region turns out to be too
inaccurate. In reality, the drain current increases somewhat with increasing drain-source voltage, even
when the transistor is in the active region. This can be explained by the phenomenon called the channel-
length modulation. When the transistor is in the active region, the channel is pinched off at the drain
and a depletion region is formed between the drain and the channel, see Fig. 3.10. This depletion region
pushes the channel back towards the source and reduces the effective length of the channel by a small
amount ∆L as shown in Fig. 3.10, and with increasing drain voltage, the channel-length modulation ∆L
increases.
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Using the very course simplification ∆L � λ ′
vDS and assuming ∆L � L, we can modify (3.9) as follows:

iD =
µnCox

2

(
W
Leff

)
(vGS −Vt)

2 (3.11)

⇒ iD =
µnCox

2

(
W
L

)(
1

1−∆L/L

)
(vGS −Vt)

2

⇒ iD � µnCox

2

(
W
L

)
(1+∆L/L)(vGS −Vt)

2

⇒ iD � µnCox

2

(
W
L

)(
1+(λ

′
/L)vDS

)
(vGS −Vt)

2

⇒ iD � µnCox

2

(
W
L

)
(1+λvDS)(vGS −Vt)

2 (3.12)

In (3.12), we have introduced the channel-length modulation parameter λ = λ ′
/L where λ ′

is a tech-
nology parameter. Notice that λ is inversely proportional to the channel length L, reflecting that the
channel-length modulation is more pronounced for transistors with a very short channel than for transis-
tors with a long channel. Some textbooks use the parameter VA = 1/λ for describing the channel-length
modulation. The parameter VA is called the Early voltage, named after James M. Early (1922-2004), an
American engineer.

When using (3.12) instead of (3.9) for the active region, there is a discontinuity between the characteris-
tics given by (3.7) for the triode region and the characteristics for the active region. Clearly, this is not
acceptable for an accurate device modeling. A simple way to solve the problem is to use the factor
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(1+ λvDS) also for the triode region and this leads to the following set of equations, the Shichman-
Hodges model:

iD = 0; vGS ≤Vt (3.13)

iD = µnCox

(
W
L

)
[(vGS −Vt)vDS − v2

DS/2](1+λvDS); 0 ≤ vDS ≤ vGS −Vt (3.14)

iD =
µnCox

2

(
W
L

)
(vGS −Vt)

2(1+λvDS); 0 ≤ vGS −Vt ≤ vDS (3.15)

An alternative way to eliminate the discontinuity is to use a factor (1+λ (vDS − (vGS −Vt))) rather than
(1+λvDS) (Chan Carusone, Johns & Martin 2012) but since the expressions given in (3.13) - (3.15) are
used by SPICE for the Spice level 1 transistor model, we use these expressions in this book in order to be
able to compare hand calculations directly to LTspice simulations using the Shichman-Hodges model.

The body effect. In the derivation of the Shichman-Hodges transistor model, we have assumed that
source and bulk are connected. This may not always be the case. Consider for instance the NMOS
transistors in a CMOS process like shown in Fig. 3.5. They share a common bulk (or body), that is the
p-type substrate which has to be connected to the most negative voltage in the circuit. Hence, NMOS
transistors which do not have their source connected to the most negative voltage may have a positive
source-bulk voltage vSB, reverse-biasing the source-bulk pn junction. With an increase in vSB, the width
of the depletion layer between the channel and the substrate increases, so the channel is pushed towards
the silicon surface and the channel depth is reduced. A higher value of vGS is required to maintain the
same channel depth. This effect is called the body effect or the bulk effect, and it can be modeled as
an increase in the threshold voltage of the transistor. From the device physics, it can be shown that the
threshold voltage depends on the source-bulk voltage vSB following the relation

Vt =Vto + γ(
√

vSB + |2ΦF |−
√
|2ΦF |) (3.16)

where Vto is the threshold voltage with vSB = 0, γ is the bulk threshold parameter (or body effect constant)
and |ΦF | is the Fermi potential of the body (Chan Carusone, Johns & Martin 2012). These parameters
are all related to the manufacturing process and cannot be controlled by the circuit designer.

PMOS transistors. The transistor used for deriving the Shichman-Hodges model in the previous sec-
tion was an NMOS transistor. The NMOS transistor normally operates with positive values of vGS and
vDS and the drain current is positive when defined with the positive direction into the drain terminal.
Also, the threshold voltage is positive for an NMOS transistor.

As shown in Fig. 3.5, also PMOS transistors are available in a CMOS process. For the PMOS transistor,
the relation between drain current, gate-source voltage and drain-source voltage can be derived in the
same way as for the NMOS transistor and the resulting equations are the same as (3.13) - (3.15), provided

64

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS The MOS Transistor

65

CMOS Analog IC Design: Fundamentals Chapter 3 – The MOS Transistor

that the drain current is defined with the positive direction out of the drain terminal, and provided that
absolute values are used for all voltages. For a PMOS transistor, the threshold voltage is negative, and
also vGS, vDS an vSB are negative in the normal regions of operation which are defined as follows:

Cut-off region: Vt ≤VGS (or |VGS| ≤ |Vt |). (3.17)

Triode region: VGS −Vt ≤VDS ≤ 0 (or 0 ≤ |VDS| ≤ |VGS −Vt |). (3.18)

Active region: VDS ≤VGS −Vt ≤ 0 (or 0 ≤ |VGS −Vt | ≤ |VDS|). (3.19)

The fact that the voltages are negative for a PMOS transistor seems quite obvious. Nevertheless, it is the
cause of many sign errors when analyzing circuits with PMOS transistors, so be careful with the signs.

Transistor symbols. For drawing schematics with MOS transistors, we need symbols for both PMOS
transistors and NMOS transistors. Fig. 3.11 shows the symbols normally used in textbooks together with
the normal sign conventions for voltages and currents. The direction of current is indicated also for the
gate current iG and the bulk current iB, but at dc, these currents are 0. The gate is isolated from the bulk
and channel by the gate oxide which is a perfect insulator, and the bulk current iB is the current for a
reverse-biased pn junction, and that is an extremely small current which can normally be neglected. At
high frequencies, these currents are not 0. They must be calculated taking the capacitive effects of the
transistor into account, see page 93.

(a) (b) (c) (d)

Figure 3.11: Normal textbook definitions of sign conventions for transistor currents and voltages. NMOS transistor (a) and (b).
PMOS transistor (c) and (d).

For each of the transistors, we have a symbol showing both gate, drain, source and bulk connections, and
the arrow on the bulk connection illustrates the pn junction between channel and bulk in the same way as
the arrow in the diode symbol, Fig. 3.2. Occasionally, we may use a simplified symbol without explicitly
showing the bulk contact. This is useful if all bulk contacts are connected to the same node, normally
the most negative voltage for NMOS transistors and the most positive voltage for PMOS transistors
(Chan Carusone, Johns & Martin 2012). The simplified symbol may also be used for transistors where
source and bulk are connected or where the body effect can be neglected (Sedra & Smith 2016). For the
simplified symbols, the arrow on the source terminal shows the positive direction of the source current.
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Notice that the NMOS symbols have the source terminal pointing downwards while the PMOS symbols
have the source terminal as the upper terminal. This ensures that the current flow in the transistor is
downwards for both NMOS and PMOS transistors. Also, the voltage levels are higher in the upper
terminal of the transistors than in the lower terminal, and this corresponds to the normal conventions for
schematic drawings.

Figure 3.12: MOS transistor symbols and specification windows in LTspice.

In LTspice, similar transistor symbols are found. For transistors for integrated circuit design, the symbols
‘nmos4’ and ‘pmos4’ are used since they permit specification of layout parameters and device models
used for the transistors. The symbols are shown in Fig. 3.12 together with the specification windows
for the transistors and model specifications for both the NMOS transistor and the PMOS transistor using
parameters for the Shichman-Hodges model. The window for specifying a transistor is opened by a
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right-click on the transistor symbol. Here, you must specify a transistor model name corresponding to
the name in model specification, and you must specify channel length and width. You may also specify
areas and perimeters for the source and drain regions. They are used for calculating the capacitances of
the reverse-biased junctions from source/drain to substrate.

Also for the LTspice symbols, the NMOS transistor is shown with the source pointing downwards while
the source for the PMOS transistor is pointing upwards. This requires that the PMOS symbol is rotated
and mirrored when inserted.

Notice that the sign conventions for LTspice dictate that the positive direction of current flow is into the
transistor, regardless of the terminal and transistor type. For more details concerning the specification
of transistor models and parameters, see Bruun (2017, pp. 77-81). In particular, note that the model
parameters for the Shichman-Hodges model given by (3.13) - (3.15) are ‘ ’, ‘ ’, ‘ ’, ‘ ’
and ‘ ’, corresponding to µCox, Vto, λ , γ and |2ΦF |, respectively.

Shichman-Hodges model parameters. The parameters for the Shichman-Hodges transistor model
depend on the fabrication technology. Process technologies presently in use typically have minimum
dimensions in the range from 45 nm to 350 nm for processes used for analog CMOS circuits. Generally,
the smaller the dimensions, the smaller is |Vto|, and the larger is µCox and λ . Normally, the mobility
µn for an NMOS transistor is larger by a factor of 3 to 4 compared to the mobility µp for a PMOS
transistor. In this book, we apply the model parameters shown in Table 3.1 for the Shichman-Hodges
model, unless otherwise indicated. Be aware that in Table 3.1, the channel-length modulation is specified
by the parameter λ ′

= λL.

Parameter: µCox Vto λ ′
= λL γ |2ΦF |

NMOS: 180 µA/V2 0.40 V 0.10 µm/V 0.5
√

V 0.7 V

PMOS: 45 µA/V2 −0.42 V 0.14 µm/V 0.5
√

V 0.7 V

Table 3.1: Shichman-Hodges transistor parameters for a generic 0.18 µm CMOS process.

The parameters are selected to be representative of a generic 0.18 µm process, i.e., a process with 0.18 µm
as the minimum dimension for L. For analog circuits, you would normally use a channel length which
is at least 3 to 10 times the minimum length. A comprehensive discussion concerning the selection of L
can be found in Binkley (2008). The maximum supply voltage for a 0.18 µm process is typically 1.8 V.
Many textbooks provide a selection of model parameters for different technologies, e.g. Baker (2010),
Chan Carusone, Johns & Martin (2012) and Sedra & Smith (2016), but for the purpose of an introductory
course, the parameters given in Table 3.1 will suffice.
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3.4 Examples of the use of the Shichman-Hodges transistor model

Before proceeding with small-signal transistor models and more advanced models for simulation, we
will examine a few simple circuits in order to gain some experience with the Shichman-Hodges model.
Initially, we examine the circuits using hand calculations based on the models (3.13) - (3.15), and subse-
quently, we use LTspice to verify the hand calculations and to provide more accurate results and insight
into the properties of the circuits. Since LTspice is using exactly the same transistor models, this provides
a way of evaluating the hand calculations as illustrated in Fig. 1.5 on page 15.

A diode-connected NMOS transistor. The first example illustrates the use of the transistor model
(3.15) in combination with Ohm’s law and the general circuit theorems from Chapter 2. A diode-
connected transistor is a transistor with a direct connection between drain and gate as shown in Fig. 3.13.

For this circuit, we will design the resistor R1 so that the drain current of the transistor M1 is ID = 200 µA.
For the transistor, we assume the parameters given in Table 3.1, and we assume L= 1 µm and W = 25 µm.
The supply voltage is VDD = 1.8 V.

We notice that Kirchhoff’s current law implies that the drain current ID is the same as the current in the
resistor R1. The approach to the solution is to find the gate voltage VG resulting in a drain current of
200 µA and then use Kirchhoff’s voltage law and Ohm’s law to find R1 as R1 = (VDD −VG)/ID.

Figure 3.13: A diode-connected NMOS transistor.

Since the transistor has VDS = VGS, the condition VDS > VGS −Vt is fulfilled, so the transistor is in the
active region and (3.15) applies. With VGS =VDS =VG, this gives

ID =
µnCox

2

(
W
L

)
(VG −Vt)

2(1+λVG) (3.20)

This is a cubic equation from which VG can be found. However, closed-form solutions to a cubic equa-
tion are quite complicated and not suited for hand calculations, so assuming that the channel-length
modulation has only a minor influence on ID, we can simplify (3.20) by using λ = 0.
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This leads to a quadratic equation:

ID =
µnCox

2

(
W
L

)
(VG −Vt)

2 (3.21)

Inserting the specified values, we find:

200 µA =
180 µA/V2

2

(
25 µm
1 µm

)
(VG −0.40 V)2

⇒ (VG −0.40 V)2 = 0.0889 V2

⇒ VG −0.40 V = ±0.298 V (3.22)

We notice that (3.22) shows two solutions, a positive value and a negative value for VG −Vt . Since M1 is
an NMOS transistor, we know that VGS −Vt must be positive when the transistor is in the active region,
so we select the positive solution, i.e.,

VG −0.40 V = 0.298 V ⇒VG = 0.698 V (3.23)

Finally, we calculate

R1 =
VDD −VG

ID
= 5.51 kΩ (3.24)

Next, we may use LTspice to solve the problem. In order to verify the solution derived by hand calcula-
tions, we use λ = 0 in the transistor model, and we insert the value for R1 calculated above.
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The resulting schematic is shown in Fig. 3.14 together with the output file resulting from a ‘DC operating
point analysis’, SPICE directive ‘.op’. From the output file, we see that the simulated values for ‘ ’
and ‘ ’ (rounded off to three digits) are the same as the values found from the hand calculations,
thus confirming the results of the hand calculation.

Output file

--- Operating Point ---

V(vg):  0.698126  voltage
V(vdd):  1.8 voltage
Id(M1):  0.000199978  device_current
Ig(M1):  0 device_current
Ib(M1):  -7.08126e-013  device_current
Is(M1):  -0.000199978  device_current
I(R1):  0.000199977  device_current
I(Vdd):  -0.000199977  device_current

 

Figure 3.14: LTspice schematic and output file for the circuit from Fig. 3.13.

Finally, we may use LTspice to find a more exact value for R1, taking the channel-length modulation into
account. The channel-length modulation will cause the drain current to be slightly larger than expected
from the simple calculation because of the factor (1+λVG) in (3.20). In order to compensate for this, R1

should be increased. We can find R1 by stepping the value of R1 through a suitable range using a ‘.step’
directive in LTspice with the value of R1 defined as a parameter ‘ ’, see Fig. 3.15.

In this figure, we also show the result of the simulation, i.e., a plot showing ‘ ’ versus ‘ ’. From
the plot, we find R1 = 5.55 kΩ which is (as expected) a value slightly larger than the approximate value
found before.

Figure 3.15: LTspice schematic and simulation plot for a sweep of ID versus R1.

An NMOS current mirror. Now we connect an additional NMOS transistor to the diode-connected
transistor as shown in Fig. 3.16. Transistor M2 is assumed to be identical to M1, i.e., L = 1 µm and
W = 25 µm. We notice that VGS is the same for M1 and M2 since they have their gates connected together
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and they both have their sources connected to ground. Assuming that both transistors are in the active
region, an approximate calculation neglecting the channel-length modulation, i.e., using (3.21), leads to
the same drain current for M2 as for M1, so ID2 = ID1.

Figure 3.16: An NMOS current mirror.

The circuit is called a current mirror since it mirrors the current from the input transistor M1 to the
output transistor M2. Using (3.21), we find that the output is an ideal current source delivering the same
current regardless of the value of the drain resistor R2 connected from the drain of M2 to the supply
voltage VDD. This makes the circuit very useful as a current source for supplying bias currents to other
circuit configurations, for example gain stages. In Chapter 4, we will see several examples of gain stages
requiring a constant current to bias a transistor providing a voltage gain.

With two identical transistors, the output current is the same as the input current. However, the output
current is easily scaled with respect to the input current by a scaling of W/L. The current scaling factor
is AI = (W/L)2/(W/L)1. The precision of the scaling depends on the matching of the transistors. For a
good matching, it is advisable to scale W rather than L. For an integer scaling factor, the scaling can be
obtained simply and accurately by connecting identical transistors in parallel, i.e., transistors where all
drain terminals are connected together, all source terminals are connected together, and all gate terminals
are connected together. For example, AI = 3 is obtained by designing M2 as three identical parallel-
connected transistors of the same size as M1.

However, the circuit has some limitations. If the drain resistor R2 is too large, the voltage drop VR2 =

R2 ID2 across R2 becomes too large to fit within the supply voltage range VDD.

This implies that the drain voltage VDS2 falls below the value required to keep M2 in the active region.
From Kirchhoff’s voltage law, we have

VDD =VD2 +VR2 =VD2 +R2 ID2 (3.25)

For small values of R2, the drain current ID2 is given by (3.21) but for large values of R2, the drain current
drops because M2 is no longer in the active region. Rather, it is in the triode region where the current is

71

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS

72

The MOS Transistor

72

CMOS Analog IC Design: Fundamentals Chapter 3 – The MOS Transistor

given by (3.7), neglecting the factor (1+λvDS). Combining (3.7) and (3.25), we find

ID2 = µnCox

(
W
L

)[
(VG −Vt)VD2 −V 2

D2/2
]
=

VDD −VD2

R2
(3.26)

where VG is found from (3.21).

This is a quadratic equation for finding VD2. As an example, we will find VD2 and ID2 for R2 = 10 kΩ,
using the value of VG found on page 69:

0.18 mA/V2 ×25× (0.298 V ×VD2 −V 2
D2/2) = (1.8 V−VD2)/10 kΩ

⇒VD2 =

{
0.471 V
0.171 V

(3.27)

We find two solutions to the equation but as we know that VD2 < VG −Vt = 0.298 V when M2 is in the
triode region, we select the solution VD2 = 0.171 V from (3.27). With this value of VD2, we may calculate

ID2 =
VDD −VD2

R2
= 163 µA (3.28)

We may verify the result using LTspice. Fig. 3.17 shows the LTspice schematic with the Shichman-
Hodges model with λ=0, and from the resulting output file, we find the same values for VD2 and ID2 as
found by hand calculations.
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Output file

--- Operating Point ---

V(vg):  0.697177  voltage
V(vdd):  1.8 voltage
V(vd2):  0.171022  voltage
Id(M2):  0.000162898  device_current
Ig(M2):  0 device_current
Ib(M2):  -1.81008e-013  device_current
Is(M2):  -0.000162898  device_current
Id(M1):  0.000198707  device_current
Ig(M1):  0 device_current
Ib(M1):  -7.07177e-013  device_current
Is(M1):  -0.000198707  device_current
I(R2):  0.000162898  device_current
I(R1):  0.000198707  device_current
I(Vdd):  -0.000361605  device_current

 
Figure 3.17: LTspice schematic and output file for the circuit from Fig. 3.16.

Using the requirement for M2 that VDS2 must be larger than VGS2 −Vt , we can easily calculate the maxi-
mum value of R2 for which M2 operates as a constant current source with ID = ID2 = ID1:

VDS2 > VGS2 −Vt

⇒VDD −R2 ID2 > VDD −R1 ID1 −Vt

⇒ R2 < R1 +Vt/ID

⇒ R2max = R1 +Vt/ID = 5.55 kΩ+0.4 V/0.2 mA = 7.55 kΩ (3.29)

The result obtained in (3.29) may also be verified by LTspice: In the schematic shown in Fig. 3.17, we
define ‘ ’ as a parameter ‘ ’ to be stepped from 1 Ω (LTspice does not accept 0) to 20 kΩ and run
the ‘.op’ simulation. The resulting plot of ID2 versus R2 is shown in Fig. 3.18. Also shown in Fig. 3.18 is
a plot of ID2 versus VD2 obtained from the same simulation by changing the x-axis variable to ‘ ’,
using a right-click on the axis to open the window for specifying the variable.

Figure 3.18: Simulation of current-mirror output current ID2 versus drain resistor R2 and output voltage VD2.
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Another limitation of the circuit is caused by the channel-length modulation. Taking this into account,
the output current is given by

ID2 =
µnCox

2

(
W2

L2

)
(VG −Vt)

2(1+λVD2) (3.30)

where VG has the value found for the diode-connected transistor with the channel-length modulation
taken into account, i.e., VG = 1.80 V− 5.55 kΩ× 0.2 mA = 0.69 V. The channel length modulation
causes the output current to change slightly with a changing value of VD2. In the voltage range where M2

is in the active region, (3.30) shows that ID2 is a linear function of VD2.

The change may be characterized by a load regulation defined as ∆ID2/∆VD2. The load regulation can
be found as the derivative of iD2 with respect to vD2, calculated for a bias point vD2 = VD2. For the bias
point, we may select VD2 = VG since this is the value of VD2 resulting in ID2 = ID1 as M1 and M2 has
identical gate-source voltages and drain-source voltages for this value of VD2.

From (3.30), we find

∆ID2

∆VD2
=

µnCox

2

(
W2

L2

)
(VG −Vt)

2 λ =
180 µA/V2

2

(
25 µm
1 µm

)
(0.69 V−0.4 V)2 ×0.1 V−1 = 18.7 µA/V

(3.31)

The load regulation may be interpreted as the small-signal output conductance of the current mirror.
In Section 3.5, we discuss the concept of small-signal modeling in detail.

Figure 3.19: LTspice schematic for simulation of the NMOS current mirror with channel-length modulation.

The characteristics of the current mirror with channel-length modulation may also be illustrated using
LTspice. Figure 3.19 shows an LTspice schematic where the load resistor RD2 has been replaced by a
voltage source VD2 so that the output current can be simulated directly as a function of the output voltage.
Also, the value of RD1 has been specified to 5.55 kΩ as found for the diode-connected transistor with
channel-length modulation. In Fig. 3.19, a dc sweep of VD2 from 0 to 1.8 V is specified. The resulting
plot is shown in Fig. 3.20. From the plot, we see that the relation between ID2 and VD2 is indeed linear as
expected for VD2 > 0.298 V, and using the cursors, we can verify ∆ID2/∆VD2 = 18.7 µA/V.
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Figure 3.20: Simulation of current-mirror output current ID2 versus output voltage VD2 for the current mirror with channel-length
modulation. From the cursor positions, we find a load regulation of ∆ID2/∆VD2 = 18.7 µA/V.

A PMOS current mirror. The circuit analyzed in the previous example was an NMOS current mirror.
Of course, a current mirror can also be implemented with PMOS transistors. Figure 3.21 shows a PMOS
current mirror similar to the NMOS current mirror shown in Fig. 3.16. In Fig. 3.21, ID1 is the input
current to the mirror and ID2 is the output current.

This example is shown primarily to illustrate the selection of the correct signs for solutions to quadratic
equations and equations involving absolute values.
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Figure 3.21: A PMOS current mirror.

The analysis of the PMOS current mirror is very similar to the analysis of the NMOS current mirror, so
we will not complete all details of the analysis. Rather, we will show the hand calculation of the input
side of the current mirror, i.e., we will find the gate voltage VG resulting in an input current ID1 = 200 µA.
For the transistors, we assume the Shichman-Hodges parameters from Table 3.1 and W = 100 µm and
L = 1 µm. Notice that we use a larger channel width for the PMOS transistor than for the NMOS
transistors in the previous examples. This is in order to compensate for the difference in mobility between
NMOS transistors and PMOS transistors. With a transistor width which is 4 times the width of the NMOS
transistor, we can expect an effective gate voltage with the same absolute value as the value found for the
NMOS transistor since the current is the same as in the previous examples.

Just as for the diode-connected NMOS transistor, we will neglect the channel-length modulation in the
hand calculations in order to avoid dealing with a cubic equation. This means that the equation for the
input current is:

ID1 =
µpCox

2

(
W
L

)
(|VGS|− |Vt |)2 (3.32)

We are using absolute values in the equation in order to avoid confusion concerning the signs of the
voltages when dealing with PMOS transistors.

Inserting the specified values, we find:

200 µA =
45 µA/V2

2

(
100 µm
1 µm

)
(|VGS|−0.42 V)2

⇒ (|VGS|−0.42 V)2 = 0.0889 V2

⇒ |VGS|−0.42 V = ±0.298 V (3.33)

We see that (3.33) shows two solutions, a positive value and a negative value for |VGS|− |Vt |. For both
NMOS transistors and PMOS transistors, the absolute value of the gate-source-voltage is larger than the
absolute value of the threshold voltage when the transistor is in the active region. Hence, we select the
positive solution

|VGS|−0.42 V = 0.298 V ⇒ |VGS|= 0.718 V (3.34)
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From (3.34), we find

VGS =±0.718 V (3.35)

Now, since M1 is a PMOS transistor in the active region, the voltage VGS is negative, and more negative
than Vt which is also negative. This implies that we must select VGS =−0.718 V.

From Kirchhoff’s voltage law, we have VG =VDD+VGS, and with VGS =−0.718 V, we find VG = 1.082 V.

Incorrect use of the absolute value signs in equations like (3.33) – (3.35) is one of the most common errors
when analyzing circuits with PMOS transistors, so be careful with circuits including PMOS transistors.
Always ensure that VGS is negative and more negative that Vt when there is a current flowing in the
transistor.

We may verify the solution for VG using LTspice with a transistor model with λ = 0. Figure 3.22 shows
an LTspice schematic where the input current is set to 200 µA using a dc current source instead of R1. The
PMOS transistor is inserted using the ‘pmos4’ symbol rotated and mirrored to have the source terminal
upwards. From the output file, we find VG = 1.08186 V, confirming the hand calculation.

Output file

--- Operating Point ---

V(vdd): 1.8 voltage
V(vg):  1.08186  voltage
Id(M1):  -0.000200001  device_current
Ig(M1):  -0 device_current
Ib(M1):  7.28143e-013 device_current
Is(M1):  0.000200001 device_current
I(I1):  0.0002  device_current
I(Vdd):  -0.0002  device_current

Figure 3.22: LTspice schematic and output file for a diode-connected PMOS transistor.

3.5 Small-signal models

For the MOS transistor, the relations between gate-source voltage, drain-source voltage, source-bulk
voltage and drain current are nonlinear. We even have different nonlinear relations for different regions of
operation. This causes the circuit equations based on Kirchhoff’s laws to be nonlinear, typically quadratic
or cubic as we saw in the examples in Section 3.4. Such equations are difficult to solve analytically using
hand calculations, and this not only complicates the circuit analysis. It also makes it difficult to achieve
an insight into which parameters are essential for the performance of a circuit.

An approach to ease hand calculations and to simplify ways of getting insight into the operation of a
circuit is the use of small-signal analysis. As already mentioned in Chapter 2 on page 29, the small-
signal analysis is based on a linearization of all nonlinear device models so that the equations resulting
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from Kirchhoff’s laws turn out as linear equations. The small-signal analysis always has a specific bias
point, i.e., specific values of device currents and voltages, as the starting point for the linearization of the
device models, see Fig. 2.12 on page 29.

By solving the small-signal equations, we can determine the influence of the small-signal model param-
eters on the circuit performance, and by relating the small-signal parameters to the basic design parame-
ters, i.e., transistor geometry and bias conditions, we can – hopefully – design the circuit to achieve the
desired performance, provided this can be achieved using design parameters within a feasible range of
variation.

The small-signal analysis is an approximate analysis. Nonlinearities are neglected, and this is only
reasonable for signal variations where the linear model is a good approximation to the actual device
model. Also, higher-order effects such as harmonic distortion cannot be analyzed from small-signal
models since distortion is caused by the nonlinearities of the circuit elements.

Before proceeding to derive a small-signal transistor model, we will examine a simple amplifier circuit
in order to illustrate both the virtues and the limitations of the small-signal analysis.

An inverting amplifier. An inverting amplifier can be implemented by an NMOS transistor and a drain
resistor as shown in Fig. 3.23. For the amplifier to work, the bias value VIN for the input voltage must be
selected to be so much larger than the threshold voltage Vt of the transistor that the total instantaneous
value of the input signal vIN =VIN +vin is larger than the threshold voltage for the range of input signals
vin to be applied. Here we are using the notation for the input voltage defined by (2.7) on page 20.
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Figure 3.23: An inverting amplifier.

The basic operation of the amplifier is as follows: When the input voltage vIN is increased, the drain
current iD increases, and this causes an increase in the voltage drop across RD so that the output voltage
vO = VDD − iD RD is decreased. Conversely, if vIN is decreased, iD is reduced and vO = VDD − iD RD is
increased. Hence, the amplifier is called an inverting amplifier.

For the analysis of the amplifier, we assume that the output voltage is large enough that the transistor is
in the active region. This requires vO > vIN −Vt . For this range of operation, we find when neglecting
the channel-length modulation

vO =VO + vo = VDD − iD RD

= VDD − µnCox

2

(
W
L

)
(vIN −Vt)

2 RD

= VDD − µnCox

2

(
W
L

)
(VIN + vin −Vt)

2 RD

= VDD − µnCox

2

(
W
L

)
(VIN −Vt)

2 RD

−µnCox

(
W
L

)
(VIN −Vt)vin RD − µnCox

2

(
W
L

)
v2

in RD (3.36)

From (3.36), we notice that the dc part of vO, the bias value, is

VO =VDD − µnCox

2

(
W
L

)
(VIN −Vt)

2 RD =VDD − ID RD (3.37)

The signal part vo has a linear term

vo lin =−µnCox

(
W
L

)
(VIN −Vt)RD vin (3.38)

and a nonlinear term

vononlin =−µnCox

2

(
W
L

)
RD v2

in (3.39)

The term given by (3.38) is the desired output signal which is proportional to the input signal vin.
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In a linear analysis, the nonlinear term given by (3.39) will be neglected. This is only reasonable if the
nonlinear term is much smaller than the linear term, i.e.,

µnCox

2

(
W
L

)
RD v2

in � µnCox

(
W
L

)
(VIN −Vt)RD vin (3.40)

⇒ vin � 2(VIN −Vt) (3.41)

If this is the case, an approximate expression for the output signal swing is

vo =−µnCox

2

(
W
L

)
(VIN −Vt)RD vin =− 2ID

VIN −Vt
RD vin (3.42)

and we find a voltage gain of

Av =− 2ID

VIN −Vt
RD (3.43)

Having derived also the nonlinear term, we may examine the impact of the nonlinearity. From (3.39),
we see that the nonlinear term depends on v2

in. This will cause a dc shift of the output bias voltage and –
more important – a second-harmonic distortion if vin is a sinusoid. With vin =Vin sin(ωt) we find

vononlin = −µnCox

2

(
W
L

)
RDV 2

insin2(ωt)

= −µnCox

4

(
W
L

)
RDV 2

in(1− cos(2ωt)) (3.44)

From (3.44), we see that the nonlinearity produces a second harmonic output signal with an amplitude

Vodist =
µnCox

4

(
W
L

)
RDV 2

in (3.45)

This may be compared to the amplitude of the fundamental-frequency output

Vo fund = µnCox

(
W
L

)
(VIN −Vt)Vin RD (3.46)

and a distortion D =Vodist/Vo fund may be calculated:

D =
Vin

4(VIN −Vt)
(3.47)

It should be realized that the calculations above are performed using some simplifying assumptions: The
channel-length modulation is ignored, and the transistor is assumed to be in the active region which
is only true for output voltages larger than vIN −Vt . Clearly, without these simplifications, the analysis
becomes even more complicated and hand calculations using the complete set of nonlinear equations turn
out to be if not impossible, then at least time consuming. If the issue is not an analysis of phenomena
related to the nonlinearities, but rather an analysis of fundamental linear properties, an analysis using
linearization is definitely the way to proceed with hand calculations.
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The more complex second-order effects may be analyzed through the use of simulations, and to show
this, we investigate the amplifier from Fig. 3.23 using LTspice. But first, we need to find some values
for RD and the transistor dimensions. We assume that the supply voltage is VDD = 1.8 V and that the dc
value of iD is ID = 100 µA. Also, the amplifier should be designed to provide a gain of Av =−6 V/V.

In order to allow a large voltage swing at the output, we select a bias value of the output voltage which
is half the supply voltage.

We can then calculate RD using Ohm’s law:

RD =
VDD

2 ID
= 9.0 kΩ (3.48)

Inserting this in (3.43), we find

Av =− VDD

VIN −Vt
(3.49)

Using (3.49) with Av =−6 V/V, we find an input bias voltage of

VIN =Vt −VDD/Av = 0.4 V− (1.8 V)/(−6) = 0.7 V (3.50)

The remaining parameters to be determined are the transistor geometries W and L. As mentioned earlier
on page 67, for analog circuits you would normally use a channel length which is 3 to 10 times the
minimum length specified for the technology. Using a 0.18 µm technology with the parameters shown
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in Table 3.1 on page 67, a reasonable value for L would be L = 1 µm. Neglecting the channel-length
modulation, the width W can then be calculated from

ID =
µnCox

2

(
W
L

)
(VIN −Vt)

2 (3.51)

⇒W = L
2 ID

µnCox(VIN −Vt)2 = 1 µm× 2×100 µA
180 µA/V2 × (0.3 V)2

= 12.35 µm (3.52)

These values are then inserted in an LTspice schematic shown in Fig. 3.24. The input voltage is defined
as a sinusoid with a dc bias value of 0.7 V, an amplitude of 30 mV and a frequency of 1 kHz. The
amplitude is much smaller (20 times) than two times the effective gate voltage of 300 mV as requested
by (3.41) if the linear approximations should provide reasonable results. The first simulation to run is a
‘.op’ analysis in order to check the bias point. The ‘.op’ directive is shown as a comment in Fig. 3.24.
This is run with the value of vIN equal to the initial value in the transient specification for vIN , i.e., 0.7 V.
The resulting output file is also shown in Fig. 3.24, and we see that all voltage levels and current levels
are exactly as expected.

Output file

--- Operating Point ---

V(vo): 0.899685  voltage
V(vin):  0.7 voltage
V(vdd):  1.8 voltage
Id(M1):  0.000100035  device_current
Ig(M1):  0 device_current
Ib(M1): -9.09685e-013  device_current
Is(M1): -0.000100035  device_current
I(Rd):  0.000100035  device_current
I(Vdd): -0.000100035  device_current
I(Vin):  0 device_current

Figure 3.24: LTspice schematic and output file from a ‘.op’ simulation for an inverting amplifier.

Next, we run a transient simulation. For this, we have also specified a ‘.four’ SPICE directive in order
to find the distortion. The SPICE directive ‘ ’ is included to disable the data
compression normally performed for a transient simulation (Bruun 2017, page 126). This is needed in
order to get accurate results for the distortion analysis (Brocard 2013, page 261). Figure 3.25 shows the
simulation plot and the results of the distortion analysis. These results are found in the error log file
which is opened by ‘Ctrl-L’.

From the simulation plot, we see that the output signal is inverted compared to the input signal. We
also find the peak-to-peak value of the output signal to be 0.360 V, corresponding to an amplitude Vo =

0.180 V, i.e., 6 times the input amplitude of Vin = 30 mV.
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Error log file

Fourier components of V(vo)
DC component:0.895183

Harmonic Frequency Fourier Normalized  Phase Normalized
Number [Hz] Component Component [degree] Phase [deg]

1 1.000e+03 1.801e-01 1.000e+00 180.00° 0.00°
2 2.000e+03 4.501e-03 2.500e-02 90.00° -90.00°
3 3.000e+03 1.093e-09 6.071e-09 169.23° -10.77°
4 4.000e+03 5.770e-09 3.205e-08 42.52°  -137.48°
5 5.000e+03 4.855e-09 2.696e-08 147.75° -32.25°
6 6.000e+03 4.510e-09 2.505e-08 172.55° -7.45°
7 7.000e+03 4.351e-09 2.416e-08 158.19° -21.81°
8   8.000e+03 3.770e-09 2.094e-08 120.19° -59.81°
9 9.000e+03 3.442e-09 1.912e-08 143.41° -36.59°

Total Harmonic Distortion: 2.499622%(2.499619%) 

Figure 3.25: Simulation plot from transient simulation and results of distortion analysis.

From the error log file, we see that the amplitude of harmonic number 1, the fundamental frequency,
is 0.180 V as expected. Also, we find that only the second harmonic contributes significantly to the
distortion with a normalized value of 2.50×10−2. From (3.47) we can calculate the distortion to be D =

30 mV/(4× (0.7 V−0.4 V)) = 2.50×10−2, i.e., exactly the same value as found from the simulation.
Thus, the simulations by LTspice confirm the results obtained by hand calculations.

We may also use LTspice to see what happens if we violate the assumption that the transistor is in the
active region. For instance, with an input amplitude of more than 300 mV, the transistor reaches the
cut-off region for vin = −Vin. Figure 3.26 shows a simulation plot for a simulation with Vin = 310 mV.
From the plot, it is evident that the transistor is cut off for low values of the input signal and is in the
triode region for high values of the input signal. This leads to a clipping of the output signal and a severe
distortion.

In this example, the linearization was done after deriving the nonlinear expression for the output signal.
However, if we know already before the analysis that we are only interested in the linearized result, it
is much easier to perform the linearization before writing the circuit equations, and for this, we need
linearized transistor models.

83
Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS

84

The MOS Transistor

84

CMOS Analog IC Design: Fundamentals Chapter 3 – The MOS Transistor

Figure 3.26: Simulation plot from a transient simulation showing the clipping resulting from an overdrive on the input.

The low-frequency small-signal model for an NMOS transistor. The NMOS transistor can be seen
as a controlled current source from drain to source with vGS, vDS and vBS as the controlling voltages. For
the initial investigation, we consider a transistor with source and bulk connected, i.e., vBS = 0.

This can be shown using the symbol for a controlled current source, see Fig. 3.27. The relation describing
iD is nonlinear, and using the Shichman-Hodges model, the nonlinear relation iD = f (vGS,vDS) is given
by (3.13) – (3.15). In order to linearize this relation, we apply a Taylor expansion of f (vGS,vDS) using
only the linear terms. The expansion must be calculated from a specific bias point, i.e., a value of iD
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Figure 3.27: Nonlinear large-signal model for an NMOS transistor.

corresponding to the bias values of vGS and vDS. Using the normal notation shown in Fig. 2.4 on page 21
with capital letters and capital subscripts for bias values, we have ID = f (VGS,VDS). The Taylor series
with only linear terms is

f (vGS,vDS) = f (VGS,VDS)+


 ∂ f (vGS,vDS)

∂vGS

∣∣∣∣
bias
point


∆vGS +


 ∂ f (vGS,vDS)

∂vDS

∣∣∣∣
bias
point


∆vDS (3.53)

With iD = f (vGS,vDS), ∆vGS = vGS −VGS = vgs, ∆vDS = vDS −VDS = vds and the small-signal value id
defined as id = iD − ID, we get

id = f (vGS,vDS)− f (VGS,VDS) =


 ∂ iD

∂vGS

∣∣∣∣
bias
point


vgs +


 ∂ iD

∂vDS

∣∣∣∣
bias
point


vds (3.54)

The term (∂ iD/∂vGS)|bias
point

· vgs shows that the current id has a part id1 which is controlled by an input
voltage vgs. This corresponds to the voltage-controlled current source shown in Fig. 2.11 on page 28, and
the parameter describing the controlled source is a transconductance. Traditionally, for a MOS transistor,
this is called the gate transconductance (or just transconductance) and is denoted by gm, so

gm =
∂ iD

∂vGS

∣∣∣∣
bias
point

(3.55)

The term (∂ iD/∂vDS)|bias
point

· vds shows that the current id has a part id2 which is controlled by the voltage
vds. The current id2 is proportional to the voltage between the two terminals of the controlled current
source, and a linear relation between current and voltage for two terminals of a device is Ohm’s law,
so id2 = vds/rds where rds is called the small-signal output resistance of the transistor. A corresponding
output conductance is defined as gds = 1/rds, and from (3.54), we find

gds =
∂ iD

∂vDS

∣∣∣∣
bias
point

(3.56)

Equation (3.54) shows that the two parts id1 and id2 are added to form the total small-signal drain current,
and in a circuit model, it follows from Kirchhoff’s current law that this addition corresponds to a parallel
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Figure 3.28: Linear small-signal model for an NMOS transistor.

connection. Thus, the linearized circuit becomes a parallel connection of a voltage-controlled current
source and a resistor as shown in Fig. 3.28

The parameters characterizing the small-signal model are gm and rds. For a graphical interpretation of
gm, let us examine the relation between iD and vGS. For a fixed value of vDS, this may look like shown
in Fig. 3.29. Assuming that the bias value of vGS is VGS1, we find that gm is the slope of the straight line
A shown in the figure, i.e., the tangent to the curve for vGS = VGS1. With a bias value of VGS2, we find
another value of gm, corresponding to the slope of line B in the figure.

Figure 3.29: Graphical interpretation of gm.

Clearly, the value of gm depends strongly on the bias point. We can derive an expression for gm by
differentiation. We need to consider the triode region and the active region separately.

For the triode region, we find

gm =
∂ iD

∂vGS

∣∣∣∣
VDS

= µnCox

(
W
L

)
VDS(1+λVDS); 0 ≤VDS ≤VGS −Vt (3.57)

We notice that in the triode region, gm is independent of VGS. Neglecting the channel-length modulation,
gm increases linearly with VDS.
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For the active region, we find

gm =
∂ iD

∂vGS

∣∣∣∣
VGS,VDS

= µnCox

(
W
L

)
(VGS −Vt)(1+λVDS); 0 ≤VGS −Vt ≤VDS (3.58)

In the active region, gm depends both on VGS and VDS, but for approximate hand calculations, we can
often neglect the channel-length modulation, and in this case, gm is independent of VDS.

Figure 3.30: Graphical interpretation of gds.

Next, we consider a graphical interpretation of gds or 1/rds. This is derived from the relation between
iD and vDS. For a fixed value of vGS, this may look like shown in Fig. 3.30. The parameter gds =

(∂ iD/∂vDS)|bias
point

is the slope of the curve, calculated for the bias values of vDS and vGS.

For the transistor in the triode region, for example VDS1 in Fig. 3.30, line A, we find

gds =
∂ iD

∂vDS

∣∣∣∣
VGS,VDS

= µnCox

(
W
L

)[
(VGS −Vt −VDS)(1+λVDS)+ [(VGS −Vt)vDS −V 2

DS/2]λ
]

= µnCox

(
W
L

)[
(VGS −Vt −VDS)(1+2λVDS)+λV 2

DS/2
]

(3.59)

For λVDS � 1 which is normally the case in the triode region where VDS is small, VDS < VGS −Vt , this
expression can be simplified to

gds � µnCox

(
W
L

)
(VGS −Vt −VDS) (3.60)

Often when the transistor is in the triode region, it is used for very small values of vDS, VDS �VGS −Vt ,
and in this situation, the transistor can be treated as a voltage-controlled resistor where the value of the
resistance is controlled by VGS and is found from (3.60) where the approximation (VGS −Vt −VDS) �
(VGS −Vt) is used, i.e.,

rds �
[

µnCox

(
W
L

)
(VGS −Vt)

]−1

(3.61)
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For the transistor in the active region, for example VDS2 in Fig. 3.30, line B, the relation between iD and
vDS is already linear, and we find the slope as

gds =
∂ iD

∂vDS

∣∣∣∣
VGS

=
µnCox

2

(
W
L

)
(VGS −Vt)

2 λ (3.62)

We notice that in the active region, gds depends only on the bias voltage VGS.

In the equations above for gm and gds, the bias point was defined by the bias voltages VGS and VDS. How-
ever, when they are changed, also the bias current ID changes. In practice, we often use MOS transistors
in the active region, and it can be helpful to have different expressions for gm and gds depending on which
parameters are available to define the bias conditions. Sometimes, it is the bias current ID. Sometimes, it
is the bias voltages VGS and VDS, and sometimes, it is the geometry parameters L and W . The following
equations show alternative expressions for the small-signal parameters.

gm =
∂ iD

∂vGS
= µnCox

(
W
L

)
(VGS −Vt)(1+λVDS) (3.63)

=
2 ID

VGS −Vt
(3.64)

=

√
2µnCox

(
W
L

)
ID(1+λVDS) (3.65)
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gds = 1/rds =
∂ iD

∂vDS
= λ

µnCox

2

(
W
L

)
(VGS −Vt)

2 (3.66)

=
λ ID

1+λVDS
(3.67)

Often, for hand calculations, a precision of 10% to 15% in the numerical values of gm and gds is sufficient
for an evaluation of a circuit. This can often be obtained, even when using a value of 0 for λVDS. For
λVDS < 0.15, substituting the term 1 + λVDS by 1 leads to errors of less than 15%. For a 0.18 µm
CMOS process, the maximum supply voltage is about 1.8 V, and using channel lengths of about 1 µm
or more, λ is smaller than 0.14 V−1, so with drain-source bias voltages of up to approximately half the
supply voltage, the condition λVDS < 0.15 is fulfilled. So for hand calculations, the following simplified
equations are often used

gm =
2 ID

VGS −Vt
(3.68)

� µnCox

(
W
L

)
(VGS −Vt) (3.69)

�

√
2µnCox

(
W
L

)
ID (3.70)

gds = 1/rds = λ
µnCox

2

(
W
L

)
(VGS −Vt)

2 � λ ID (3.71)

When verifying approximate solutions based on these equations using LTspice, it is necessary to use
λ = 0 in the Shichman-Hodges model. Subsequently, simulations may be run with the actual value of
the channel-length parameter in order to check that the approximations are acceptable.

An important parameter often used as a figure of merit for a MOS transistor is the intrinsic voltage
gain Avi = gm/gds. With an input voltage vGS = VGS + vin connected between gate and source, we have
vgs = vin, and with an ideal dc current connected to the drain, the small-signal output voltage is vo =

−gmrds = −gm/gds. This gives the maximum small-signal voltage gain, the open-circuit voltage gain,
which can be obtained from the transistor. From (3.65) and (3.67), we find

Avi =
gm

gds
=

2(1+λVDS)

λ (VGS −Vt)
� 2

λ (VGS −Vt)
=

2L
λ ′
(VGS −Vt)

(3.72)

=
1
λ

√
2µnCox

(
W
L

)
1
ID

=
1
λ ′

√
2µnCox WL

1
ID

(3.73)

where we have used λ ′
= λL.

From (3.72), we see that for the 0.18 µm process with the transistor parameters from Table 3.1 on page
67, we achieve an intrinsic gain in the range from 5.7 to 200 with a channel length in the range from
0.2 µm to 1 µm and an effective gate voltage in the range from 100 mV to 500 mV. A large value of Avi

is obtained with a small effective gate voltage and a long transistor.
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The bulk transconductance. In all of the previous calculations, we have assumed that bulk and source
are connected, i.e., vBS = 0. When this is not the case, iD depends also on vBS, so (3.54) must be
expanded with a term (∂ iD/∂vBS)|bias

point
· vbs accounting for the bulk effect. This is a voltage-controlled

current source where the controlling voltage is the small-signal part of the bulk-source voltage vBS. The
parameter describing the controlled source is a transconductance, and traditionally, this is called the
bulk transconductance or body transconductance gmb or gs. Examining (3.14) and (3.15), we note that
(∂ iD/∂vGS) =−(∂ iD/∂Vt), and using vBS =−vSB in (3.16), we find

gmb =
∂ iD
∂vBS

=

(
∂ iD
∂Vt

)(
∂Vt

∂vBS

)
=

(
− ∂ iD

∂vGS

)(
− ∂Vt

∂vSB

)

= (−gm)

(
−γ

1
2
√

VSB + |2ΦF |

)
= gm

γ
2
√

VSB + |2ΦF |
= χgm (3.74)

Typically, the bulk transconductance is 10% – 30% of the gate transconductance (Sedra & Smith 2016).
In the small-signal circuit model, the current source controlled by vbs appears in parallel with the
gate transconductance current source, and the complete low-frequency small-signal model is shown
in Fig. 3.31.

Figure 3.31: Low-frequency small-signal for an NMOS transistor with body effect.

Often the bulk is connected to a dc voltage, typically the negative supply voltage for an NMOS transistor,
so the small-signal value of the bulk voltage is 0, leading to vbs = 0− vs =−vs. For this case, the small-
signal model can be drawn as shown in Fig. 3.32.

Figure 3.32: Alternative low-frequency small-signal model for an NMOS transistor with body effect and with the bulk connected to
a dc voltage.
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The small-signal model for a PMOS transistor. For a PMOS transistor, a low-frequency small-signal
model can be derived in the same way as for the NMOS transistor but care has to be taken with the signs
of voltages and the direction of current in the transistor. This is an issue which often confuses the student
who is new to the field of analog CMOS design.

As shown in Fig. 3.11 on page 65, for the PMOS transistor, the positive direction of the total instanta-
neous value of the drain current is defined as being positive out of the drain terminal because this leads
to a positive numerical value when the transistor is in the triode region or in the active region. With this
definition, we have for the active region

iD =
µpCox

2

(
W
L

)
(vGS −Vt)

2(1−λvDS) (3.75)

where the numerical values of both vGS, vDS and Vt are negative. The mobility µp and the channel length
parameter λ are positive, and the resulting drain current is positive.

However, for the small-signal model, we traditionally use the same model as for the NMOS transistor,
i.e., the positive direction of the small-signal value of the drain current is defined as being positive into
the drain terminal. This implies that gm and gds are calculated as

gm =
∂ (−iD)

∂vGS

∣∣∣∣
bias
point

(3.76)
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and

gds =
∂ (−iD)

∂vDS

∣∣∣∣
bias
point

(3.77)

In the active region, this leads to

gm = −µpCox

(
W
L

)
(VGS −Vt)(1−λVDS)

= µpCox

(
W
L

)
(|VGS|− |Vt |)(1+λ |VDS|) (3.78)

and

gds =

(
−

µpCox

2

(
W
L

)
(VGS −Vt)

2
)
(−λ )

=
µpCox

2

(
W
L

)
(|VGS|− |Vt |)2 λ (3.79)

For the triode region, we find

gm = µpCox

(
W
L

)
|VDS|(1+λ |VDS|) (3.80)

and

gds = µpCox

(
W
L

)[
(|VGS|− |Vt |− |VDS|)(1+2λ |VDS|)+λ |VDS|2/2

]

� µpCox

(
W
L

)
(|VGS|− |Vt |− |VDS|) (3.81)

Similarly, the bulk transconductance can be found as

gmb = gm
γ

2
√

|VSB|+ |2ΦF |
= χgm (3.82)

Thus, the PMOS small-signal model and the expressions for the small-signal parameters gm, gds and gmb

are exactly the same as for the NMOS transistor, provided that absolute values are used for ID, VGS, VDS,
VSB and Vt .

A high-frequency small-signal model. The MOS transistor inherently includes several capacitors. All
the reverse-biased pn junctions contribute with their junction capacitances which are proportional to the
area of the junction and also depend on the reverse-bias voltage applied to the junction. Also, the gate
electrode has a capacitance to the channel and overlap capacitances to the drain, the source and the bulk.
The gate-channel capacitance is the dominant capacitance, and this is proportional to the area of the
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Figure 3.33: High-frequency small-signal MOS transistor model.

gate. Normally, it is modeled as a gate-source capacitance Cgs, and in the active region, an approximate
expression for Cgs is (Tsividis & McAndrew 2010)

Cgs �
2
3

WLCox (3.83)

Figure 3.33 shows the small-signal transistor model augmented with the internal capacitances of the
transistor. For simulating the capacitances with LTspice, the area and perimeter of the drain diffusion
and the source diffusion must be specified in the specification window shown in Fig. 3.12 on page 66.

Figure 3.34 shows the layout of a transistor. The green areas are the drain and source diffusions. The
purple area is the gate, and the black areas are contact holes for connections to a metal layer (not shown).
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Figure 3.34: Transistor layout (top view) showing dimensions for calculating internal capacitances.

For the layout shown, the areas of source and drain diffusions are AD=AS=D1×D2 and the perimeters
are PD = PS = D1 +D2 +D3. The areas of source and drain diffusion will typically have a minimum
dimension of approximately W times 2.75 times the minimum length for the process. The perimeter
of the drain and source diffusion will typically have a minimum dimension of W plus 5.5 times the
minimum length (Sedra & Smith 2016, Appendix B). The multiplier M in the specification window is
used to specify multiple devices in parallel.

Also, the transistor model must be expanded to include parameters for junction capacitances, oxide
capacitance and overlap capacitances. The parameters are defined as explained in the ‘LTspiceHelp’,
and Fig. 3.35 shows the LTspice ‘.model’ directives including both the parameters given in Table 3.1
and typical parameters for capacitances in a generic 0.18 µm process. In Fig. 3.35, the value of λ for
L = 1 µm has been inserted in the models. For other values of L, λ must recalculated since it is inversely
proportional to L. Each of the ‘.model’ specifications extends over more than one line with a ‘ ’ to
indicate that a line is a continuation of the specification.

The capacitance from well to substrate (Cbsub in Fig. 3.33) is not part of the transistor model in LTspice
since a well may be common to several transistors, so Cbsub must be inserted separately if it is needed in
the circuit analysis.

Figure 3.35: LTspice transistor models including parameters for calculating small-signal capacitances.

In hand calculations for the generic 0.18 µm CMOS model, the gate-source capacitance may be estimated
from (3.83) with Cox � 8.5 fF/(µm)2, and the parasitic junction capacitances may be estimated from the
areas of the diffusions using a junction capacitance per unit area of Cj � 3.7 fF/(µm)2 for NMOS drain
and source diffusions and Cj � 1.4 fF/(µm)2 for PMOS drain and source diffusions. Here we have
neglected the sidewall capacitances and we have also neglected that a junction capacitance depends
on the bias voltage across the junction. For the well-substrate capacitance, a junction capacitance of
Cj � 1 fF/(µm)2 may be used. The gate overlap capacitances towards drain and source may be estimated
from the width W of the gate using an overlap capacitance of 0.3 fF/µm.
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Also for the high-frequency small-signal performance, we can define a figure of merit. Traditionally, the
unity-gain frequency ft for the small-signal current gain Aisc = Io(s)/Iin(s) is used as a figure of merit.
This is calculated from the circuit shown in Fig. 3.36 where both the large-signal circuit and the small-
signal equivalent is shown. Observe that when converting the large-signal schematic to a small-signal
schematic, all dc sources are reset since a dc source does not contribute to the signals in the circuit.

(a) (b)

Figure 3.36: Large-signal schematic (a) and small-signal schematic (b) for finding small-signal current gain.

With VDD replaced by a short circuit in the small-signal diagram, a node equation at the output node gives

Io = gmVgs −Vgs sCgd (3.84)

A node equation at the input node gives

Iin =Vgs s(Cgs +Cgd) (3.85)

From (3.84) and (3.85), we find

Aisc =
Io

Iin
=

gm − sCgd

s(Cgs +Cgd)
(3.86)

For frequencies much smaller than gm/Cgd , this can be approximated by

Aisc �
gm

s(Cgs +Cgd)
� gm

sCgs
(3.87)

where we have used Cgs �Cgd which is normally the case.

From (3.87), we find the unity gain frequency as ω t � gm/Cgs. We find that ω t is indeed much smaller
than gm/Cgd since Cgs �Cgd . Using ω t = 2π ft together with (3.69) and (3.83), we then find

ft �
gm

2π Cgs
� 3µ (VGS −Vt)

4π L2 (3.88)

Since the mobility µ is three to four times bigger for an NMOS transistor than for a PMOS transistor,
NMOS transistors are generally significantly faster than PMOS transistors. Also, transistors with short
channel lengths are faster than transistors with long channel lengths. For an NMOS transistor with a
minimum channel length and an effective gate voltage of 400 mV, (3.88) results in a unity-gain frequency
of about 60 GHz for the 0.18 µm generic CMOS process. Comparing (3.88) and (3.72), we can see that
there is a trade-off between speed and low-frequency gain. The downscaling of device geometries (L
getting smaller) means faster devices but also smaller intrinsic gain.
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3.6 Deriving a small-signal equivalent circuit from a large-signal schematic

With the small-signal model for the MOS transistors in place, we are ready to convert a large-signal
schematic into a small-signal equivalent diagram. Then we can perform a linear circuit analysis without
first having to solve nonlinear equations in the way that we did for the inverting amplifier on page 78-
80. We have already seen a simple example of this conversion in Fig. 3.36. In the conversion, all
linear components, i.e., resistors, capacitors and inductors, remain unchanged and the nonlinear MOS
transistors are replaced by linear small-signal models from Figs. 3.28, 3.31, 3.32 or 3.33.

However, in the conversion, we also need to consider voltage sources and current sources. In general, a
voltage source may contain a dc term and an ac term. In a small-signal model, we consider only signal
variations, so the dc term in a voltage source is reset which means that it is replaced by a short circuit.
Thus, when drawing the small-signal circuit, supply voltage sources and dc bias voltage sources are
shorted. Likewise, a current source may contain a dc term and an ac term, and the dc term is reset when
drawing a small-signal equivalent circuit. Resetting a dc current source means giving the current source
a value of 0, and this is the current in an open circuit. Thus, when drawing the small-signal equivalent
circuit, a dc current source is simply replaced by an open circuit, i.e., it is removed.

Revisiting the inverting amplifier. Now, let us consider the inverting amplifier from Fig. 3.23 on
page 79 and make a small-signal equivalent circuit for the amplifier. For the small-signal equivalent,
VDD and VIN are reset and the transistor is replaced by a small-signal model. We consider only low
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frequencies, and the transistor has bulk connected to source, so there is no bulk effect, meaning that we
just need the simple small-signal model from Fig. 3.28. A direct replacement of the transistor symbol
with the small-signal model results in the small-signal equivalent circuit shown in Fig. 3.37(a). Normally,
this is redrawn with the drain resistor ‘folded down’ towards ground as shown in Fig. 3.37(b). This way
of ‘folding down’ devices connected to the positive supply rail will be used extensively in small-signal
equivalent circuits in this book.

(a)

(b)

Figure 3.37: Small-signal equivalent circuit for the inverting amplifier from Fig. 3.23, first with a direct replacement of the transistor
with the small-signal model from Fig. 3.28, (a), then with the drain resistor ‘folded down’ towards ground (b).

From this, we easily find an expression for the output voltage by using a node equation at the output.
vo

RD
+

vo

rds
+gm vin = 0

⇒ Av =
vo

vin
=−gm

(
1

RD
+

1
rds

)−1

= −gm (RD ‖ rds) (3.89)

In order to relate Av to the component values and the bias point of the transistor, we use (3.70) to find gm.

gm =
2 ID

VGS −Vt
(3.90)

For a bias point with VO =VDD/2 ⇒ ID =VDD/(2RD) and VGS =VIN , we find

gm =
VDD

RD (VGS −Vt)
(3.91)

When the channel-length modulation is neglected for the transistor, we have rds = ∞, so (RD ‖ rds) = RD,
leading to

Av =− VDD

VIN −Vt
(3.92)
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as also found from the analysis on page 78-80. However, in deriving (3.92), we have used only linear
equations.

From the small-signal analysis, we can also find the impact of the channel-length modulation on the gain.
We have gds = λ ID/(1+λVDS) = [λVDD/(2RD)]/(1+λVDD/2), so

RD ‖ rds =

(
1

RD
+gds

)−1

=

[
1

RD
+

(
λVDD

2RD

)(
1

1+λVDD/2

)]−1

= RD

(
1+λVDD/2
1+λVDD

)

⇒ Av = −gm (RD ‖ rds) =−
(

VDD

VIN −Vt

)(
1+λVDD/2
1+λVDD

)
=−5.54 V/V (3.93)

where the value λ = 0.1 V−1 is taken from Table 3.1 with L = 1 µm. As expected, the channel-length
modulation causes a reduction of the gain.

From the small-signal analysis, we can also find the impact of replacing the drain resistor RD with an
ideal dc current source. In this case, RD is simply removed from the small-signal circuit in Fig. 3.37, and
the voltage gain is

Av =−gm rds =−
(

2 ID

VIN −Vt

)(
1+λVDS

λ ID

)
=−2(1+λVDD/2)

λ (VIN −Vt)
=−69.7 V/V (3.94)

This is also the expression found for the intrinsic voltage gain Avi in (3.72) on page 89 with VDS =VDD/2,
corresponding to the maximum achievable voltage gain from the amplifier.

When using LTspice, the small-signal transistor parameters are calculated when running a ‘.op’ simula-
tion. In Fig. 3.24, we saw the output file from a ‘.op’ simulation of the inverting amplifier. Using ‘Ctrl-L’
to open the error log file from the simulation, we get the file shown in Fig. 3.38.

Error log file

Instance "m1": Length shorter than recommended for a level 1 MOSFET.
Direct Newton iteration for .op point succeeded.
Semiconductor Device Operating Points:

--- MOSFET Transistors ---
Name: m1
Model:       nmos-sh
Id: 1.00e-04
Vgs: 7.00e-01
Vds: 9.00e-01
Vbs: 0.00e+00
Vth: 4.00e-01
Vdsat:       3.00e-01
Gm: 6.67e-04
Gds: 0.00e+00
Gmb: 1.99e-04
Cbd: 0.00e+00
Cbs: 0.00e+00
Cgsov:       0.00e+00
Cgdov:       0.00e+00
Cgbov:       0.00e+00
Cgs: 0.00e+00
Cgd: 0.00e+00
Cgb: 0.00e+00

Figure 3.38: Error log file from the ‘.op’ simulation of the inverting amplifier from Fig. 3.24.

The error log file gives a warning that the channel length L for the transistor is smaller than what is
recommended for a level 1 MOSFET. The level 1 MOSFET refers to the Shichman-Hodges transistor
model, and the warning is an indication that this model is inaccurate for modern submicron transistors.
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This message will appear whenever the Shichman-Hodges model is used for transistors with L ≤ 10 µm.
In order to get simulation results closer to the actual device behavior, more complicated transistor models
must be used, see Section 3.7.

Next, we find a list of parameters for the transistor M1. They include the bias current and voltages and
the small-signal parameters. We see that the bias current and voltages are as calculated when designing
the amplifier. Also, gm = 0.667 mA/V which is the same value as found from (3.91). Also, gds = 0
as expected for λ = 0 and the values of all parasitic capacitances are 0 since no model parameters or
transistor dimensions for calculating the capacitors have been specified.

Next, we may re-simulate the circuit with λ = 0.1 V−1. The resulting output file and error log file
are shown in Fig. 3.39. We see that the drain bias current is increased slightly and the bias value of
the output voltage is reduced. This is as expected when the drain current is multiplied by the factor
(1+ λvDS). From the error log file, we find gm = 0.722 mA/V, slightly more than the previous value
for λ = 0, and gds = 0.010 mA/V, so (3.89) gives a gain of Ad = −5.96 V/V. Using (3.93), we found
Av =−5.54 V/V. The difference between this value and the value calculated from (3.89) is caused by the
larger value of the drain current, giving a larger value of gm according to (3.90).

LTspice can also directly find the low-frequency small-signal voltage gain by a ‘DC Transfer’ simulation
with the simulation directive ‘ ’. Running the ‘.tf’ simulation (with λ = 0.1 V−1) results
in the output file shown in Fig. 3.40. From this, we find a gain of −5.96 V/V, corresponding to the value
calculated from (3.89). We also find an output resistance of 8.256 kΩ, corresponding to RD ‖ rds.
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Output file

--- Operating Point ---

V(vo): 0.825375  voltage
V(vin):  0.7 voltage
V(vdd):  1.8 voltage
Id(M1):  0.000108292  device_current
Ig(M1):  0 device_current
Ib(M1): -8.35375e-013  device_current
Is(M1): -0.000108292  device_current
I(Rd):  0.000108292  device_current
I(Vdd): -0.000108292  device_current
I(Vin):  0 device_current

Error log file

--- MOSFET Transistors ---
Name: m1
Model:       nmos-sh
Id: 1.08e-04
Vgs: 7.00e-01
Vds: 8.25e-01
Vbs: 0.00e+00
Vth: 4.00e-01
Vdsat:       3.00e-01
Gm: 7.22e-04
Gds: 1.00e-05
Gmb: 2.16e-04

Figure 3.39: Output file and error log file from the ‘.op’ simulation of the inverting amplifier from Fig. 3.24 with λ = 0.1 V−1.

Output file

--- Transfer Function ---

Transfer_function: -5.96084 transfer
vin#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo):  8256.64  impedance

Figure 3.40: Output file from a ‘.tf’ simulation of the inverting amplifier from Fig. 3.24 with λ = 0.1 V−1.

Finally, let us examine the voltage gain when RD is replaced by a dc current source ID as shown
in Fig. 3.41. For this case, we must specify λ �= 0 in the transistor model. Otherwise, the output node
is left floating as the node between two series-connected ideal current sources. In Fig. 3.41, ID has been
specified to ID = 100 µA which is the value used for our initial analysis on page 81.

Output file

--- Transfer Function ---

Transfer_function: -4.88634 transfer
vin#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo):  8487.89  impedance

Figure 3.41: LTspice schematic and output file from a ‘.tf’ simulation for an inverting amplifier with an ideal current source as the
drain bias current.

Figure 3.41 also shows the output file from a ‘.tf’ simulation of the circuit. We see that the gain is only
−4.89 V/V, much smaller than expected from (3.94). Running a ‘.op’ simulation reveals the reason for
this. The output file from a ‘.op’ simulation shows that the bias value of the output voltage has dropped
to 0.253 V which is smaller than the saturation voltage of VGS −Vt = 0.3 V, so the transistor is in the
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triode region, rather than in the active region. In order to bias the transistor in the active region, we have
different options:

• We can reduce the input bias voltage. With a dc sweep of the input voltage, we can find a bias
value which gives an output bias voltage of 0.9 V. This results in VIN = 0.687 V and from (3.94),
we find Av =−76.0 V/V. A ‘.tf’ simulation gives the same value.

• We can reduce the width W of the transistor. With a ‘.op’ simulation including a ‘.step’ directive
with W as a parameter (compare Fig. 3.15), we can find the value of W required to get on output
voltage of VO = 0.9 V for an input voltage of VIN = 0.7 V. This results in W = 11.33 µm and from
(3.94), we find Av =−72.7 V/V. A ‘.tf’ simulation gives the same value.

• We can increase the bias current ID. With a dc sweep of the bias current, we can find a bias value
which gives an output bias voltage of 0.9 V. This results in ID = 109 µA and from (3.94), we find
Av =−72.7 V/V. A ‘.tf’ simulation gives the same value.

In all three cases, the simulated value of Av is exactly as calculated from (3.94).

Notice that LTspice automatically derives a small-signal equivalent circuit for use in ‘.tf’ simulations
and ‘.ac’ simulations on basis of the large-signal schematic and the bias point. The conversion of the
large-signal schematic to a small-signal equivalent circuit is needed only for hand analysis of the circuit.

The current mirror. In Section 3.4 on page 70-74, we analyzed a current mirror with NMOS transis-
tors and we defined a load regulation for the output of the current mirror as the variation of the output
current versus the variation of the output voltage. Ideally, the output current should remain constant
and independent of the output voltage. The load regulation is a small-signal parameter which may be
interpreted as the small-signal output conductance of the current mirror, so it can be analyzed using a
small-signal equivalent circuit. Directly replacing the transistors in Fig. 3.16 with the small-signal model
from Fig. 3.28 and the dc voltage VDD with a short circuit results in the small-signal equivalent circuit
shown in Fig. 3.42.

Figure 3.42: Small-signal schematic for the current mirror from Fig. 3.16.

At first glance, this may seem fairly complicated but we observe that the gate of M1, the drain of M1 and
the gate of M2 are connected, so vgs1 = vds1 = vgs2, and with this relation a node equation at this node
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yields vds1/R1 + gm1vgs1 + vds1/rds1 = 0 ⇒ vgs1 = vds1 = vgs2 = 0. This implies that there is no signal
variation at the inputs of the voltage-controlled current sources, and with a value of 0, they correspond
to open circuits and can be deleted. The small-signal schematic of the current mirror simply reduces to
the resistor rds2 and the load resistor R2 as shown in Fig. 3.43. From this, we immediately find that the
output conductance of the current mirror is

gds2 =
µnCox

2

(
W2

L2

)
(VGS −Vt)

2 λ (3.95)

corresponding to the result in (3.31).

Figure 3.43: Reduced small-signal schematic for the current mirror from Fig. 3.16.

We saw in this example that transistors with constant gate-source voltage reduce to resistors (and capac-
itors for high-frequency analysis), thus significantly simplifying the small-signal equivalent circuit. This
is typically the case for transistors used to provide dc bias currents in CMOS circuits.

102

Download free eBooks at bookboon.com Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

Jeg udvikler og udvikles
Prevas startede i 1985 og er i dag hovedleverandør og udviklingspartner til førende virksomheder
indenfor Life Science, telecom, automotive, forsvar, energi og fremstillingsindustrien. Vi er mere
end 500 ingeniører som brænder for at finde effektive løsninger for vores kunder.  
”Innovation for Growth” er vores mantra.
Hos Prevas møder du kompetente og spændende mennesker hver dag. Det kan være dine nye
kollegaer eller det kan være vores kunders medarbejdere. Hos os får du mulighed for at arbejde
med nye teknologier i mange forskellige brancher for spændende virksomheder.
Som medarbejder hos Prevas kommer du derfor altid til at udvikles - så længe du selv vil.

INNOVATION FOR GROWTH
www.prevas.com

http://s.bookboon.com/prevasdk


CMOS ANALOG IC DESIGN: FUNDAMENTALS The MOS Transistor

103

CMOS Analog IC Design: Fundamentals Chapter 3 – The MOS Transistor

3.7 Advanced transistor models

The Shichman-Hodges model described in Section 3.3 was the first MOS transistor model to be widely
used for the SPICE simulation program in the 1970s when transistor dimensions were typically in the
µm-range (Vladimirescu 1994). However, as dimensions were scaled down, the Shichman-Hodges model
turned out to be increasingly inaccurate. This is caused by a number of physical mechanisms not taken
into account in the simple transistor model. Even with small voltages applied to gate and drain, the
electric fields in the MOS devices become so large for submicron devices that a number of phenomena
occurs (Chan Carusone, Johns & Martin 2012). These include a reduction of the mobility of the free
carriers in the channel and short-channel effects which change the output characteristics much more than
described by the simple channel-length modulation included in (3.15). The resulting relations become
too complex for simple hand calculations, and it is beyond the scope of this book to consider physical
and mathematical models for these phenomena.

At very small and even negative values of the effective gate voltage, another phenomenon called weak
inversion causes the transistor to follow a relation which is fundamentally different from (3.15). In weak
inversion, also called the subthreshold region, the drain current is approximately described by

iD = ID0

(
W
L

)(
exp

vGS

nVT

)(
1− exp

(
−vDS

VT

))
(3.96)

In (3.96), VT = kT/q is the thermal voltage while n and ID0 are parameters depending on the fab-
rication process and temperature (Vittoz 2004). For vDS larger than approximately 3VT , the factor
(1− exp(−vDS/VT )) is close to 1 and the transistor is in the active subthreshold region. In order to
model the finite output conductance of the transistor, (3.96) may be augmented with a factor (1+λvDS),
similar to what was done in the Shichman-Hodges model. For a MOS transistor in a typical 0.18 µm pro-
cess, (3.96) applies for a gate-source voltage smaller than the threshold voltage and (3.15) applies when
the gate-source voltage is more than about 100 mV larger than the threshold voltage (the strong inversion
region). The region between weak inversion and strong inversion is called the moderate inversion region,
and this region of operation is often used for circuits designed to operate at very low supply voltages.
Unfortunately, simple mathematical expressions for hand calculations are not available for the moderate
inversion region.

BSIM transistor models. In order to analyze circuits with greater precision than what is obtained
from the simplified expressions (3.14), (3.15) and (3.96), more accurate simulation models must be
used. For submicron processes, BSIM3 or BSIM4 models are often the preferred choice. BSIM is an
abbreviation for ‘Berkeley Short-channel IGFET Model’, referring to University of California Berkeley
where they have been developed (Sheu et al. 1987). Generic BSIM models are available together with
several textbooks such as Chan Carusone, Johns & Martin (2012) and Baker (2010).

Models for specific CMOS processes can be obtained from foundries or from MPW (Multi-Project
Wafer) service providers such as MOSIS (MPW) Integrated Circuit (IC) Fabrication Service Provider
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(The MOSIS Service 2014) or EUROPRACTICE (EUROPRACTICE IC Service 2016). However, most
foundries require non-disclosure agreements in order to provide detailed design information.

In this book, we show as an example a generic BSIM3 model for a 0.18 µm CMOS process obtained
from Predictive Technology Model Website (2011) developed at Arizona State University (Cao 2011).
From this website, generic models can be found for a large number of technologies, and Fig. 3.44 shows
BSIM3 models for use with LTspice. The color coding used for this figure is the default color coding
used by LTspice when displaying text files such as model files or netlist files.

Generic BSIM3 model for 0.18 µm CMOS process. Adapted from ‘http://ptm.asu.edu/modelcard/180nm_bulk.txt ’.

* Predictive Technology Model Beta Version
* 180nm NMOS SPICE Parametersv (normal one)
.model NMOS-BSIM NMOS
+Level=49
+Lint=4.e-08 Tox=4.e-09
+Vth0=0.3999 Rdsw=250
+Tref=27.0 version=3.1
+Xj=6.0000000E-08 Nch=5.9500000E+17
+lln=1.0000000 lwn=1.0000000 wln=0.00
+wwn=0.00 ll=0.00
+lw=0.00 lwl=0.00 wint=0.00
+wl=0.00 ww=0.00 wwl=0.00
+Mobmod=1 binunit=2
+Dwg=0.00 Dwb=0.00
+K1=0.5613000 K2=1.0000000E-02
+K3=0.00 Dvt0=8.0000000 Dvt1=0.7500000
+Dvt2=8.0000000E-03 Dvt0w=0.00 Dvt1w=0.00
+Dvt2w=0.00 Nlx=1.6500000E-07 W0=0.00
+K3b=0.00 Ngate=5.0000000E+20
+Vsat=1.3800000E+05 Ua=-7.0000000E-10 Ub=3.5000000E-18
+Uc=-5.2500000E-11 Prwb=0.00
+Prwg=0.00 Wr=1.0000000 U0=3.5000000E-02
+A0=1.1000000 Keta=4.0000000E-02 A1=0.00
+A2=1.0000000 Ags=-1.0000000E-02 B0=0.00
+B1=0.00
+Voff=-0.12350000 NFactor=0.9000000 Cit=0.00
+Cdsc=0.00 Cdscb=0.00 Cdscd=0.00
+Eta0=0.2200000 Etab=0.00 Dsub=0.8000000
+Pclm=5.0000000E-02 Pdiblc1=1.2000000E-02 Pdiblc2=7.50E-03
+Pdiblcb=-1.3500000E-02 Drout=1.7999999E-02 Pscbe1=8.66E+08
+Pscbe2=1.0000000E-20 Pvag=-0.2800000 Delta=1.00E-02
+Alpha0=0.00 Beta0=30.0000000
+kt1=-0.3700000 kt2=-4.0000000E-02 At=5.5000000E+04
+Ute=-1.4800000 Ua1=9.5829000E-10 Ub1=-3.3473E-19
+Uc1=0.00 Kt1l=4.0000000E-09 Prt=0.00
+Cj=0.00365 Mj=0.54 Pb=0.982
+Cjsw=7.9E-10 Mjsw=0.31 Php=0.841
+JS=1.50E-08 JSW=2.50E-13
+N=1.0 Xti=3.0 Cgdo=2.786E-10
+Cgso=2.786E-10 Cgbo=0.0E+00 Capmod= 2
+NQSMOD=0 Elm=5 Xpart=1 
+Cgsl=1.6E-10 Cgdl=1.6E-10 Ckappa=2.886
+Cf=1.069e-10 Clc=0.0000001 Cle=0.6
+Dlc=4E-08 Dwc=0 Vfbcv=-1 

* Predictive Technology Model Beta Version
* 180nm PMOS SPICE Parametersv (normal one)
.model PMOS-BSIM PMOS
+Level=49
+Lint=3.e-08 Tox=4.2e-09
+Vth0=-0.42 Rdsw=450
+Tref=27.0 version=3.1
+Xj=7.0000000E-08 Nch=5.9200000E+17
+lln=1.0000000 lwn=1.0000000          wln=0.00
+wwn=0.00 ll=0.00
+lw=0.00 lwl=0.00 wint=0.00
+wl=0.00 ww=0.00 wwl=0.00
+Mobmod= 1 binunit=2
+Dwg=0.00 Dwb=0.00
+K1=0.5560000 K2=0.00
+K3=0.00 Dvt0=11.2000000        Dvt1=0.7200000
+Dvt2=-1.0000000E-02     Dvt0w=0.00             Dvt1w=0.00
+Dvt2w=0.00 Nlx=9.5000000E-08 W0=0.00
+K3b=0.00 Ngate=5.0000000E+20
+Vsat=1.0500000E+05      Ua=-1.2000000E-10      Ub=1.0000000E-18
+Uc=-2.9999999E-11       Prwb=0.00
+Prwg=0.00 Wr=1.0000000           U0=8.0000000E-03
+A0=2.1199999 Keta=2.9999999E-02     A1=0.00
+A2=0.4000000 Ags=-0.1000000         B0=0.00
+B1=0.00
+Voff=-6.40000000E-02    NFactor=1.4000000      Cit=0.00
+Cdsc=0.00 Cdscb=0.00 Cdscd=0.00
+Eta0=8.5000000 Etab=0.00              Dsub=2.8000000
+Pclm=2.0000000 Pdiblc1=0.1200000      Pdiblc2=8.00E-05
+Pdiblcb=0.1450000       Drout=5.0000000E-02    Pscbe1=1.00E-20
+Pscbe2=1.0000000E-20    Pvag=-6.0000000E-02    Delta=1.00E-02
+Alpha0=0.00 Beta0=30.0000000
+kt1=-0.3700000 kt2=-4.0000000E-02     At=5.5000000E+04
+Ute=-1.4800000 Ua1=9.5829000E-10      Ub1=-3.3473E-19
+Uc1=0.00 Kt1l=4.0000000E-09     Prt=0.00
+Cj=0.00138 Mj=1.05                Pb=1.24
+Cjsw=1.44E-09 Mjsw=0.43 Php=0.841
+JS=1.50E-08 JSW=2.50E-13
+N=1.0                   Xti=3.0                Cgdo=2.786E-10
+Cgso=2.786E-10 Cgbo=0.0E+00 Capmod=2 
+NQSMOD=0 Elm=5                  Xpart=1 
+Cgsl=1.6E-10 Cgdl=1.6E-10 Ckappa=2.886
+Cf=1.058e-10 Clc=0.0000001 Cle=0.6
+Dlc=3E-08 Dwc=0                  Vfbcv=-1 

Figure 3.44: Library file ‘BSIM3_018.lib’ with BSIM3 models for a generic 0.18 µm CMOS process, adapted from Predictive
Technology Model Website (2011).

The two models NMOS-BSIM and PMOS-BSIM are contained in a single file named BSIM3_018.lib.
This makes it possible to include the models in a schematic simply by giving a reference to this file. The
SPICE directive for including the library file is ‘ ’. The library file should be
placed in the same folder as the circuit schematic file.

The file shown in Fig. 3.44 has been adapted from ‘http://ptm.asu.edu/modelcard/180nm_bulk.txt ’ which
is found in Predictive Technology Model Website (2011). A few of the parameters in this file have been
deleted since they are ignored by LTspice anyway. The parameters which are deleted will not influ-
ence the simulation results significantly for normal values of transistor geometries. Also, the transistor
models are named ‘NMOS-BSIM’ and ‘PMOS-BSIM’ rather than just ‘NMOS’ and ‘PMOS’ in order to
emphasize that they are BSIM models, not just the default Spice models.
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Comparing the Shichman-Hodges model to the BSIM3 model. The BSIM3 models from Fig. 3.44
and the transistor parameters in Table 3.1 on page 67 both refer to a generic 0.18 µm CMOS process.
The BSIM3 models take both weak inversion, short-channel effects, mobility degradation and other
deviations from the simple Shichman-Hodges model into account, so a direct comparison of the input
characteristics (see Fig. 3.8) and the output characteristics (see Fig. 3.9) of a MOS transistor modeled by
the Shichman-Hodges model and one modeled by the BSIM3 model will illustrate the accuracy which
can be expected from hand calculations based on the Shichman-Hodges model.

Figure 3.45: LTspice schematic for simulating input characteristics and output characteristics for both the Shichman-Hodges
model and the BSIM3 model for an NMOS transistor with L=1 µm and W=10 µm.
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For simulating the transistor characteristics, we use the circuit shown in Fig. 3.45 with two transistors,
M1 modeled by the Shichman-Hodges and M2 modeled by the BSIM3 model. A dc sweep with vG as the
first source to sweep and vD as the second source gives the input characteristics. Running the dc sweep
with vD as the first source and vG as the second source results in the output characteristics. Figure 3.46
shows the input and output characteristics for both transistors. We observe that for small values of the
gate-source voltage, vGS < 1 V, there is a reasonable similarity between the Shichman-Hodges model and
the BSIM3 model, but for vGS > 1 V, the difference between the models is very pronounced.

(a) (b)

Figure 3.46: Input characteristics, iD versus vGS (a), and output characteristics, iD versus vDS (b), for the transistors from Fig. 3.45.
The green curves show the Shichman-Hodges model. The blue curves show the BSIM3 model.

Zooming in on a range from 0.3 V to 1.0 V for vGS , we find the input characteristics shown in Fig. 3.47(a).
The curves for M1 (green curves) and M2 (blue curves) are quite similar but we may note some differ-
ences:

At voltages around the threshold voltage of 0.4 V, the BSIM3 model gives a larger current than the
Shichman-Hodges model because of the subthreshold conduction in the transistor. Figure 3.47(b) shows
the characteristics zoomed in around the threshold voltage, and we see that for vGS < Vt + 100 mV, we
cannot expect reasonable results from the Shichman-Hodges model.

Also shown in Fig. 3.47(b) are red curves which are the drain current calculated from (3.96), including
a factor (1+λvDS), with ID0 = 4.0 pA, n = 1.47 and λ = 0.18V−1 which are values fitted to match the
BSIM3 model. Apparently, the weak-inversion model (3.96) provides a reasonable fit to the BSIM model
for vGS <Vt .

Also for vGS > 0.9 V, the difference in Fig. 3.47(a) between the BSIM3 model and the Shichman-Hodges
model becomes more pronounced. In particular, the slope of the BSIM3 curves is smaller than the
slope of the Shichman-Hodges curves. The slope is ∂ iD/∂vGS = gm, and plotting ‘ ’ and
‘ ’ for vGS ≤ 1.2 V where the transistors are in the active region, we get Fig. 3.48. This clearly
shows that for the BSIM3 model, gm is not proportional to (VGS −Vt) as given by (3.58). Rather, it tends
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(a) (b)

Figure 3.47: Close-up on the input characteristics for vGS < 1 V (a) and vGS = Vt±100 mV, weak and moderate inversion
region (b). The green curves show the Shichman-Hodges model. The blue curves show the BSIM3 model and the red curves
shows the weak-inversion model given by (3.96), including a factor (1+λvDS).

to saturate for high values of vGS, and this is caused by the mobility degradation occurring for large
electric fields (Chan Carusone, Johns & Martin 2012). However, it is beyond the scope of this book to
describe the physical and mathematical modeling of the mobility degradation.

Figure 3.48: The transconductance gm versus VGS. The green curves show the Shichman-Hodges model. The blue curves show
the BSIM3 model.

In conclusion, the Shichman-Hodges model provides reasonable results when the effective gate voltage
is a few hundred mV but for larger and smaller gate voltages, simulations using a more accurate model
are required. Nevertheless, a first design iteration is often performed on basis of the Shichman-Hodges
model because it provides some insight into the relations between the physical and electrical design
parameters and the resulting performance of the circuit, and an analysis based on the Shichman-Hodges
model can be performed using reasonably simple calculations resulting in closed-form expressions for
the performance parameters of a circuit.
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Problems

3.1

Figure P3.1

For the transistors shown in Fig. P3.1,
assume W/L = 8, µnCox = 180 µA/V2,
Vt = 0.4 V and λ = 0. Calculate the
voltages VD1, VS2 and VD3.

3.2

Figure P3.2

For the NMOS transistor shown in
Fig. P3.2, assume W/L = 8, µnCox =

180 µA/V2, Vto = 0.4 V, λ = 0, γ =

0.5
√

V and |2ΦF |= 0.7 V.
For the PMOS transistors, assume
W/L = 32, µpCox = 45 µA/V2, Vt =

−0.42 V and λ = 0. Calculate the volt-
ages VD1, VD2 and VD3.
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3.3

Figure P3.3

For the NMOS transistors shown in
Fig. P3.3, assume W = 16 µm, L =

2 µm, µnCox = 180 µA/V2, Vt = 0.4 V
and λ L = 0.1 µm/V.
For the PMOS transistor, assume W =

30 µm, L = 3 µm, µpCox = 45 µA/V2,
Vt = −0.42 V and λ L = 0.14 µm/V.
Calculate or simulate the voltages VD1,
VS2 and VD3.

3.4

Figure P3.4

For the circuit shown in Fig. P3.4, find
the resistor R1 and the transistor width
W1 so that VD1 = 0.2 V and ID1 =

10 µA. Assume L1 = 3 µm, µpCox =

45 µA/V2, Vt =−0.42 V and λ = 0.
Repeat for λ L = 0.14 µm/V.

3.5

Figure P3.5

For the circuit shown in Fig. P3.5, de-
sign the width of transistor M1 so that
the output voltage vO is 0 for an input
voltage vIN = 0. Assume L1 = L2 =

0.5 µm and W2 = 0.5 µm.
For the PMOS transistor, assume
µpCox = 45 µA/V2, Vt = −0.42 V and
λ L = 0.14 µm/V.
For the NMOS transistor, assume
µnCox = 180 µA/V2, Vt = 0.4 V and
λ L = 0.1 µm/V.
Simulate and plot the output voltage vO

versus the input voltage for −0.9 V ≤
vIN ≤ 0.9 V. Find the output voltage for
vIN =−0.2 V and for vIN = 0.2 V.
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3.6

Figure P3.6

An NMOS transistor biased in the
triode region can be operated as a
voltage-controlled linear resistor Req

for very small values of vDS as shown
in Fig. P3.6. The voltage VG con-
trols the value of the resistance be-
tween drain and source.
Assume the following transistor pa-
rameters: W = 2 µm, L = 20 µm,
µnCox = 180 µA/V2, Vt = 0.4 V and
λ = 0. What is the range of resis-
tance values which can be obtained for
0.9 V ≤VG ≤ 1.8 V?
For VG = 1.2 V, what is the maximum
value of vDS which can be applied if
the error in calculating iR from vDS/Req

should be less than 5% ?

3.7

Figure P3.7

Design the current mirror shown in
Fig. P3.7 to provide an output current
of IO = 90 µA for 0 ≤ RL ≤ 15 kΩ.
Assume the following transistor pa-
rameters: L1 = L2 = 1 µm, µnCox =

180 µA/V2, Vt = 0.4 V and λ = 0.
Use a supply voltage VDD = 1.6 V and
use minimum values of W1 and W2 for
which the current mirror fulfills the
specifications.
Now, assume that λ = 0.1 V−1 for both
transistors. Draw a small-signal equiv-
alent circuit for the circuit shown in
Fig. P3.7 and find the small-signal out-
put resistance of the current mirror, as-
suming a bias value of 0.65 V at the
output of the current mirror.

112

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS

113

The MOS Transistor

113

CMOS Analog IC Design: Fundamentals Chapter 3 – The MOS Transistor

3.8

Figure P3.8

Figure P3.8 shows an inverting am-
plifier implemented by a PMOS tran-
sistor and a drain resistor RD. As-
sume the following transistor param-
eters: L = 1 µm, µpCox = 45 µA/V2,
Vt = −0.42 V and λ = 0. The output
voltage has a bias value of 0, and the in-
put voltage vIN is the sum of a bias volt-
age VIN and a small-signal voltage vin.
Draw a small-signal equivalent circuit
for the amplifier and derive an expres-
sion for the small-signal voltage gain
vo/vin. Calculate the input bias voltage
so that a small-signal gain of −6 V/V is
obtained. Calculate RD and W so that a
bias current of 80 µA is obtained.
Use LTspice to simulate and plot the
output voltage for a sinusoidal input
with an amplitude of 30 mV and a fre-
quency of 1 kHz. Repeat the simulation
with an input amplitude of 300 mV.
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3.9

Figure P3.9

Figure P3.9 shows an inverting ampli-
fier implemented by a PMOS transistor
and an NMOS transistor. Assume the
following transistor geometries: L1 =

L2 = 0.5 µm, W1 = 4 µm and W2 =

1 µm.
For the PMOS transistor, assume
µpCox = 45 µA/V2, Vt = −0.42 V and
λ L = 0.14 µm/V.
For the NMOS transistor, assume
µnCox = 180 µA/V2, Vt = 0.4 V and
λ L = 0.1 µm/V.
Draw a small-signal equivalent circuit
for the amplifier and calculate the val-
ues of the small-signal parameters for
an input bias voltage of VIN = 0. Use
LTspice to verify that both transistors
are in the active region for VIN = 0 and
to check the values of the small-signal
parameters.
Calculate the small-signal gain of the
amplifier and verify the calculation
with LTspice.

3.10

Figure P3.10

Draw a small-signal equivalent circuit
for the inverting amplifier shown in
Fig. P3.10 including the transistor ca-
pacitances Cgs, Cgd and Cbd . Find
an expression for the transfer function
Av( jω) = Vo( jω)/Vin( jω) and sketch
the frequency response in a Bode plot
assuming the following values: gm =

1.0 mA/V, rds = 75 kΩ, Cgs = 120 fF,
Cgd = 6 fF and Cbd = 60 fF. Find the
low-frequency gain and the −3 dB cut-
off frequency.
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Chapter 4 – Basic Gain Stages

The MOS transistor can be configured in different ways in order to implement gain stages with differ-
ent properties. In this chapter, we consider three basic single-transistor stages: The common-source
stage, the common-drain stage and the common-gate stage. The transistor terminal which is termed the
‘common’ terminal is small-signal ground for both the input side and the output side of the gain stage.

We also consider the cascode stage and the differential pair which are gain stages using two transistors.
After having studied the chapter, you should be able to

– explain the operation of the following gain stages: common source, common drain, common
gate, cascode stage and differential pair.

– model each of these stages at low frequencies using a generic amplifier model characterized by
an open-circuit voltage gain, an input resistance and an output resistance.

– select a suitable gain stage based on the requirements concerning gain, input resistance and
output resistance.

– determine suitable bias conditions for the gain stages.

– design the stages to fulfill specification requirements concerning gain, input resistance, input
voltage range, output voltage range, etc.

– analyze and simulate the small-signal frequency response of the gain stages.

We start by considering the gain stages at low frequencies where capacitors can be neglected, and sub-
sequently, we examine the frequency characteristics of the gain stages taking transistor capacitances into
consideration.

A general small-signal model for an amplifier at low frequencies is the model shown in Fig. 4.1 with the
amplifier treated as a voltage-controlled voltage source with a gain Avoc, an input resistance rin and an
output resistance rout . The subscript for the gain indicates that it is an open-circuit voltage gain, i.e., the
voltage gain when no load resistance is connected to the amplifier. When this is connected to a signal
source vs with a source resistance RS and a load with the resistance RL as shown in Fig. 4.1, the gain
Av = vo/vin is given by

Av =
vo

vin
= Avoc

RL

RL + rout
(4.1)

and the gain Avs = vo/vs from the signal source vs to the output is given by

Avs =
vo

vs
=

(
vo

vin

)(
vin

vs

)
= Av

rin

RS + rin
= Avoc

(
RL

RL + rout

)(
rin

RS + rin

)
(4.2)

115

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS

116

Basic Gain Stages

116

CMOS Analog IC Design: Fundamentals Chapter 4 – Basic Gain Stages

Figure 4.1: A general low-frequency small-signal amplifier model.

Seen from the output terminals, the amplifier is represented by a Thévenin equivalent with the Thévenin
voltage Vt = Avoc vin and the Thévenin resistance Rt = rout .

Alternative representations can be used with other types of controlled sources, see Fig. 2.10 on page 27,
but in this chapter, we use the model based on the voltage-controlled voltage source, the voltage amplifier.

4.1 The common-source stage at low frequencies

The common-source stage is also called the inverting amplifier and we have already examined this gain
stage in Chapter 3, pp. 78-84 and 96-101. Here we will discuss some additional design considerations
for the stage. We start by considering the gain stage with a drain resistor RD as shown in Fig. 4.2
where both the transistor schematic and the small-signal equivalent is shown. The configuration with a
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Figure 4.2: Schematic and small-signal equivalent diagram for the common-source amplifier with a drain resistor.

drain resistor is rarely used in integrated circuit design because resistors normally take up more silicon
area than transistors and also because the configuration with a drain resistor gives a smaller gain than
a configuration with the drain resistor replaced by a transistor, an active load. However, it is useful for
illustrating many of the fundamental properties of the common-source stage.

We can use the method described on page 34-35 for finding the Thévenin voltage as the open-circuit
output voltage and the Thévenin resistance as the resistance between the output terminals with vin = 0.
From the small-signal equivalent circuit, we find the following small-signal parameters characterizing
the amplifier:

rin = ∞ (4.3)

rout = RD ‖ rds (4.4)

Avoc = −gm (RD ‖ rds) (4.5)

The small-signal parameters gm and rds = 1/gds must be found from the dc bias point using (3.63) -
(3.65) on page 88 and (3.66) - (3.67) on page 89 or the approximations (3.69) - (3.71) on page 89.

The design criteria may comprise specifications of small-signal gain, output resistance, supply voltage,
supply current, output voltage range, input voltage range and bias values of input voltage and output
voltage. Also, the frequency response may be specified but we leave an investigation of the frequency
response to Section 4.5.

From the example presented on pp. 78-84, we recognize that the open-circuit voltage gain Avoc is closely
related to the values of the bias voltages. Assuming rds � RD, we find

Avoc � −gmRD =−
(

2 ID

VGS −Vt

)
RD (4.6)

= −
(

2 ID

VIN −Vt

)(
VDD −VO

ID

)
=−2(VDD −VO)

VIN −Vt
(4.7)

From (4.7), we see that the gain is independent of both RD and ID and can be found merely from the dc
bias voltages. With the output bias voltage selected to VDD/2 in order to allow a large output voltage
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swing, we find Avoc = −VDD/(VIN −Vt) as also found in (3.49) on page 81. However, the output bias
voltage may be selected to another value in order to match a required input bias voltage for a subsequent
stage, and in this case, (4.7) applies.

While the values of the drain resistor and the transistor geometry do not enter into the expression (4.7)
for the gain, the drain current and the output resistance do relate to the drain resistor and the transistor
geometry with the output resistance being approximately equal to RD and with the drain current being
dependent on the transistor geometry according to (3.12) on page 63.

Often a common-source stage is used as a high-gain stage in an operational amplifier in a system with
feedback, see Chapters 5, 6 and 7. However, for the configuration with a drain resistor as shown
in Fig. 4.2, the gain is limited by the supply voltage and a minimum value of the overdrive voltage
VIN −Vt at the input of the transistor. The supply voltage cannot exceed the maximum specification for
the CMOS process used for the implementation. For a standard 0.18 µm process, this is typically 1.8 V.
For a 0.35 µm process, it may be 3.3 V, and for a 65 nm process, it will typically be only about 1.2 V. For
the transistor to work in strong inversion, the overdrive voltage at the input cannot be lower than about
100 mV. Below this, the transistor is in moderate or weak inversion, and for weak inversion, the overdrive
voltage in (4.7) is replaced by nVT which has a typical value of about 40 mV. For moderate inversion,
the denominator in (4.7) assumes a value between nVT and VIN −Vt . Combining these limitations, the
common-source stage with a drain resistor is not very well suited as a high-gain stage.

However, we saw on page 96-101 that by replacing the resistor with a dc current source, we can separate
the gain expression from the limitations caused by the supply voltage and the bias voltages. In this case,
we still find gm = 2ID/(VIN −Vt) but in (4.6), RD is replaced by rds = (1+λ VO)/(λ ID), resulting in a
gain of

Avoc =
2(1+λVDS)

λ (VGS −Vt)
� 2

λ (VGS −Vt)
(4.8)

This is the intrinsic gain of the transistor, see (3.72) on page 89.

With a minimum value of VIN −Vt equal to about 100 mV and λ = 0.1 V−1 (corresponding to an NMOS
transistor with L = 1 µm), we find a maximum intrinsic gain of about 200 V/V.

In practice, the load is not an ideal dc current source. Rather, the current source is implemented with
a current mirror as shown in Fig. 3.21 on page 76. This is called an active load. For the circuit shown
in Fig. 4.3, the small-signal model of the active load reduces to the resistor rds2 because the gate voltage
of M2 – M3 is constant, see Figs. 3.42 and 3.43 on page 101-102. With rds2 = (1+λ2 (VDD−VO))/(IDλ2)

being of about the same magnitude as rds1, the resulting gain is halved compared to (4.8).

From the small-signal equivalent circuit in Fig. 4.3, we also find that the output resistance of the common-
source stage with an active load is rout = rds1 ‖ rds2, i.e., much higher than for the configuration with a
drain resistor. This may compromise the gain if the load is resistive, see (4.1), but if the stage is connected
to a subsequent stage with an infinite input resistance, the low frequency gain is not affected.
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Figure 4.3: Schematic and small-signal equivalent diagram for the common-source amplifier with an active load.

Simulation examples. We have already seen some simulations of the common-source amplifier on
page 78-84. Figures 3.25 and 3.26 on page 83-84 show transient simulations for the gain stage with a
drain resistor, illustrating how the gain stage is overdriven if the amplitude of the input signal is too large.

We can also use simulations to illustrate the relations between gain and bias point. Using the same values
for RD and transistor geometries as in Fig. 3.24 on page 82, we may run simulations in which we define
the input bias voltage as a parameter ‘ ’ and step ‘ ’ through a number of different values ranging
from 400 mV to 900 mV using a ‘.step param’ directive as shown in Fig. 4.4 on the following page.

Figure 4.5 shows the result of a transient simulation. From this, we can find the gain as the peak-to-peak
output voltage divided by the peak-to-peak input voltage. This gives the small-signal gain values listed
in Fig. 4.5(b). We find an increasing gain with increasing input bias voltage because of the decreasing
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Figure 4.3: Schematic and small-signal equivalent diagram for the common-source amplifier with an active load.

Simulation examples. We have already seen some simulations of the common-source amplifier on
page 78-84. Figures 3.25 and 3.26 on page 83-84 show transient simulations for the gain stage with a
drain resistor, illustrating how the gain stage is overdriven if the amplitude of the input signal is too large.

We can also use simulations to illustrate the relations between gain and bias point. Using the same values
for RD and transistor geometries as in Fig. 3.24 on page 82, we may run simulations in which we define
the input bias voltage as a parameter ‘ ’ and step ‘ ’ through a number of different values ranging
from 400 mV to 900 mV using a ‘.step param’ directive as shown in Fig. 4.4 on the following page.

Figure 4.5 shows the result of a transient simulation. From this, we can find the gain as the peak-to-peak
output voltage divided by the peak-to-peak input voltage. This gives the small-signal gain values listed
in Fig. 4.5(b). We find an increasing gain with increasing input bias voltage because of the decreasing
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Figure 4.4: LTspice schematic for the common-source amplifier with a drain resistor.

value of VO in (4.7). But we also see that for large values of VIN , VIN = 0.8 V and VIN = 0.9 V, the
gain decreases and distortion becomes visible. In particular, for VIN = 0.8 V, the output waveform is
severely distorted and the gain calculated from the peak-to-peak output voltage cannot be expected to
represent the small-signal gain because the input amplitude apparently exceeds the value for which a
linear approximation is reasonable. The reason for the decreasing gain and the distortion is that the
transistor enters the triode region for small values of the output voltage and (4.7) no longer applies.

Calculated gain

Input bias Peak-to-peak Small-signal
voltage output voltage voltage gain

[mV] [mV] [V/V]
500 120 -2.00
600 240 -4.00
700 360 -6.00
800 175 -2.92
900 035 -0.58

(a) (b)

Figure 4.5: Transient simulation and gain calculation for the common-source stage shown in Fig. 4.4.

This can also be illustrated by a ‘.dc’ simulation with a sweep of the input voltage. Figure 4.6 shows
both the output voltage ‘ ’ and the derivative of the output voltage ‘ ’ versus the input
voltage. Evidently, the transistor is cut off for vIN < Vt = 0.40 V, and for vIN > 0.78 V, the transistor is
in the triode region, causing the magnitude of the gain to decrease drastically. We notice that the gain
values shown in Fig. 4.6(b) match the gain values shown in Fig. 4.5(b), except for VIN = 0.8 V where the
calculated value in Fig. 4.5(b) violates the linear small-signal approximation.

120

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS Basic Gain Stages

121

CMOS Analog IC Design: Fundamentals Chapter 4 – Basic Gain Stages

(a) (b)

Figure 4.6: Output voltage versus input voltage (a) and small-signal gain versus input voltage (b) for the common-source stage
shown in Fig. 4.4.

The simulations shown in Figs. 4.5 and 4.6 demonstrate the importance of selecting a proper input bias
voltage for the circuit. For the common-source stage with an active load, it is even more important
to select an input bias voltage which biases the transistor in the active region. The bias value can be
estimated from (3.15) on page 64 using VDS =VDD/2. However, since the gain is high, the useful range
of input voltages is very small and it is necessary to run a ‘.dc’ simulation in order to find a value for the
input bias which can be used for transient simulations and simulations based on small-signal analysis.

Figure 4.7: LTspice schematic of a common-source stage with an active load.

Figure 4.7 shows an LTspice schematic corresponding to the schematic from Fig. 4.3. The channel width
for M2 and M3 has been selected to 4 times the channel width for M1 to compensate for the difference
in electron mobility and hole mobility. The bias resistor RB has a value giving a bias current in M3 of
100 µA and this is mirrored to M2 to provide a bias current for M1 of about 100 µA, slightly depending on
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the value of the output bias voltage. With ID = 100 µA and with an output bias voltage of VDD/2 = 0.9 V,
we can calculate the output resistance to be

rds2 = (1+λ2VDD/2)/(λ2ID) = 80 kΩ

and
rds1 = (1+λ1VDD/2)/(λ1ID) = 109 kΩ.

The transconductance can be calculated to be

gm1 =
√

2 µnCox (W1/L1) ID (1+λ1VDD/2) = 0.70 mA/V

implying that the gain is estimated to be

Avoc =−gm1 (rds1 ‖ rds2) =−32 V/V.

Figure 4.8(a) shows a simulation of the output voltage versus the input voltage. From the simulation, we
find that an input voltage of 691 mV gives an output voltage of 0.9 V, and we also see that the useful input
voltage range is from 673 mV to 711 mV, corresponding to an output range from 0.3 V to 1.5 V. Thus,
even with an optimal input bias voltage, the maximum amplitude of the input signal is about 19 mV.
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Figure 4.8(b) shows the output signal from a transient simulation where the input amplitude has been
stepped through the values 5, 10, 15 and 20 mV. Evidently, the signal shows very little distortion for 5,
10 and 15 mV whereas the output signal for an input amplitude of 20 mV is clipped at both high and low
output voltages when M2 or M1 enters the triode region.

(a) (b)

Figure 4.8: Output voltage versus input voltage (a) and output voltage versus time (b) for the common-source stage shown
in Fig. 4.7.

The gain of the amplifier can be simulated directly by a ‘.tf’ simulation with ‘ ’ as the output and
‘ ’ as the input, or it can be calculated from the amplitude of the sinusoids shown in Fig. 4.8(b) or
found from the slope of the curve shown in Fig. 4.8(a). In all cases, we find Avoc =−31.8 V/V, confirming
the hand calculations.

Figure 4.9: Schematic and small-signal equivalent diagram for a PMOS common-source amplifier with an active load.

The common-source stage with a PMOS transistor. The previous examples showed the common-
source stage with an NMOS transistor. Of course, the gain stage can also be implemented with a PMOS
transistor. Figure 4.9 shows a common-source stage with a PMOS transistor and an NMOS active load.
The analysis of this stage is very similar to the analysis of the stage with an NMOS transistor, only it is
important to be careful with the signs of voltages in the design equations. The use of absolute values of
voltages in the device equations for the PMOS transistor is highly recommended.
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The choice between a PMOS gain stage and an NMOS gain stage is often made on basis of the bias
voltage available at the input. For the PMOS stage, the input bias voltage is normally close to the
positive supply rail. For the NMOS stage, the input bias voltage is closer to the negative supply rail.

The detailed analysis of the PMOS common-source stage is left to the reader.

4.2 The common-drain stage at low frequencies

The common-drain stage is shown with an NMOS transistor in Fig. 4.10. The input terminal is the gate of
M1 and the output terminal is the source of M1 while the drain of M1 is common to the input and output
and serves as ground for signal variations. For simplicity, the bulk and source of M1 are connected so
that the body effect is avoided. The transistors M2 and M3 form a current mirror providing a bias current
for M1. Neglecting the channel-length modulation for all transistors, M2 provides a constant bias current
ID1 for M1, and with a constant bias current, the gate-source voltage for M1 is also constant and given by

VGS1 =Vt +

√
2 ID1

µnCox (W1/L1)
(4.9)

assuming that all transistors are in the active region. Thus, the output voltage is simply

vO = vIN −VGS1 (4.10)

The common-drain stage is also called the source follower, indicating that the source voltage follows
the input voltage. From (4.10), we find Avoc = 1 as VGS1 is a constant voltage. We also see that the
small-signal input resistance is infinite.

For finding the output resistance, we need a small-signal equivalent circuit and when drawing the small-
signal equivalent circuit, we will use the small-signal model from Fig. 3.28 on page 86, including the
output resistance, i.e., including the effect of the channel-length modulation. Just as for the common-
source stage in Fig. 4.3, the small-signal model of the current mirror M2 – M3 reduces to the small-signal
output resistance of M2, and the complete small-signal equivalent circuit is shown in Fig. 4.11.

Figure 4.10: Common-drain stage with NMOS transistors.
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Figure 4.11: Small-signal equivalent circuit for the common-drain stage.

Notice that the voltage-controlled current source is pointing upwards as the drain of M1 is connected to a
constant supply voltage, i.e., small-signal ground, whereas the source is used as the output terminal. Also
note that the controlling voltage for the current source is the input voltage vin minus the output voltage
vo, not just the input voltage.

From the small-signal equivalent circuit, we can find the small-signal voltage gain taking the channel-
length modulation into account. A node equation at the output gives

gm1 vgs1 = gm1 (vin − vo) = vo/rds1 + vo/rds2

⇒ vo (gm1 +1/rds1 +1/rds2) = gm1 vin

⇒ Avoc =
vo

vin
=

gm1

gm1 +1/rds1 +1/rds2
=

gm1 (rds1 ‖ rds2)

1+gm1 (rds1 ‖ rds2)
(4.11)

Evidently, the open-circuit voltage gain is always smaller than 1 but with gm1 (rds1 ‖ rds2)� 1 which is
normally the case, we find Avoc � 1.
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Figure 4.12: Small-signal equivalent circuit for finding the output resistance for the common-drain stage.

The small-signal output resistance is found by applying a current io to the output terminal as shown
in Fig. 4.12 and calculating rout as vo/io with vin = 0, i.e., with the input shorted to ground. From a node
equation at the output terminal, we find

io +gm1 vgs1 = io +gm1 (0− vo) = vo/rds1 + vo/rds2

⇒ rout =
vo

io
=

1
gm1 +1/rds1 +1/rds2

=
1

gm1
‖ rds1 ‖ rds2 (4.12)

Normally, (rds1 ‖ rds2)� 1/gm1, so rout � 1/gm1.

Compared to the common-source stage, the source follower is noninverting, it has a low gain but it also
has a lower output resistance, and this makes it useful as a buffer for driving a resistive load where the
voltage division at the output, see (4.1), would attenuate the output signal from a common-source stage
too much.

In the circuit shown in Fig. 4.10, bulk and source are connected for M1 and therefore there is no body
effect. However, this may not be possible. For a CMOS process as shown in Fig. 3.5 on page 56, the
bulk of the NMOS transistors is the common substrate which is connected to the negative supply rail for
the circuit. With this configuration, the body effect cannot be avoided and Fig. 4.13 shows the circuit
with the bulk of M1 connected to ground.

Figure 4.13: Common-drain stage with an NMOS transistor with bulk connected to ground.
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The small-signal equivalent circuit is shown in Fig. 4.14(a) where the small-signal model from Fig. 3.32
on page 90 has been used for M1. In the small-signal equivalent circuit, there is now an additional
voltage-controlled current source, gmb1vs1. From the small-signal equivalent circuit, we can now find
Avoc and rout using node equations just as we did in deriving (4.11) and (4.12). But we may also apply
a few simple transformations of the small-signal equivalent circuit in order to make it easier to find Avoc

and rout simply by inspection.

(a)

(b)

(c)

(d)

(e)

Figure 4.14: Small-signal equivalent circuit for the common-drain stage including the body effect.
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We note that the current gm1 vgs1 = gm1 (vg1 − vs1) = gm1 (vin − vo) may be split into two current sources,
one, gm1 vin, pointing upwards, and another, gm1 vo, pointing downwards as shown in Fig. 4.14(b). Com-
bining the two current sources pointing downwards and controlled by the same voltage, the circuit can
now be reduced as shown in Fig. 4.14(c).

Next, we see that the current (gm1 + gmb1)vo is proportional to the voltage between the two terminals
of the current source, and a linear relation between current and voltage for two terminals of a device
corresponds to Ohm’s law for a resistor, so the current source (gm1 + gmb1)vo can be replaced by a
resistor 1/(gm1 +gmb1) as shown in Fig. 4.14(d).

Finally, the three resistors rds1, rds2 and 1/(gm1 +gmb1) are connected in parallel, so the can be replaced
by an equivalent resistor rds1 ‖ rds2 ‖ (gm1 +gmb1)

−1 as shown in Fig. 4.14(e).

From this, we find by inspection rin = ∞ and

Avoc = gm1 (rds1 ‖ rds2 ‖ (gm1 +gmb1)
−1)� gm1

gm1 +gmb1
=

1
1+χ

(4.13)

rout = rds1 ‖ rds2 ‖ (gm1 +gmb1)
−1 � 1

gm1 +gmb1
=

1
gm1(1+χ)

(4.14)

where χ is defined as χ = gm/gmb, see (3.74) on page 90.

In (4.13) and (4.14), the approximations are based on the assumption that the transistor output resistances
are much larger than 1/gm1.
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From (4.13) and (4.14), it is apparent that the body effect reduces the gain since χ has a typical value
in the range 0.1 to 0.3. Also the output resistance is reduced. Another consequence of the body effect,
not seen from the small-signal analysis, is that the offset between vIN and vO is increased because of the
increase of the threshold voltage Vt . This is a characteristic of the source follower: The useful voltage
range at both input and output is rather limited. Especially in modern submicron processes with small
supply voltages, this can be a problem. The source follower is normally used only where no other
solutions to obtaining a low output resistance can be found.

Simulation examples. One of the design criteria for a common-drain stage may be the output voltage
range which can be obtained for a given resistive load. As an example, we consider a common-drain
stage with a supply voltage of ±0.9 V and a load resistor of RL = 5 kΩ connected from the output to
ground. We also assume that the common-drain transistor is subject to body effect as shown in Fig. 4.15.
The maximum value of the input voltage is equal to the positive supply voltage. Obviously, the common-
drain transistor M1 cannot drive the output all the way to the positive rail. The maximum output voltage is
equal to the positive supply voltage minus the gate-source voltage for M1. The minimum output voltage
is equal to the negative supply voltage plus the drain-source saturation voltage for M2, assuming that M2

should be in the active area. As an example, we assume that the output voltage range is specified to be
from −0.6 V to +0.1 V.

In order to establish an initial design for simulation, we derive the transistor geometries by hand cal-
culation neglecting the channel-length modulation but otherwise using the transistor parameters from
Table 3.1 on page 67. We use a channel length of L = 1 µm.

Figure 4.15: Common-drain stage with a resistive load.

The basic design requirements arise from the output swing. In order to have a negative output swing of
−0.6 V with a load resistor of 5 kΩ, we need a bias current in M2 of at least 0.6 V/5 kΩ = 120 µA.
As M2 is configured as a current source, it should be in the active area for this bias current, implying that
the overdrive voltage VGS2 −Vto must be at most 0.3 V, corresponding to VGS2 = 0.7 V, in order ensure
VDS2 ≥VGS2 −Vto.
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Neglecting the channel-length modulation, we may calculate a minimum value of W2/L2 from

W2

L2
=

2 ID2

µnCox(VGS2 −Vto)2 = 14.8 (4.15)

With L2 = 1 µm, we select W2 = 14.8 µm. For M3, we may use a smaller width, scaling down the
current in M3 and RB compared to the current in M2 in order to reduce the current consumption of the
bias circuit. Using a scale factor of 10, we select W3 = 1.48 µm. The resistor RB is calculated from
VGS3 =VGS2 = 0.7 V, the supply voltage and the current:

RB =
VDD +VSS −VGS3

ID3
= 91.7 kΩ (4.16)

Finally, M1 must be designed so that it can supply 120 µA to M2 plus 20 µA to RL (giving an output
voltage of 0.1 V) when the gate voltage is the maximum input voltage which is assumed to be VDD. This
implies

W1

L1
=

2 ID1

µnCox(VGS1 −Vt)2 (4.17)

Here we need to calculate Vt from (3.16) on page 64 as M1 is subject to body effect. With vS = vO = 0.1 V
and VB =−VSS =−0.9 V, we have vSB = 1 V, giving Vt = 0.63 V and W1/L1 = 53.8, so with L = 1 µm,
we find W = 53.8 µm.

Figure 4.16: LTspice schematic for simulating the common-drain stage with a resistive load.

We now have all the specifications needed to simulate the circuit and Fig. 4.16 shows the LTspice
schematic for this. In order to verify the hand calculations, we first simulate the circuit with λ = 0.
For verifying the lower output-voltage limit, a ‘.op’ simulation with the input at −0.9 V may be run,
and for verifying the upper output-voltage limit, a ‘.op’ simulation with the input at +0.9 V may be run.
Figure 4.17 shows the output files from these simulations. We see that the output voltages and the device
currents closely match the calculated values.

Next, we may repeat the simulations with λ = 0.1 V−1. We do not show the results here but we find that
the circuit no longer quite fulfills the requirements concerning the minimum value of the output voltage.
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Output file with vIN =−0.9 V.

--- Operating Point ---

V(vb): -0.199916 voltage
V(-vss): -0.9 voltage
V(vdd): 0.9 voltage
V(vin): -0.9 voltage
V(vo): -0.599736 voltage
Id(M2):  0.000119947  device_current
Ig(M2):  0 device_current
Ib(M2): -3.10264e-013  device_current
Is(M2): -0.000119947  device_current
Id(M1):  3.30974e-012  device_current
Ig(M1):  0 device_current
Ib(M1): -2.12026e-012  device_current
Is(M1): -1.18947e-012  device_current
Id(M3):  1.19947e-005  device_current
Ig(M3):  0 device_current
Ib(M3): -7.10084e-013  device_current
Is(M3): -1.19947e-005  device_current
I(Rl): -0.000119947  device_current
I(Rb):  1.19947e-005  device_current
I(Vin):  0 device_current
I(Vss): -0.000131942  device_current
I(Vdd): -1.19947e-005  device_current

Output file with vIN =+0.9 V.

--- Operating Point ---

V(vb): -0.199916 voltage
V(-vss): -0.9 voltage
V(vdd): 0.9 voltage
V(vin): 0.9 voltage
V(vo): 0.0972603 voltage
Id(M2):  0.000119947  device_current
Ig(M2):  0 device_current
Ib(M2): -1.00726e-012  device_current
Is(M2): -0.000119947  device_current
Id(M1):  0.000139399  device_current
Ig(M1):  0 device_current
Ib(M1): -2.81726e-012  device_current
Is(M1): -0.000139399  device_current
Id(M3):  1.19947e-005  device_current
Ig(M3):  0 device_current
Ib(M3): -7.10084e-013  device_current
Is(M3): -1.19947e-005  device_current
I(Rl):  1.94521e-005  device_current
I(Rb):  1.19947e-005  device_current
I(Vin):  0 device_current
I(Vss): -0.000131942  device_current
I(Vdd): -0.000151394  device_current

(a) (b)

Figure 4.17: Output files from ‘.op’ simulations of the common-drain stage with minimum input voltage (a) and maximum input
voltage (b).

This is hardly surprising since M2 has a smaller drain-source voltage than M3, so with the channel-length
modulation taken into account, the scaling of the current mirror M3− M2 is smaller than 10. A simple
way to compensate for this is to reduce the value of RB. A few iterations show that by reducing RB to
88.6 kΩ, we can achieve a minimum output voltage of −0.60 V. Similarly, a few iterations show that in
order to achieve a maximum output voltage of 0.10 V, the width of M1 should be increased to 55 µm.
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Output file with vIN =−0.9 V.

--- Operating Point ---

V(vb): -0.199916 voltage
V(-vss): -0.9 voltage
V(vdd): 0.9 voltage
V(vin): -0.9 voltage
V(vo): -0.599736 voltage
Id(M2):  0.000119947  device_current
Ig(M2):  0 device_current
Ib(M2): -3.10264e-013  device_current
Is(M2): -0.000119947  device_current
Id(M1):  3.30974e-012  device_current
Ig(M1):  0 device_current
Ib(M1): -2.12026e-012  device_current
Is(M1): -1.18947e-012  device_current
Id(M3):  1.19947e-005  device_current
Ig(M3):  0 device_current
Ib(M3): -7.10084e-013  device_current
Is(M3): -1.19947e-005  device_current
I(Rl): -0.000119947  device_current
I(Rb):  1.19947e-005  device_current
I(Vin):  0 device_current
I(Vss): -0.000131942  device_current
I(Vdd): -1.19947e-005  device_current

Output file with vIN =+0.9 V.

--- Operating Point ---

V(vb): -0.199916 voltage
V(-vss): -0.9 voltage
V(vdd): 0.9 voltage
V(vin): 0.9 voltage
V(vo): 0.0972603 voltage
Id(M2):  0.000119947  device_current
Ig(M2):  0 device_current
Ib(M2): -1.00726e-012  device_current
Is(M2): -0.000119947  device_current
Id(M1):  0.000139399  device_current
Ig(M1):  0 device_current
Ib(M1): -2.81726e-012  device_current
Is(M1): -0.000139399  device_current
Id(M3):  1.19947e-005  device_current
Ig(M3):  0 device_current
Ib(M3): -7.10084e-013  device_current
Is(M3): -1.19947e-005  device_current
I(Rl):  1.94521e-005  device_current
I(Rb):  1.19947e-005  device_current
I(Vin):  0 device_current
I(Vss): -0.000131942  device_current
I(Vdd): -0.000151394  device_current

(a) (b)

Figure 4.17: Output files from ‘.op’ simulations of the common-drain stage with minimum input voltage (a) and maximum input
voltage (b).

This is hardly surprising since M2 has a smaller drain-source voltage than M3, so with the channel-length
modulation taken into account, the scaling of the current mirror M3− M2 is smaller than 10. A simple
way to compensate for this is to reduce the value of RB. A few iterations show that by reducing RB to
88.6 kΩ, we can achieve a minimum output voltage of −0.60 V. Similarly, a few iterations show that in
order to achieve a maximum output voltage of 0.10 V, the width of M1 should be increased to 55 µm.
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With these values of W1 and RB, we may also illustrate the output voltage range by a ‘.dc’ simulation
with a sweep of the input voltage from −0.9 V to +0.9 V. Figure 4.18 shows the resulting plot of the
output voltage versus the input voltage. From the plot, we find that an input voltage of 768 mV results in
an output voltage of 0 V. With this input voltage, we may run a ‘.op’ simulation and use the error log file
(‘Ctrl-L’) to find the small-signal transistor parameters.

Figure 4.18: Plot of output voltage versus input voltage for the common-drain stage with channel-length modulation, W1 = 55 µm
and RB = 88.6 kΩ.

From this, we find the error log file shown in Fig. 4.19(a). With the small-signal parameters from this
file, we can calculate the open-circuit voltage gain and the output resistance using (4.13) and (4.14) as
shown in Fig. 4.19(b). These values may be verified by a ‘tf’ simulation with ‘ ’ as the output and
‘ ’ as the input and the load resistor RL disconnected. If RL is not disconnected, the simulation will
show (rout ‖ RL) as the output resistance.

SPICE Error Log.

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name:          m3          m2          m1
Model:       nmos-sh     nmos-sh     nmos-sh
Id:          1.25e-05    1.27e-04    1.27e-04
Vgs:         6.96e-01    6.96e-01    7.68e-01
Vds:         6.96e-01    9.00e-01    9.00e-01
Vbs:         0.00e+00    0.00e+00 -9.00e-01
Vth:         4.00e-01    4.00e-01    6.14e-01
Vdsat:       2.96e-01    2.96e-01    1.53e-01
Gm:          8.43e-05    8.59e-04    1.66e-03
Gds:         1.17e-06    1.17e-05    1.17e-05
Gmb:         2.52e-05    2.57e-04    3.27e-04
 

Calculated gain and output resistance.

Avoc = gm1
gm1+gmb1+gds1+gds2

= 0.826

rout = 1
gm1+gmb1+gds1+gds2

= 497 Ω

(a) (b)

Figure 4.19: Error log file from a ‘.op’ simulation of the common-drain stage with a bias output voltage of 0 V (a) and calculated
values of open-circuit voltage gain and output resistance (b).
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4.3 The common-gate stage and the cascode stage at low frequencies

The common-gate stage is shown in Fig. 4.20 with an NMOS transistor M1 as the gain transistor. The
gate of M1 is biased by a dc voltage VB, i.e., small-signal ground, and the gate serves as the common
terminal for input and output signals. The source serves as the input, and the output signal is taken from
the drain. The current mirror M2 – M3 provides the bias current for M1. In the circuit shown in Fig. 4.20,
the bias current flows through M1 and also through the signal source vsig with a signal source resistance
RS. The subscript ‘sig’ for the signal voltage is used to avoid confusion with the source voltage of M1.

Figure 4.20: Common-gate stage with an NMOS transistor.

By applying the input voltage to the source of M1 and having a fixed voltage on the gate of M1, the input
signal swing appears in the gate-source voltage, causing a signal swing in the drain current just as in the
common-source stage and hence a signal variation in the voltage at the drain of M1. Only, with the input
voltage applied to the source instead of the gate, the output signal is not inverted with respect to the input
signal as it is for the common-source configuration.

Figure 4.21 shows the small-signal equivalent circuit for the stage. The current mirror M2 – M3 is
modeled by the resistor rds2 in the same way as we did for the current mirrors used in the common-
source stage and the common-drain stage. Just as for the common-drain transistor, it may not be possible
to short-circuit bulk and source of M1, so in Fig. 4.20, the bulk of M1 is connected to the negative
rail (ground), and in Fig. 4.21, the bulk effect is modeled by the current source gmb1vbs1 = −gmb1vs1 =

−gmb1vin. This current source can be combined with the current source gm1vgs1 = −gm1vs1 = −gm1vin

as shown in Fig. 4.21(b). For the common-gate stage, the bulk transconductance simply adds to the gate
transconductance.

From the small-signal equivalent circuit, we see that there is a signal path not only in the forward direction
from input to output but also in the reverse direction. If we reset vsig and apply a signal current to the
output, a fraction of this current flows in rds2 and a fraction flows through the transistor and through RS,
causing a variation of the input voltage vin. This means that the common-gate stage is not a unilateral
amplifier and a stringent treatment of the properties of the stage requires four two-port parameters, for
example the inverse-hybrid parameters g11, g12, g21 and g22 (Sedra & Smith 2016, Appendix C).
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(a)

(b)

Figure 4.21: Small-signal equivalent circuit for the common-gate stage with a load resistor and a signal source resistor.
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(a)

(b)

Figure 4.21: Small-signal equivalent circuit for the common-gate stage with a load resistor and a signal source resistor.
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However, for practical purposes, it is easier to stay with the amplifier model shown in Fig. 4.1 but with
an input resistance depending on the load resistance and an output resistance depending on the signal
source resistance, and this is the reason why both RL and RS are included in Fig. 4.21.

From Fig. 4.21(b), we can find the open-circuit voltage gain Avoc = vo/vin using a node equation at the
output node with RL = ∞:

(gm1 +gmb1)vin =
vo − vin

rds1
+

vo

rds2

⇒ Avoc =
vo

vin
= (gm1 +gmb1 +

1
rds1

)(rds1 ‖ rds2)� (gm1 +gmb1)(rds1 ‖ rds2) (4.18)

For finding the input resistance rin with a load resistor RL connected to the output, we calculate vin/iin
from the small-signal equivalent circuit in Fig. 4.21(b) using a node equation at the input node, the
transistor source:

iin = (gm1 +gmb1)vin +
vin − vo

rds1
= (gm1 +gmb1)vin +

vin − iin(RL ‖ rds2)

rds1

⇒ rin =
vin

iin
=

rds1 +(RL ‖ rds2)

1+(gm1 +gmb1)rds1
� 1

gm1 +gmb1
+

RL ‖ rds2

(gm1 +gmb1)rds1
(4.19)

We recognize the term 1/(gm1 + gmb1) as the output resistance from a common-drain stage, see (4.14)
on page 128. This is not surprising. The resistance looking into the source of M1 in Fig. 4.13 and M1

in Fig. 4.20 is the same if RL in Fig. 4.20 is equal to zero, shorting the drain to small-signal ground as in
the common-drain stage.

The second term shows that the input resistance increases with increasing value of RL and with RL = ∞,
the increase in rin is (1/(gm1 + gmb1))(rds2/rds1), i.e., of a magnitude similar to the first term in (4.19),
assuming that rds2 is on the same order of magnitude as rds1.

Figure 4.22: Small-signal circuit for finding the output resistance of the common-gate stage.

For finding the output resistance rout with a signal source resistance RS, we analyze the small-signal
equivalent circuit shown in Fig. 4.22. We notice that rout is a parallel connection of rds2 and the resistance
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rd1 looking into the drain of M1. For finding the latter, we replace rds2 by a current source injecting a
current i test into the drain and calculate the drain voltage as

vd1 = vs1 +(i test +(gm1 +gmb1)vs1))rds1 = i testRS +(i test +(gm1 +gmb1)i testRS)rds1 (4.20)

From (4.20), we find

rd1 =
vd1

i test
= RS +(1+(gm1 +gmb1)RS)rds1 � rds1 +(gm1 +gmb1)rds1 RS (4.21)

and
rout = rds2 ‖ rd1 � rds2 ‖ (rds1 +(gm1 +gmb1)rds1 RS) (4.22)

We see that the resistance looking into the drain of M1 can be much higher than just rds1 because the
additional term is RS multiplied by the gain (gm1+gmb1)rds1 of the transistor. With RS being on the order
of rds, we find rd1 on the order of rds[(gm + gmb)rds]. This means that if rds2 can be made very large,
the output resistance of the common-gate stage can be made very large, a feature utilized in the cascode
stage which is a combination of a common-gate stage and a common-source stage.

The cascode stage. One of the normal applications of the common-gate stage is the cascode stage
where a common-source stage is followed by a common-gate stage as shown in Fig. 4.23. Transistor M1

is the common-source transistor and M2 is the common-gate transistor, also called the cascode transistor.
We have shown the cascode stage with a current source IB providing the bias current for both M1 and
M2, and for our initial analysis, we assume that IB is an ideal dc current source with an open circuit as
the small-signal equivalent.

Figure 4.23: Telescopic-cascode stage with NMOS transistors.

For finding the small-signal open-circuit voltage gain, input resistance and output resistance, we consider
the small-signal equivalent circuit shown in Fig. 4.24. From this, we immediately find rin = ∞. Using
(4.21) where RS is replaced by rds1 and gm1, gmb1 and rds1 are replaced by rds2 and gm2, gmb2 and rds2,
we find

rout = rds1 +(1+(gm2 +gmb2)rds1)rds2 � (gm2 +gmb2)rds2 rds1 (4.23)
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Figure 4.24: Small-signal equivalent circuit for the cascode stage.

For finding the open-circuit voltage gain Avoc = vo/vin, we use node equations at the input and the output
of the cascode transistor M2. A node equation at the output, i.e., the drain of M2, gives

(gm2 +gmb2)vs2 = (vo − vs2)/rds2 ⇒ vo = (1+(gm2 +gmb2)rds2)vs2 (4.24)

Since there is no net current flowing through the parallel connection of rds2 and (gm2 +gmb2)vs2, a node
equation at the source of M2 gives

gm1vin + vs2/rds1 = 0 ⇒ vs2 =−gm1rds1vin (4.25)

With (4.25) inserted in (4.24), we find

Avoc = vo/vin =−(1+(gm2 +gmb2)rds2)gm1rds1 �−gm1(gm2 +gmb2)rds1 rds2 (4.26)
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Rather than modeling the cascode stage as a voltage amplifier as shown in Fig. 4.1, we may model it as
a transconductance amplifier as shown in Fig. 4.25. The output resistance is the same as for the voltage
amplifier, i.e., it is given by (4.23). The transconductance is found from

gm =−Avoc

rout
� gm1 (4.27)

When comparing Fig. 4.3 on page 119 to Fig. 4.25, we see that the cascode stage resembles a single-
transistor common-source stage but with a much higher output resistance, hence a much higher intrinsic
gain gm rout .

Figure 4.25: General small-signal model for an inverting transconductance amplifier.

One of the challenges with the cascode stage is the biasing of the cascode transistor and the output
voltage swing. The cascode transistor M2 needs a bias voltage for the gate ensuring that the common-
source transistor M1 is in the active area, i.e., VB ≥ VDSsat1 +VGS2 where VDSsat1 is the drain-source
saturation voltage for M1. For M2 to stay in saturation, also VDS2 must be larger than the saturation
voltage VDSsat2. This implies that even with an optimal biasing of M2, i.e., VB as small as possible, the
minimum output voltage from the cascode stage is vOmin = VDSsat1 +VDSsat2, i.e., twice as much as for
the standard common-source stage.

Another challenge is the bias current source IB. In the previous analysis, IB was considered an ideal
dc current source. However, in practice, IB is implemented using transistors, so it has a finite output
resistance which appears as a load at the output of the cascode stage. If IB is implemented using a current
mirror like shown in Fig. 4.3 on page 119 for the common-source stage, the small-signal resistance of
the current source is equal to rds for the current-mirror output resistor, and this is typically much smaller
than the output resistance given by (4.23). Thus, in order to achieve a high gain, we need to increase
the output resistance of the current mirror, and the previous analysis of the common-gate stage and the
cascode stage showed that this can be done by placing a cascode transistor in the output of the current
mirror as shown in Fig. 4.26. With the current mirror consisting of M3 – M5, the output resistance rcm of
the current mirror is derived from (4.23) as

rcm � (gm3 +gmb3)rds3 rds4 (4.28)

We also find that the maximum output voltage with all transistors in the active area is vOmax = VDD −
|VDSsat3|− |VDSsat4|, assuming that the bias voltage VB2 is selected as high as possible while maintaining
M4 in the active region.
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Figure 4.26: Telescopic-cascode stage with NMOS transistors and an active cascode load.

The cascode stage shown in Fig. 4.26 is called a telescopic cascode. For this, the bias voltage at the
drain of the common-source transistor M1 should be low in order to ensure a large output voltage range.
However, in some circuit configurations, it is desirable to shift from a low bias voltage at the output of
the common-source stage to a high bias voltage. This can be achieved by using a PMOS transistor as the
cascode transistor as shown in Fig. 4.27. This is called a folded cascode. The bias current sources are
shown as ideal dc current sources but in practice, they will be current sources with a finite small-signal
output resistance, rIB1 and rIB2, respectively. This leads to the small-signal equivalent circuit shown
in Fig. 4.28. From the small-signal equivalent circuit, we see that rIB1 is in parallel with rds1 so it should
be at least on the same order of magnitude, i.e., the output resistance of a single transistor. Thus, the
current source providing IB1 can be a single transistor with a dc bias voltage for the gate.

Figure 4.27: Folded-cascode stage with NMOS common-source transistor and PMOS cascode transistor.

Also, rIB2 is connected to the output of the cascode transistor M2 where the resistance level is very high.
In order to retain the high resistance level, the current source IB2 should be implemented by a cascoded
transistor, i.e., two series-connected transistors with appropriate dc gate bias voltages. The additional bias
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Figure 4.28: Small-signal equivalent circuit for a folded-cascode stage.

current source for the folded cascode makes the biasing of the folded cascode slightly more complicated
than the biasing of the telescopic cascode, requiring more different dc bias voltages.

Also the folded cascode can be modeled as a transconductance amplifier as shown in Fig. 4.25 with

gm � gm1 (4.29)

and

rout = rIB2 ‖ [rds1 ‖ rIB1 +(1+(gm2 +gmb2)(rds1 ‖ rIB1))rds2]

� rIB2 ‖ [(gm2 +gmb2)rds2 (rds1 ‖ rIB1)] (4.30)
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For the folded-cascode stage, the output voltage range is similar to the output voltage range for the
telescopic cascode but with the difference that the bias voltage at the intermediate node between the
common-source transistor and the common-gate transistor is near the lower rail for the telescopic cascode
and near the upper rail for the folded cascode.

The telescopic cascode may be implemented using PMOS transistors instead of NMOS transistors,
and also the folded cascode may be implemented with a PMOS/NMOS transistor pair rather than an
NMOS/PMOS transistor pair. These alternative versions are shown in Fig. 4.29.

(a) (b)

Figure 4.29: Telescopic cascode with PMOS transistors (a). Folded cascode with PMOS common-source transistor and NMOS
cascode transistor (b).

Simulation examples. As an example of a simulation of a cascode stage, we consider the telescopic
cascode shown in Fig. 4.23 on page 136. We select the two transistors to have identical dimensions,
L = 1 µm and W = 12.35 µm which were also the dimensions used for M1 in the standard common-
source stage shown in Fig. 4.7 on page 121. Also, we use the transistor parameters from Table 3.1 on
page 67. For the supply voltage, we assume VDD = 1.8 V, and we use the same bias current as in the
common-source stage in Fig. 4.7, i.e., ID = IB = 100 µA.

For a simulation of the circuit, we need a value for the bias voltage VB. We would prefer a small value
for VB in order to allow a large output voltage swing. The minimum value of VB is

VBmin =VDSsat1 +VGS2 (4.31)

The saturation voltage VDSsat1 can be found from (3.15) on page 64 with vGS1 −Vt = vDS =VDSsat1

IB =
µnCox

2

(
W
L

)
V 2

DSsat1(1+λVDSsat1) (4.32)

However, this is a cubic equation, so in order to have a simple analytical expression for VDSsat1, we
assume λVDSsat1 � 1, resulting in

VDSsat1 �

√
2IB

µnCox(W/L)
= 0.30 V (4.33)
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For VGS2, we have VGS2 =VDSsat2 +Vt . The saturation voltage VDSsat2 is equal to VDSsat1 since M1 and M2

have the same size and the same current. The threshold voltage for M2 must be calculated from (3.16)
on page 64 in order to account for the body effect. With VSB2 =VDSsat1 = 0.30 V, we find

Vt =Vto + γ(
√

VSB2 + |2ΦF |−
√
|2ΦF |) = 0.48 V (4.34)

and VGS2 =VDSsat2+Vt = 0.78 V. From (4.31), we then find VBmin = 1.08 V. In order to leave some margin,
we select VB = 1.10 V. With this value for VB, we have the LTspice schematic shown in Fig. 4.30.

Figure 4.30: LTspice schematic for a telescopic cascode with NMOS transistors.

Figure 4.31: Simulation plot of vO versus vIN from the ‘.dc’ simulation specified in Fig. 4.30.

The first simulation to run is a dc sweep of vIN in order to find a bias value VIN giving a bias value of the
output voltage of VDD/2 = 0.9 V. The simulation directive shown in Fig. 4.30 steps vIN from 0 to VDD

with a step size of 0.1 mV. From the simulation, we may plot ‘ ’ versus ‘ ’ as shown in Fig. 4.31.
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Here we observe that the y-axis extends from 0 to 60 MV which is obviously not physically reasonable
for the circuit. The reason for this is the ideal dc current source IB. This is not a realistic model for a real
physical current source where the output voltage cannot exceed the supply voltage.

In order to see ‘ ’ in a realistic range of output voltages, we set the range of the y-axis to 1.8 V.
The resulting plot is shown in Fig. 4.32(a). We see that the output voltage changes abruptly for an input
voltage of about 0.7 V, and in order to find the exact input voltage, we zoom in on a small part of the plot,
see Fig. 4.32(b). From this, we find VIN = 695.24 mV. Notice that this value has been specified with a
resolution exceeding the step size in the ‘.dc’ command, so it is based on an interpolation.

(a) (b)

Figure 4.32: Zoom-in from Fig. 4.31 on the relevant output voltage range (a) and on a narrow input voltage range (b).
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For a verification of the bias point, we run a ‘.op’ simulation with a dc value of VIN specified to
695.24 mV. The node voltages listed in the output file from this are shown in Fig. 4.33(a), and we see
that ‘ ’ is sufficiently close to 0.9 V. Also shown in Fig. 4.33(b) are the small-signal transistor pa-
rameters from the error log file. We notice that the threshold voltage for M2 is as calculated from (4.34)
and also the values of the saturation voltages and the source voltage VS2 are as expected.

Output file

--- Operating Point ---

V(vs2):  0.321436  voltage
V(vin):  0.69524  voltage
V(vo):  0.904833  voltage
V(vb):  1.1 voltage
V(vdd):  1.8 voltage

Error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m2 m1
Model:       nmos-sh     nmos-sh
Id: 1.00e-04    1.00e-04
Vgs: 7.79e-01    6.95e-01
Vds: 5.83e-01    3.21e-01
Vbs: -3.21e-01    0.00e+00
Vth: 4.87e-01    4.00e-01
Vdsat:       2.92e-01    2.95e-01
Gm: 6.86e-04    6.77e-04
Gds: 9.45e-06    9.69e-06
Gmb: 1.70e-04    2.02e-04

Figure 4.33: Output file and error log file from the ‘.op’ simulation of the telescopic cascode from Fig. 4.30.

Using the small-signal parameters from Fig. 4.33(b), we can calculate output resistance and gain from
(4.23) and (4.26): rout � (gm2 +gmb2)/(gds2 gds1) = 9.4 MΩ and Avoc �−gm1 rout =−6.3×103 V/V.

Gain and output resistance may also be found from a ‘.tf’ simulation with ‘ ’ as the output and ‘ ’
as the input. This gives rout = 9.6 MΩ and Avoc = −6.4× 103 V/V, results which match the calculated
results reasonably well.

Next, we may replace the ideal current source with a cascode PMOS current mirror as shown in Fig. 4.26.
In order to compensate for the difference in channel length modulation parameter and in electron mobility
and hole mobility, the length of the PMOS transistors is scaled by a factor 1.4 relative to the NMOS
transistors and the W/L ratio of the PMOS transistors is scaled by a factor of 4 relative to the NMOS
transistors, so L3 = L4 = L5 = 1.4 µm and W3 =W4 =W5 = 69.16 µm. With this scaling of the transistors,
the saturation voltages for M3 – M5 have the same absolute value as the saturation voltages for M1 and
M2, so we may determine a maximum value of the bias voltage VB2 as VB2max =VDD−|VDSsat3|−|VGS4|=
VDD − 2 |VDSsat3| − |Vt3|. Using |VDSsat3| = 0.30 V, we find |VSB3| = 0.3 V, and from (3.16) on page 64,
we can calculate the threshold voltage of M3 to be Vt3 = −0.5 V, resulting in VB2max = 0.7 V. For the
simulation, we select VB2 =VB2max = 0.7 V.

We also need a value for RB. For this, we may use the same value as for the common-source stage
in Fig. 4.7 on page 121, giving a current of 100 µA in M5 and approximately the same bias current in
M1 – M4.

The resulting LTspice schematic is shown in Fig. 4.34. Again, we must run a ‘.dc’ simulation to find a
bias value for the input voltage. As we know from the previous simulation of the cascode in Fig. 4.30
that we need a resolution of 10 µV for ‘ ’, we specify a step size of 10 µV in the ‘.dc’ directive.
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Figure 4.34: LTspice schematic for a telescopic cascode with a cascode current mirror for providing the bias current.

(a) (b)

Figure 4.35: Plot of vO versus vIN (a) and dvO/dvIN versus vO (b) from the circuit from Fig. 4.34.

Figure 4.35(a) shows a plot of ‘ ’ versus ‘ ’. From this, we find the bias value of the input
voltage to be VIN = 689.63 mV, and we see that the output voltage range is limited to a range from
about 0.6 V to 1.2 V as expected from the saturation voltages. This is further illustrated in Fig. 4.35(b),
showing dvO/dvIN versus vO. From this plot, we find the gain in the useful output voltage range to be
about −3.3× 103 V/V which is about half the value found for the cascode with an ideal current source
to supply the bias current. This appears reasonable. The PMOS transistors have been scaled to have the
same value of the channel-length modulation parameter λ as the NMOS transistors, so from (4.28), we
find an output resistance from the PMOS cascode current mirror which is about the same as the output
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resistance from the NMOS cascode. For the NMOS cascode, we found an output resistance of 9.6 MΩ
using a ‘.tf’ simulation, and with the same output resistance for the PMOS cascode, we can find the
resulting gain as Av =−gm1rout �−0.67 mA/V× (9.6 ‖ 9.6) MΩ =−3.22×103 V/V, i.e., very close to
the value found from Fig. 4.35(b).

This is about 100 times the gain found on page 122 for the common-source amplifier with an NMOS
transistor with the same dimensions and bias conditions as M1 in the cascode stage. The increase in
gain is caused by the increase in rout . For the NMOS transistors, the output resistance increased from
109 kΩ to 9.6 MΩ, i.e., by a factor of 88, corresponding to the gain (gm2 +gmb2)rds2, and for the PMOS
transistors, the output resistance increased from 80 kΩ to 9.6 MΩ, i.e., by a factor of 120, partly due to
the increase in channel length and partly due to the gain in M3.

Running a ‘.op’ simulation with VIN = 689.63 mV, the bias values of all node voltages and the values of
transistor small-signal parameters may be checked. This is an exercise left for the reader.

4.4 The differential pair at low frequencies

Often in amplifier design, it is desirable to have a gain stage with a differential input as shown in Fig. 4.36.
This is needed, for instance, for the design of an operational amplifier. Ideally, the output signal from
a gain stage with a differential input depends only on the differential input voltage vID = vIN1 − vIN2

where vIN1 and vIN2 are the two input voltages. The common-mode input voltage vICM = (vIN1+vIN2)/2
does not affect the output signal, so for an ideal differential gain stage, the small-signal output voltage is
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(a) (b)

Figure 4.36: A general differential gain stage (a) and a small-signal model for the stage (b).

vo = Advid where Ad is the small-signal differential gain.

In practice, the common-mode input voltage will also have some influence on the output signal. This is
described by a common-mode voltage gain Acm, so the small-signal output voltage is found as
vo = Advid + Acmvicm as shown in the general small-signal model for a differential gain stage shown
in Fig. 4.36(b).

A frequently used figure-of-merit for a differential stage is the common-mode rejection ratio CMRR
defined as

CMRR =
|Ad |
|Acm|

(4.35)

The common-mode rejection ratio is normally expressed in dB, i.e.,

CMRR(db) = 20log
(

|Ad |
|Acm|

)
(4.36)

Using the definitions of the differential input voltage and the common-mode input voltage, we also
see that the input voltages vIN1 and vIN2 can be decomposed into differential and common mode input
voltages as shown in Fig. 4.37.

Figure 4.37: Decomposition of input voltages into common-mode voltage and differential voltage.

A gain stage with a differential input is shown in Fig. 4.38. Just as for the common-source stage, we
start our analysis by considering a configuration with drain resistors as shown in Fig. 4.38 although in
practice, the resistors are normally replaced by transistors providing an active load. The two resistors
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RD1 and RD2 are assumed to be identical, RD1 = RD2 = RD, and the two transistors M1 and M2 are also
assumed to be identical. The bias current source IB is called the tail current, and it is assumed to be an
ideal dc current source. The gate voltages vG1 = vIN1 and vG2 = vIN2 are related to the differential input
voltage and the common-mode input voltage as follows:

vID = vG1 − vG2 (4.37)

vICM = (vG1 + vG2)/2 (4.38)

vG1 = vICM + vID/2 (4.39)

vG2 = vICM − vID/2 (4.40)

Figure 4.38: A differential gain stage with an NMOS differential pair.

The output voltages are vO1 = vD1 and vO2 = vD2 giving a differential output voltage vOD = vO1 − vO2.
We further assume that all voltages in the circuit are kept within a range where both transistors are in the
active region.

With a pure common-mode input signal, we have vG1 = vG2, and as vS1 = vS2 = vS (the sources are
connected), vGS1 = vGS2, so iD1 = iD2. From a node equation at the source of the transistors, we find
iD1+ iD2 = IB, so with iD1 = iD2, we find iD1 = iD2 = IB/2 and vO1 = vO2 =VDD−RD IB/2. Thus, neither
vO1, nor vO2 are affected by a change in the common-mode input voltage, and the common-mode gain
is 0.

With a pure differential-mode input signal vID > 0 applied to the gain stage, the gate voltage of M1

increases while the gate voltage of M2 decreases. This causes the drain current iD1 to increase and the
drain current iD2 to decrease. Thus, the output voltage vO1 decreases and the output voltage vO2 increases.
The differential output voltage vOD = vO1 − vO2 turns negative, so the differential gain Ad = vod/vid is
negative or inverting. In fact, the differential gain stage may be considered as two connected inverting
amplifiers or common-source stages where the common terminal is not a fixed supply voltage or ground
but rather the common source terminal for the two transistors M1 and M2. Each of these common-source
stages has an input voltage of vID/2 and each of them delivers 50% of the differential output voltage.
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We may perform a nonlinear analysis of the differential gain stage in a similar way as we did for the
common-source stage on page 78-80. In order to avoid cubic equations, we neglect the channel-length
modulation, and we also neglect the body effect. For a differential input voltage, this leads to the follow-
ing relations between the input voltages and the drain currents of M1 and M2:

iD1 =
µnCox

2

(
W
L

)
(vGS1 −Vt)

2 =
µnCox

2

(
W
L

)
(vID/2+VICM − vS −Vt)

2 (4.41)

iD2 =
µnCox

2

(
W
L

)
(vGS2 −Vt)

2 =
µnCox

2

(
W
L

)
(−vID/2+VICM − vS −Vt)

2 (4.42)

In these two equations, there are three unknown quantities, iD1, iD2 and vS, so we need a third relation.
This comes from the node equation at the source of the transistors. Using this node equation and inserting
(4.41) and (4.42), we find

IB = iD1 + iD2 =
µnCox

2

(
W
L

)
(v2

ID/2+2(VICM − vS −Vt)
2) (4.43)

⇒

vS = VICM −Vt −

√
IB

µnCox(W/L)
− v2

ID/4 (4.44)

Using the Shichman-Hodges relation for the bias value VS of the source voltage and the bias value VICM

of the common-mode input voltage, we find
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IB

2
=

µnCox

2

(
W
L

)
(VICM −VS −Vt)

2 =
µnCox

2

(
W
L

)
V 2

eff (4.45)

⇒ V 2
eff =

IB

µnCox(W/L)
(4.46)

where Veff =Veff1 =Veff2 =VGS −Vt =VICM −VS −Vt .

Inserting (4.46) in (4.44), we can simplify this to

vS =VICM −Vt −
√

V 2
eff − v2

ID/4 =VICM −Vt −Veff

√
1−

(
vID/2
Veff

)2

(4.47)

Inserting (4.47) in (4.41) and (4.42) and also using (4.45) yields

iD1 =
µnCox

2

(
W
L

)(
vID/2+

√
V 2

eff − v2
ID/4

)2

=
IB

2V 2
eff

(
V 2

eff + vID

√
V 2

eff − v2
ID/4

)

=
IB

2
+

(
IB

Veff

)(vID

2

)√
1−

(
vID/2
Veff

)2

(4.48)

iD2 =
IB

2
−
(

IB

Veff

)(vID

2

)√
1−

(
vID/2
Veff

)2

(4.49)

Figure 4.39: Plot of normalized drain currents for the differential pair from Fig. 4.38.

We may plot the relations (4.48) and (4.49) as shown in Fig. 4.39 where the x-axis has been normalized
with respect to Veff and the y-axis has been normalized with respect to IB. We notice that for |vID| �Veff,
the characteristics are very linear. Also, for |vID| ≥

√
2Veff, (4.48) and (4.49) no longer apply since one

of the transistors is cut off and the other transistor takes the entire bias current IB.
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The linearity may be further investigated by applying a Taylor expansion to (4.48) or (4.49).

Using
√

1− x � 1− 1
2 x− 1

8 x2 − 1
16 x3, we can find an approximate expression for iD1:

iD1 � IB

2
+

(
IB

Veff

)(vID

2

)[
1−

(
1
2

)(
vID/2
Veff

)2

−
(

1
8

)(
vID/2
Veff

)4

−
(

1
16

)(
vID/2
Veff

)6
]

=
IB

2

[
1+

vID

Veff
−
(

1
8

)(
vID

Veff

)3

−
(

1
128

)(
vID

Veff

)5

−
(

1
1024

)(
vID

Veff

)7
]

(4.50)

We notice that only odd powers of vID appear in (4.50). This implies that only odd harmonics will appear
in the harmonic distortion when vID is a sinusoidal signal. Obviously, the higher order terms are strongly
attenuated and for an estimation of the harmonic distortion, we may consider only the first few terms
containing v3

ID and v5
ID.

Using sin3(x) = 3
4 sin(x)− 1

4 sin(3x) and sin5(x) = 10
16 sin(x)− 5

16 sin(3x)+ 1
16 sin(5x), we may find the

amplitude of the fundamental-frequency output and the third harmonic output when the input is a sinusoid
vID =Vid sin(ωt):

Id1fund �
(

IB

2

)[(
Vid

Veff

)
−
(

1
8

)(
3
4

)(
Vid

Veff

)3

−
(

1
128

)(
10
16

)(
Vid

Veff

)5
]

(4.51)

Id13rd harm �
(

IB

2

)[(
1
8

)(
1
4

)(
Vid

Veff

)3

+

(
1

128

)(
5

16

)(
Vid

Veff

)5
]

(4.52)

From these expressions, we find the harmonic distortion (third harmonic) to be

D =
Id13rd harm

Id1fund
=

64(Vid/Veff)
2 +5(Vid/Veff)

4

2048−192(Vid/Veff)2 −10(Vid/Veff)4 (4.53)

Figure 4.40: Harmonic distortion (third harmonic) in % versus normalized differential input amplitude for the differential pair
from Fig. 4.38. For comparison, the dotted line shows the harmonic distortion (second harmonic) given by (3.47) in a common-
source stage.

This expression is shown graphically in Fig. 4.40. We may note that the harmonic distortion is signifi-
cantly smaller than for the common-source stage. When analyzing this, we found from (3.47) on page 80
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that an input signal amplitude of 10% of the effective gate voltage results in a distortion of 2.5%. For the
differential stage, an input amplitude of 10% of Veff results in only 0.031% distortion, and a distortion of
2.5% is reached for Vid = 0.84Veff.

Simulation examples. The results found above may be illustrated and verified using LTspice. For
this, we must select device parameters and bias conditions for the differential pair. For the purpose of
comparison, we select the same transistor parameters as used when simulating the common-source stage
on page 137-139, i.e., W = 12.35 µm and L = 1 µm. Also, we select the bias current for each of the
transistors to be 100 µA, so IB = 200 µA. With these bias conditions, the effective gate voltage Veff of
the transistors is Veff = VICM −VS −Vt = 0.3 V, and assuming that the voltage VS across the bias current
source should also be at least 0.3 V, the minimum value of VICM is VICMmin =VS +Veff +Vt = 1.0 V. We
select (somewhat arbitrarily) a common-mode input voltage of VICM = 1.2 V. With this value of VICM, we
have VS = 0.5 V, and as VDS sat = Veff, the output voltage range is from VS +Veff to VDD, i.e., from 0.8 V
to 1.8 V.

With a current swing in each of the transistors from 0 to IB = 200 µA, this gives a maximum value for
RD of RDmax = (1.8 V− 0.8 V)/(200 µA) = 5 kΩ. We select RD = 4.5 kΩ which is half of the value
used for the common-source stage on page 137-139, and with this value of RD, we can calculate the bias
value of the output voltages to be VO1 =VO2 =VDD −RD IB/2 = 1.35 V.

The LTspice schematic corresponding to this design is shown in Fig. 4.41.
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Figure 4.41: LTspice schematic for simulating a differential gain stage.

It is a good idea to verify the bias point by running a ‘.op’ simulation before running the more advanced
simulations. Figure 4.42 shows the bias voltages and currents found from the ‘.op’ simulation.

Having recognized that all device currents and node voltages are as expected, we may run a ‘.dc’ simu-
lation to show the current in each of the transistors as a function of the differential input voltage. From
the ‘.dc’ simulation, we may also show the source voltage vS versus the input voltage to see the variation
given by (4.47). For this simulation, we sweep the differential input voltage from −0.5 V to +0.5 V, i.e.,
a voltage range extending slightly beyond −

√
2Veff to +

√
2Veff.

Results from output file

--- Operating Point ---

V(vo1): 1.35 voltage
V(vg1):  1.2 voltage
V(vs):  0.500053  voltage
V(vdd):  1.8 voltage
V(vo2):  1.35 voltage
V(vg2):  1.2 voltage
V(vicm):  1.2 voltage
V(vid):  0 voltage
Id(M2):  0.0001  device_current
Is(M2): -0.0001 device_current
Id(M1): 0.0001 device_current
Is(M1): -0.0001 device_current
I(Ib): 0.0002 device_current
I(Rd2): 0.0001 device_current
I(Rd1): 0.0001 device_current

Results from error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m2 m1
Model:       nmos-sh     nmos-sh
Id: 1.00e-04    1.00e-04
Vgs: 7.00e-01    7.00e-01
Vds: 8.50e-01    8.50e-01
Vbs: 0.00e+00    0.00e+00
Vth: 4.00e-01    4.00e-01
Vdsat:       3.00e-01    3.00e-01
Gm: 6.67e-04    6.67e-04
Gds: 0.00e+00    0.00e+00
Gmb: 1.99e-04    1.99e-04

Figure 4.42: Results from the output file and the error log file from the ‘.op’ simulation of the differential stage in Fig. 4.41.

The results of the ‘.dc’ simulation are shown in Fig. 4.43. The resemblance between this figure and the
theoretical results shown in Fig. 4.39 is apparent. Also, we see that the minimum value of vS occurs for
vID = 0, When |vID| increases, vS increases following the nonlinear relation (4.47).

Finally, we may run a transient simulation with a sinusoidal input as defined for vID in Fig. 4.41. Here we
have selected an input amplitude of 30 mV, the same input amplitude as we used for the common-source
stage in Fig. 3.24 on page 82. We also include a ‘.four’ directive in order to find the harmonic distortion.
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Figure 4.43: Results of a ‘.dc’ simulation of the differential stage in Fig. 4.41.

Figure 4.44 shows resulting plots from this simulation. We see that the differential output signal ampli-
tude is 90 mV, so with an input amplitude of 30 mV, the differential gain is 3 V/V, and it is inverting.
For the common-source amplifier, we found a gain of 6 V/V (see Fig. 3.25 on page 83), so the gain has
dropped by a factor of 2. This is not surprising since the drain resistors have been reduced to half of the
value used for the common-source amplifier, and the output signal swing is proportional to RD.

We also note from Fig. 4.44 that vS shows a small sinusoidal variation but with twice the frequency
of the input signal. The frequency doubling comes from the fact that vS depends on v2

IN as seen from
(4.47). The small-signal variation in vS is what cancels the second harmonic distortion in the differential
gain stage compared to the inverting gain stage. With a small-signal gate-source voltage amplitude of
Vid/2 = 15 mV, (3.47) gives a distortion of 1.25% for the common-source stage. The amplitude of vs

in Fig. 4.44 is 0.188 mV, corresponding to 1.25% of Vid/2, so the vs signal cancels the distortion which
would have been present with vs = 0.

From the error log file, we can find the amplitude of the harmonics in the output signal and we can find
the harmonic distortion. Figure 4.45 on page 156 shows the results from the error log file. Clearly, the
third harmonic is the dominant term in the harmonic distortion and the even harmonics are cancelled.
The third harmonic is found to give a distortion of 0.031% as also calculated from (4.53).

Clearly, more simulations may be run to check the performance of the differential pair over a wider range
of input amplitudes and common-mode input variations but this is an exercise left for the reader.
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Figure 4.44: Results of a ‘.tran’ simulation of the differential stage in Fig. 4.41.
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Error log file

Harmonic Frequency Fourier Normalized
Number [Hz] Component Component

1 1.000e+03 8.993e-02 1.000e+00
2 2.000e+03 2.278e-10 2.533e-09
3 3.000e+03 2.814e-05 3.129e-04
4 4.000e+03 4.540e-10 5.048e-09
5 5.000e+03 6.194e-09 6.888e-08
6 6.000e+03 6.804e-10 7.566e-09
7 7.000e+03 1.270e-08 1.412e-07
8 8.000e+03 9.067e-10 1.008e-08
9 9.000e+03 1.218e-08 1.355e-07

Total Harmonic Distortion: 0.031292%(0.031094%)

Figure 4.45: Results of distortion analysis for the differential stage in Fig. 4.41.

Small-signal analysis. The analysis and simulations above show that the differential stage exhibits a
good linearity over a wide range of input signals, so a linear small-signal approximation is a very accurate
model, even for fairly large signal swings for the differential pair, provided the output signal swing does
not cause the transistors to enter the triode region or the cut-off region.

Using the simple transistor model without channel-length modulation and body effect, the small-signal
equivalent circuit corresponding to the schematic from Fig. 4.38 is as shown in Fig. 4.46. In the small-
signal equivalent circuit, the dc bias current source for M1 and M2 is simply replaced by an open circuit.

Figure 4.46: Small-signal equivalent circuit for the differential pair from Fig. 4.38.

When applying a differential input voltage to the stage, we have vg1 = −vg2 = vid/2, and using gm1 =

gm2 = gm, a node equation at the source of the transistors yields

gmvgs1 +gmvgs2 = 0 (4.54)

⇒ vg1 − vs + vg2 − vs = 0 ⇒ vs = 0 (4.55)

We found in (4.47) on page 150 that vS actually depends on the differential input voltage but in the small-
signal result given above, only linear variations are considered, and it can be seen both from (4.47) and
from Fig. 4.43 that the linear term in vS is 0.

Using vs = 0 and RD1 = RD2 = RD , we find the small-signal drain currents and output voltages as

id1 =−id2 = gmvgs1 = gmvid/2 (4.56)
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resulting in
vd1 =−vd2 = −RD gmvid/2 (4.57)

⇒ vod = vo1 − vo2 = vd1 − vd2 =−RD gmvid (4.58)

so the differential small-signal gain is
Ad =−RD gm (4.59)

If a single-ended output is needed, this is obtained simply by taking the output from one of the drain
terminals, for instance the drain of M2. In this case, the voltage gain is only RD gm/2 as seen from (4.57).

We observe that the small-signal schematic is symmetric with respect to a vertical axis, so we can analyze
the circuit using just one half of the circuit, the differential half-circuit shown in Fig. 4.47. Since vs = 0
for a differential input, the source of the transistor is connected to ground.

Figure 4.47: Differential half-circuit for the small-signal equivalent from Fig. 4.46.

When applying a common-mode input signal in Fig. 4.46, we have vg1 = vg2 = vicm, so vgs1 = vgs2,
implying id1 = id2. As a node equation at the source of the transistors imposes id1 + id2 = 0, we find
id1 = id2 = 0 and vo1 = vo2 = 0, so also the differential output voltage vod = 0. This gives a common-
mode gain of Acm = 0.

Figure 4.48: Small-signal equivalent circuit for the differential pair including a finite resistor for the bias current source.

Next, we examine the influence of a non-ideal bias current source. In a practical circuit, the bias current
source IB is implemented using a transistor in the same way as the bias current sources used for the
other basic gain stages, so it has a finite small-signal output resistance. Accordingly, the small-signal
equivalent circuit must be modified by connecting a resistor RB from the source node for M1 and M2 to
ground as shown in Fig. 4.48.
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For a differential input voltage, this resistor has no influence since vs = 0, so the voltage across RB is 0.
Thus, the differential half-circuit remains unchanged from Fig. 4.47.

For a common-mode input signal, a node equation at the source of M1 and M2 gives, assuming gm RB � 1

2gm(vicm − vs) =
vs

RB

⇒ vs =
2gm RB

1+2gm RB
vicm � vicm (4.60)

From this, we find
id1 = id2 =

vs

2RB
� vicm

2RB
(4.61)

and
vo1 = vo2 =−RD id1 =− RD

2RB
vs �− RD

2RB
vicm (4.62)

so with a differential output, vod = vo1 − vo2 = 0 and Acm = 0.

If we use only one of the outputs from the differential stage, for example vo2, we find a differential small-
signal gain of vod/vid = gm RD/2 and a common-mode small-signal gain of vocm/vicm �−RD/(2RB), so
the common-mode rejection ratio is CMRR= |Ad/Acm|= gm RB.

158

Download free eBooks at bookboon.com Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

Få Diesel & Turbo på din karriere

Kan du se din fremtid i en global virksomhed med et fagligt niveau i verdensklasse? 

Vil du være med til at udvikle den nyeste miljøvenlige teknologi?

www.mandieselturbo.com/career

http://s.bookboon.com/MAN


CMOS ANALOG IC DESIGN: FUNDAMENTALS Basic Gain Stages

159

CMOS Analog IC Design: Fundamentals Chapter 4 – Basic Gain Stages

For the differential pair with a finite value of RB, we may also define a common-mode small-signal half-
circuit. Drawing the small-signal circuit from Fig. 4.48 with RB split into two parallel-connected resistors
2RB as shown in Fig. 4.49, we see that the half-circuit on each side of the vertical symmetry axis is as
shown in Fig. 4.50.

Figure 4.49: Small-signal equivalent circuit for the differential pair showing the symmetry with respect to a vertical axis.

Figure 4.50: Common-mode half-circuit for the small-signal equivalent from Fig. 4.49.

Next, we include the small-signal output resistance of M1 and M2, i.e., we take the channel-length
modulation of these transistors into account. In the small-signal equivalent circuit, this introduces the two
resistors rds1 and rds2 as shown in Fig. 4.51, and splitting this into half-circuits, we find the differential
half-circuit and the common-mode half-circuit shown in Fig. 4.52.

From the differential half-circuits, we can calculate the differential gain as

Ad =
vod

vid
=−gm (RD ‖ rds) (4.63)

and for a single-ended output, the differential gain is only half of this value.

Again, the common-mode gain is 0 for a differential output but for a single-ended output, a detailed
analysis shows that the common-mode output voltage is almost unaffected by rds if rds � RD, so the
common-mode rejection ratio turns out to be CMRR= |Ad/Acm|= gm RB.
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Figure 4.51: Small-signal equivalent circuit for the differential pair including small-signal output resistors for M1 and M2.

(a) (b)

Figure 4.52: Differential half-circuit (a) and common-mode half-circuit (b) corresponding to the small-signal equivalent circuit
shown in Fig. 4.51.

Finally, we may examine the influence of the body effect if the bulk of M1 and M2 is connected to the
negative supply voltage rather than to the source of the transistors. This introduces a current source gmb vs

from source to drain in the small-signal half-circuits. For the differential half-circuit, it has no impact
since vs = 0, and for the common-mode half-circuit, it causes the gain from vicm to vs to be approximately

vs

vicm
� gm

gm +gmb
=

1
1+χ

(4.64)

compare (4.13) on page 128. From this, we find

vo1 = vo2 �−RD IB �−
(

RD

2RB

)(
vicm

1+χ

)
(4.65)

and the single-ended common-mode gain is Acm =−RD/(2RB (1+χ)), giving a common-mode rejection
ratio of CMRR= gm RB (1+χ).

Simulation examples. Also the results of the small-signal analyses may be verified using LTspice
simulation. For the circuit shown in Fig. 4.41 on page 153, we found the small-signal parameters
listed in Fig. 4.42. From this, we can calculate the small-signal differential gain to be Ad = −gm RD =

−0.667 mA/V×4.5 kΩ = 3.00 V/V as also found from the transient simulation shown in Fig. 4.44.
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The small-signal gain can also be found using a ‘.tf’ simulation. Running a ‘.tf’ simulation of the circuit
from Fig. 4.41 with ‘ ’ as the output and ‘ ’ as the source gives the differential gain, and
using ‘ ’ as the output, the single-ended differential gain is found. Figure 4.53 shows the output
files from these ‘.tf’ simulations. The gain values of −3.00 V/V and 1.50 V/V are confirmed. Also, the
simulations show the differential output resistance equal to 2RD and the single-ended output resistance
equal to RD.

Output file, differential output, differential input

--- Transfer Function ---

Transfer_function:  -3.00052  transfer
vid#Input_impedance: 1e+020  impedance
output_impedance_at_V(vo1,vo2): 9000  impedance

Output file, single-ended output, differential input

--- Transfer Function ---

Transfer_function: -3.00052  transfer
vid#Input_impedance: 1e+020  impedance
output_impedance_at_V(vo1,vo2):  9000  impedance

--- Transfer Function ---

Transfer_function: 1.50026  transfer
vid#Input_impedance: 1e+020  impedance
output_impedance_at_V(vo2): 4500  impedance

Figure 4.53: Results from the output files from ‘.tf’ simulations for simulating the differential small-signal gain of the differential
stage in Fig. 4.41 with differential output and single-ended output.

Next, we may run the same simulations with a resistor RB in parallel with IB. For RB, we use a value
of 52.5 kΩ which is calculated from (3.67) on page 89 as corresponding to the output resistance of an
NMOS transistor with λ = 0.1 V−1 and the bias conditions used in Fig. 4.41, i.e., ID = 200 µA and
VDS = 0.5 V. Since a current of 0.5 V/52.5 kΩ = 9.5 µA is flowing in RB, the current source IB is reduced
to IB = 200 µA−9.5 µA = 190.5 µA in order to ensure a bias current of 100 µA for M1 and M2. Running
the same ‘.tf’ simulations as before, we find that the differential gain remains unchanged.
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We may also run the ‘.tf’ simulations with ‘ ’ rather than ‘ ’ as the source. This gives the output
files shown in Fig. 4.54

Output file, differential output, common-mode input

--- Transfer Function ---

Transfer_function: 0 transfer
vicm#Input_impedance: 1e+020  impedance
output_impedance_at_V(vo1,vo2):  9000  impedance

Output file, single-ended output, common-mode input

--- Transfer Function ---

Transfer_function: 0 transfer
vicm#Input_impedance: 1e+020  impedance
output_impedance_at_V(vo1,vo2):  9000  impedance

--- Transfer Function ---

Transfer_function: -0.0422537  transfer
vicm#Input_impedance: 1e+020  impedance
output_impedance_at_V(vo2):  4500  impedance

Figure 4.54: Results from the output files from ‘.tf’ simulations for simulating the common-mode small-signal gain of the differential
stage in Fig. 4.41 with a finite output resistance of the bias current source.

We note that the common-mode gain is 0 for a differential output, but for a single-ended output, we find a
common-mode gain of −0.0423 V/V or −27.5 dB which is close to the approximate value −RD/(2RB)=

−0.0429 V/V given by (4.62). The single-ended differential gain was found to be 1.5 V/V or 3.5 dB, so
the common-mode rejection ration is CMRR(dB) = 31.0 dB.

In order to simulate the channel-length modulation for M1 and M2, we modify the transistor model to
include λ = 0.1 V−1. Running the ‘.tf’ simulations for a single-ended output and for both a differential
input and a common-mode input, we find the output files shown in Fig. 4.55. We notice that the common-
mode gain is almost unaffected. The output resistance is reduced slightly because RD is now in parallel
with rds. For the differential gain, we find an almost unchanged value. The parallel connection of
RD and rds reduces the gain but this reduction is compensated by a larger value of gm, see (3.65) on
page 88. The values of gm and gds = 1/rds are found from a ‘.op’ simulation to be gm = 0.695 mA/V and
gds = 9.24 µA/V.

Output file, differential gain

--- Transfer Function ---

Transfer_function: 1.50043  transfer
vid#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo2):  4408.95  impedance

Output file, common-mode gain

--- Transfer Function ---

Transfer_function:  -0.0417068  transfer
vicm#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo2):  4408.95  impedance

Figure 4.55: Results from the output files from ‘.tf’ simulations for simulating the differential small-signal gain and the common-
mode small-signal gain with single-ended output from the differential stage in Fig. 4.41 with a finite output resistance of the bias
current source and channel-length modulation in the transistors.

Finally, we may modify the circuit from Fig. 4.41 by connecting the bulk of M1 and M2 to ground rather
than to their sources. The body effect causes an increase in the threshold voltage of M1 and M2, so the
source voltage and the voltage across the bias current source is decreased. This causes a slight decrease
in the current through the resistor in parallel with the bias current source. In order to find the new
bias values and the small-signal parameters, we run a ‘.op’ simulation, the results of which are shown
in Fig. 4.56. From the small-signal values, we find χ = gmb/gm = 0.24.

Running the ‘.tf’ simulations to find the single-ended common-mode gain and differential gain, we find
the output files shown in Fig. 4.57. Comparing these results to the results from the differential pair
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Results from output file

--- Operating Point ---

V(vo1):  1.35394  voltage
V(vg1):  1.2 voltage
V(vs):  0.406869  voltage
V(vdd):  1.8 voltage
V(vo2):  1.35394  voltage
V(vg2):  1.2 voltage
V(vicm):  1.2 voltage
V(vid):  0 voltage
Id(M2):  9.91249e-005  device_current
Is(M2): -9.91249e-005  device_current
Id(M1):  9.91249e-005  device_current
Is(M1): -9.91249e-005  device_current
I(Ib):  0.0001905  device_current
I(Rb):  7.74988e-006  device_current
I(Rd2):  9.91249e-005  device_current
I(Rd1):  9.91249e-005  device_current

Results from error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m2 m1
Model:       nmos-sh     nmos-sh
Id: 9.91e-05    9.91e-05
Vgs: 7.93e-01    7.93e-01
Vds: 9.47e-01    9.47e-01
Vbs: -4.07e-01 -4.07e-01
Vth: 5.08e-01    5.08e-01
Vdsat:       2.85e-01    2.85e-01
Gm: 6.95e-04    6.95e-04
Gds: 9.05e-06    9.05e-06
Gmb: 1.65e-04    1.65e-04

Figure 4.56: Results from the output file and the error log file from the ‘.op’ simulation of the differential stage in Fig. 4.41, including
a resistor RB in parallel with IB and including channel-length modulation and body effect for M1 and M2.

Output file, differential gain

--- Transfer Function ---

Transfer_function: 1.50163  transfer
vid#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo2):  4410.91  impedance

Output file, common-mode gain

--- Transfer Function ---

Transfer_function:  -0.033881 transfer
vicm#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo2):  4410.91  impedance

Figure 4.57: Results from the output files from ‘.tf’ simulations for simulating the differential small-signal gain and the common-
mode small-signal gain with single-ended output from the differential stage in Fig. 4.41 with a finite output resistance of the bias
current source and channel-length modulation and body effect in the transistors.

without body effect (Fig. 4.55), we see that the differential gain remains practically the same but the
common mode gain is decreased by a factor 1.23 which is very close to 1+χ as expected from (4.65).

Active load. Just as for the common-source stage, the configuration with drain resistors is not normally
used. Rather, an active load is used, and for a differential stage with a single-ended output, this can be
implemented as shown in Fig. 4.58.

Figure 4.58: A differential gain stage with an NMOS differential pair and a PMOS current-mirror load.
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The load is a current mirror which mirrors the output current signal from M1 to the drain of M2 so that
both the output signal from M1 and from M2 contribute to the single-ended output. The advantage of this
is that the differential gain is doubled compared to a configuration using only the output signal from M2.
With RD2 replaced by the small-signal output resistance of M4, we find

rout = rds2 ‖ rds4 (4.66)

Ad =
vo

vid
� gm1(rds2 ‖ rds4) (4.67)

In Fig. 4.58, the current source IB is also replaced by a transistor M5 with a dc gate voltage VB. With M5

in the active region, it serves as a dc bias current source with a small-signal output resistance of rds5.

The current-mirror load also reduces the common-mode gain because the common-mode signal from M2

is partly cancelled by the common-mode signal from M1. An approximate expression for the common-
mode gain, including body effect for M1 and M2, is (compare (4.65))

Acm =
vo

vicm
�− 1

2gm3 rds5 (1+χ)
(4.68)

Without the body effect, the factor (1+χ) should be omitted.

Output voltage range and input common-mode voltage range. Important parameters for a differ-
ential stage are the useful output voltage range and common-mode input voltage range. For the differ-
ential stage shown in Fig. 4.58, the bias value of the output voltage is equal to the bias value of the
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drain voltage of M3 when the stage is perfectly symmetric. This voltage is given by VDD − |VGS3| =
VDD −|Vt3|− |VDS sat3|, and it serves as the input bias voltage for the next stage in a multistage amplifier
design. Since it is referenced to VDD, a following common-source stage should also have its input bias
voltage referenced to VDD, i.e., VDD should be the common terminal for input and output of the common-
source stage, so the gain transistor must be a PMOS transistor as shown in Fig. 4.9 on page 123.

The output voltage range with all transistors in the active range extends from a minimum value

vOmin =VICM − vGS2 + vDS sat2 =VICM −Vt2 (4.69)

limited by M2, to a maximum value
vOmax =VDD −VDS sat4 (4.70)

limited by M4. Thus, a high common-mode input voltage reduces the output voltage range.

The minimum value of the common-mode input voltage ensuring all transistors in the active region is

vICM min = vDS sat5 +VGS1 = vDS sat5 +Vt1 +VDS sat1 (4.71)

The maximum value of the common-mode input voltage with all transistors in the active region is

vICM max =VDD −|VGS3|−VDS sat1 +VGS1 =VDD −|Vt3|− |VDS sat3|+Vt1 (4.72)

You may notice that with vICM = vICM max, the output voltage range is limited to be from the bias value
of VDD − |Vt3| − |VDS sat3| to the maximum value given by (4.70). Thus, in order to operate the gain
stage near its maximum common-mode input voltage limit, it is necessary to introduce an input dc offset
voltage, offsetting the output bias voltage so that both a positive and a negative output voltage swing can
be achieved.

While we noticed before that the body effect on M1 and M2 does not influence the differential gain, we
see from (4.69), (4.71) and (4.72) that it has an impact on the useful input/output voltage range. The
body effect causes Vt1 (and Vt2) to increase, so both the minimum common-mode input voltage and the
maximum common-mode input voltage increase with M1 and M2 subject to body effect. It is apparent
from (4.71) that the input voltage range cannot extend down to the negative supply rail, but with a suitable
design of M1 and M3, the input voltage range may extend above the positive supply rail.

Simulation examples. We illustrate some of the properties of the gain stage from Fig. 4.58 by LTspice
simulations. Figure 4.59 shows an LTspice schematic for the circuit. The input transistors M1 and M2

have the same size as in the previous simulations, and for the simulations shown here, the bulk terminals
of the transistors are connected to ground, so M1 and M2 are subject to body effect.

The bias current source is replaced by a transistor M5 with twice the channel width of M1 and M2 because
the drain current is twice as large. The bias voltage VB has a value giving ID5 = 200 µA.
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Figure 4.59: LTspice schematic for the differential gain stage with an NMOS differential pair and a PMOS current-mirror load.

The PMOS transistors M3 and M4 have been selected to have the same dimensions as the transistors used
for the common-source stage in Fig. 4.7 on page 121. Also the bias currents are the same, so we expect
a small-signal differential gain which is about the same as the gain of the common-source stage, i.e., a
value of about 32 V/V.

In the schematic in Fig. 4.59, several simulation commands and LTspice directives are included, some of
them as comments. They are the directives used for the following simulations.

As usual, the first simulation to run is a ‘.op’ simulation in order to verify the bias point and the small-
signal parameters. Figure 4.60 shows the bias voltages and currents from the output file, and Fig. 4.61
shows the small-signal parameters from the error log file. We see that the threshold voltage of M1 and
M2 is increased because of the body effect. All voltages and currents are as expected. In particular,
we recognize that the bias value of the output voltage is equal to the drain voltage of M3. Also the
small-signal parameters are as expected with values close to those found for the common-source stage.

With this in place, we may run a ‘.dc’ simulation with vID as the input in order to examine input voltage
range, output voltage range and differential gain. From the simulation shown in Fig. 4.62 on page 168,
we find an output voltage range from about 0.7 V to 1.5 V, corresponding to the limits given by (4.69)
and (4.70) for a common-mode input voltage of 1.2 V. Within this range, the transfer function is almost
linear and a plot of dvO/dvIN shows a gain of 30.9 V/V, very close to the expected value.
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Results from output file

--- Operating Point ---

V(vd3):  1.09384  voltage
V(vg1):  1.2 voltage
V(vs):  0.403077  voltage
V(vdd):  1.8 voltage
V(vo):  1.09384  voltage
V(vg2):  1.2 voltage
V(vicm):  1.2 voltage
V(vid):  0 voltage
V(vb):  0.6941  voltage
Id(M5):  0.000200028  device_current
Id(M4): -0.000100014  device_current
Id(M3): -0.000100014  device_current
Id(M2):  0.000100014  device_current
Id(M1):  0.000100014  device_current

Figure 4.60: Results from the output file from a ‘.op’ simulation of the gain stage shown in Fig. 4.59.

Results from error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m4 m3 m5 m2 m1
Model:       pmos-sh     pmos-sh     nmos-sh     nmos-sh     nmos-sh
Id: -1.00e-04 -1.00e-04    2.00e-04    1.00e-04    1.00e-04
Vgs: -7.06e-01 -7.06e-01    6.94e-01    7.97e-01    7.97e-01
Vds: -7.06e-01 -7.06e-01    4.03e-01    6.91e-01    6.91e-01
Vbs: 0.00e+00    0.00e+00    0.00e+00 -4.03e-01 -4.03e-01
Vth: -4.20e-01 -4.20e-01    4.00e-01    5.07e-01    5.07e-01
Vdsat: -2.86e-01 -2.86e-01    2.94e-01    2.90e-01    2.90e-01
Gm: 6.99e-04    6.99e-04    1.36e-03    6.89e-04    6.89e-04
Gds: 1.27e-05    1.27e-05    1.92e-05    9.36e-06    9.36e-06
Gmb: 2.09e-04    2.09e-04    4.06e-04    1.64e-04    1.64e-04

Figure 4.61: Results from the error log file from a ‘.op’ simulation of the gain stage shown in Fig. 4.59.
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Figure 4.62: Output plot from a ‘.dc’ simulation of the gain stage shown in Fig. 4.59.

We may also examine the common-mode input range by also stepping vICM in the ‘.dc’ simulation.
Stepping vICM from 0.50 V (well below the lower limit given by (4.69)) to 1.75 V (well above the upper
limit given by (4.70)), we get the plot shown in Fig. 4.63.

Figure 4.63: Output plot from a ‘.dc’ simulation varying both the differential input voltage and the common-mode input voltage of
the gain stage shown in Fig. 4.59.
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We note that for the curves with 1 V ≤VICM ≤ 1.5 V, the transfer function shows almost the same slope
for small values of |vID|. For VICM = 0.50 V and VICM = 0.75 V, the slope is higher, indicating a larger
gain. This is caused by a reduction of the bias current in M5 because this transistor is squeezed into the
triode region. From (3.70) and (3.71) on page 89, we see that the ratio gm/gds is proportional to 1/

√
ID,

so the gain increases with decreasing bias current. For VICM = 1.75 V, the gain is much smaller as M1

enters the triode region unless the differential input voltage is offset towards a positive value of about
15 mV.

For VICM = 1.2 V, we saw in Fig. 4.62 that we could apply an input signal with an amplitude of about
12 mV while maintaining a constant gain. We may run a transient simulation to verify this. With the
differential input signal defined as a sinusoid with a frequency of 1 kHz and an amplitude ‘ ’ varied
from 3 mV to 15 mV in steps of 3 mV, a ‘.tran’ simulation gives the output shown in Fig. 4.64. We
notice almost perfect sinusoidal outputs, except for an input amplitude of 15 mV where there is a visible
clipping of both the positive and negative signal excursions.

Figure 4.64: Output plot from a ‘.tran’ simulation of the gain stage shown in Fig. 4.59.

The linearity may also be verified from the distortion analysis defined by the ‘.four’ directive. The results
are given in the error log file. The total harmonic distortion is smaller than 0.1% for all signals, except
for the input amplitude of 15 mV which gives a total harmonic distortion of 3.2%. From the error log
file, partly shown in Fig. 4.65, we also see that for small signal amplitudes, the second harmonic is the
dominant distortion component, and it is proportional to the signal amplitude. This is the distortion
characteristics found for a common-source stage, so it indicates that the major source of the distortion
is the current mirror M3 - M4 and not the differential pair. When the output signal is clipped, several
distortion components appear in the output as shown in Fig. 4.65.

Finally, we show the results of ‘.tf’ simulations to find the small-signal differential gain and common-
mode gain. Figure 4.66 shows the output files for both of these simulations. We find a differential gain of
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Results from error log file

Harmonic Frequency Fourier Normalized
Number [Hz] Component Component

.step vin=0.003
1 1.000e+03 9.275e-02 1.000e+00
2 2.000e+03 2.263e-05 2.440e-04 
3 3.000e+03 9.253e-07 9.976e-06

.step vin=0.006 
1 1.000e+03 1.855e-01 1.000e+00
2 2.000e+03 9.051e-05 4.880e-04 
3 3.000e+03 7.408e-06 3.994e-05

.step vin=0.009
1 1.000e+03 2.782e-01 1.000e+00
2 2.000e+03 2.035e-04 7.316e-04 
3 3.000e+03 2.500e-05 8.985e-05

.step vin=0.012
1 1.000e+03 3.708e-01 1.000e+00
2 2.000e+03 3.616e-04 9.749e-04 
3 3.000e+03 5.921e-05 1.597e-04

.step vin=0.015
1 1.000e+03 4.501e-01 1.000e+00
2 2.000e+03 4.142e-03 9.202e-03
3 3.000e+03 1.106e-02 2.457e-02
4 4.000e+03 2.147e-03 4.771e-03
5 5.000e+03 7.143e-03 1.587e-02
6 6.000e+03 5.727e-04 1.272e-03
7 7.000e+03 3.305e-03 7.342e-03
8 8.000e+03 4.673e-04 1.038e-03
9 9.000e+03 5.606e-04 1.245e-03

Total Harmonic Distortion: 3.195163%(3.210823%)

Figure 4.65: Results from the distortion analysis of the gain stage shown in Fig. 4.59.

30.9 V/V∼ 29.8 dB and a common-mode gain of 0.011 V/V∼−39.2 dB, so the common-mode rejection
ratio is 69 dB. From (4.67) and (4.68), we find Ad = 31.2 V/V and Acm = 0.011 V/V, closely matching
the simulated values.
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Output file, differential gain

--- Transfer Function ---

Transfer_function: 30.9201  transfer
vid#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo):  45548.1  impedance

Output file, common-mode gain

--- Transfer Function ---

Transfer_function:  -0.0106715  transfer
vicm#Input_impedance:  1e+020  impedance
output_impedance_at_V(vo):  45548.1  impedance

Figure 4.66: Results from the output files from ‘.tf’ simulations for simulating the differential small-signal gain and the common-
mode small-signal gain of the gain stage shown in Fig. 4.59.

A PMOS differential pair. The differential gain stage can of course also be implemented using a
PMOS differential pair. Figure 4.67 shows the schematic for a PMOS differential stage. The analysis
of such a stage is almost identical to the analysis of the NMOS differential pair, and the small-signal
diagram for the PMOS differential stage is the same as for the NMOS differential stage. An important
difference is the input voltage range and the output bias voltage. For the PMOS differential pair, the input
voltage range can extend below the negative supply rail but it cannot reach the positive supply rail, and
the output bias voltage is referenced to the negative supply rail, so a subsequent common-source stage
should use an NMOS transistor for the gain transistor.

By combining a PMOS differential pair and an NMOS differential pair, it is possible to design a differ-
ential gain stage with a rail-to-rail input voltage range (Babanezhad 1988) but this is beyond the scope
of this book.

Figure 4.67: A differential gain stage with a PMOS differential pair and an NMOS current-mirror load.

4.5 Frequency response of the basic gain stages

In this section, we will present a simplified analysis of the frequency response of the basic gain stages
presented in the previous sections. We saw in Chapter 3 that the MOS transistor model includes small-
signal capacitances as shown in Fig. 3.33 on page 93. These capacitances will cause the gain to drop at
high frequencies compared to the low-frequency small-signal gains found in the previous sections. Also,
extra capacitances may be inserted to deliberately modify the frequency response.
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Figure 4.68: Generic gain stage model showing a dominant node.

In many cases, the frequency response may be characterized by a dominant pole, i.e., a pole located at
a much lower frequency than any other poles and zeros in the transfer function. If this is the case, the
frequency response will fall off with 20 dB per decade of frequency for frequencies above the frequency
of the dominant pole. At frequencies well above the dominant pole frequency, the phase is shifted −90◦

with respect to the low-frequency phase, compare Fig. 2.23 on page 41.

At even higher frequencies, inevitably, more poles and zeros will contribute to the gain and phase re-
sponse of a gain stage, and as we will see in Chapter 6 on feedback, they have a profound effect on the
overall system performance but for now, we will concentrate on investigating the frequency response of
a basic gain stage when a dominant pole can be identified.

A well-known technique for investigating the high-frequency response of a gain stage is the open-circuit
time constant method developed at Massachusetts Institute of Technology in the 1960s (Gray & Searle
1969; Gray, Hurst, Lewis & Meyer 2009). This involves calculating a time constant for each capacitor in
the circuit, including floating capacitances, and it provides an estimation of the −3 dB bandwidth of the
amplifier. Here we will use a slightly different approach where we calculate a time constant for each node
in the signal path of the gain circuit. We do not provide a proof that the method leads to correct results
and it should be used with some caution. The justification of the approach is illustrated in Fig. 4.68.
A system with only a single, dominant pole will include a node in the signal path characterized by an
equivalent capacitance Cp and an equivalent resistance Rp. Figure 4.68 shows a Norton equivalent for
the node. The time constant associated with the node is τp = RpCp, corresponding to the dominant
pole frequency ωp = 1/τp. The dominant node is driven by a frequency-independent controlled current
source, representing the circuitry preceding the dominant node, and the dominant node is driving an
amplifier with a flat frequency response for the range of frequencies considered.

When using the model shown in Fig. 4.68, we examine each node in the signal path of the circuit and find
the equivalent resistance towards ground and capacitance towards ground and calculate the corresponding
time constant. If there is a single node with a time constant much larger than all other time constants, we
consider this as the dominant node.

Clearly, not all gain circuits can in a reasonable way be represented by the model shown in Fig. 4.68 and
it is also important that only the dominant pole can be determined from the simple equivalent. Higher
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poles and zeros cannot be determined just by examining the nodes one by one. However, as we will see
in the following, an insight into the frequency response of several of the basic gain stages can be obtained
by using the approach.

The common-source stage. The low-frequency small-signal model for the common-source stage with
a drain resistor is shown in Fig. 4.2 on page 117. With an active load, the resistor RD is replaced
by the small-signal output resistance of the active load transistor as shown in Fig. 4.3, and if a load
consisting of a resistor RL in parallel with a capacitor CL is connected to the output, this load appears in
parallel with RD. Also, the input voltage source may have a resistor RS in series with the voltage source.
Also introducing the capacitances from the high-frequency MOS transistor small-signal model shown
in Fig. 3.33 on page 93, we arrive at the small-signal equivalent circuit shown in Fig. 4.69. In this figure,
Cgb has been included in Cgs.

Figure 4.69: High-frequency small-signal equivalent circuit for a common-source stage.
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The circuit has three nodes in addition to the common ground. However, the input node Vin is directly
controlled by the input voltage source, so this cannot provide a limitation to the frequency response. For
the other two nodes, the gate of the common-source transistor (node A) and the output node (node B),
we need to find the equivalent time constant.

Figure 4.70: Amplifier and impedance for illustrating the Miller theorem.

For the gate of the transistor, we find the resistance RpA to ground with Vin reset directly by inspection:
RpA = RS. The capacitance looking into node A includes Cgs which is directly connected to ground but it
also includes an equivalent capacitance to ground from the capacitance Cgd . This equivalent capacitance
can be found using the Miller theorem published in 1919 by John M. Miller (1882-1962), an American
electrical engineer (Miller 1919). The theorem describes how to derive an equivalent circuit for an am-
plifier with an impedance connected between input and output (Chan Carusone, Johns & Martin 2012).
This is illustrated in Fig. 4.70, showing a voltage amplifier with a gain Av and an impedance Z connected
between input and output. In order to find the input impedance, a voltage V1 is applied to the input. This
generates a voltage V2 = AvV1 at the output, so the current flowing into Z from the voltage source V1 is

IZ =
V1 −V2

Z
=

V1 −AvV1

Z
=

(1−Av)V1

Z
(4.73)

Thus, the equivalent input impedance ZM resulting from Z is

ZM =
V1

IZ
=

Z
1−Av

(4.74)

For the small-signal equivalent circuit shown in Fig. 4.69 where Av = −gm (rds ‖ RD ‖ RL) and Z =

1/(sCgd), the equivalent input impedance resulting from Cgd is ZM = 1/(sCgd(1−Av)), corresponding
to an equivalent input capacitance

CM = (1−Av)Cgd = (1+gm (rds ‖ RD ‖ RL))Cgd (4.75)

The capacitance CM derived using the Miller theorem is called the Miller capacitance. Thus, the capaci-
tance towards ground for node A is

CpA =Cgs +CM =Cgs +(1−Av)Cgd =Cgs +(1+gm (rds ‖ RD ‖ RL))Cgd (4.76)
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and with RpA = RS, we find the time constant

τpA = RS(Cgs +(1+gm (rds ‖ RD ‖ RL))Cgd) (4.77)

For the output node, we have (rds ‖ RD ‖ RL) and CL + Cbd directly connected to ground, but we also
have Cgd connected between input and output. When a test voltage is applied to the output node (with Vin

reset) in order to find the impedance in this node, a current flows through Cgd and the parallel connection
of RS and Cgs, and this generates a voltage Vgs, in turn adding a current gmVgs to the current from the test
voltage source.

The analysis of this is fairly complicated, so in order to limit the calculations, we first consider the case
that RS is very small, RS � 0, corresponding to a common-source stage directly driven by a voltage
source. For this case, Vgs = 0 when Vin = 0 and Cgd appears as a capacitance from the output node to
ground.

For this case, we then find the time constant of the output node to be

τpB = (rds ‖ RD ‖ RL)(Cgd +Cbd +CL) (4.78)

Obviously, when assuming RS � 0, the time constant from the output node is the dominant time constant
and we find a dominant pole at the frequency

ωpB =
1

(rds ‖ RD ‖ RL)(Cgd +Cbd +CL)
(4.79)

Next, we consider the case that RS is large. This is the likely situation if the common-source stage is
driven from another common-source stage or from a differential stage where the output resistance is on
the order of a transistor output resistance rds. For this case, we expect a large time constant from the gate
node because both RS and the Miller capacitance CM can be expected to be fairly large compared to the
capacitances and resistances determining the time constant from the output node but we need to verify
this through a calculation of the time constant from the output node.

For deriving the output time constant τpB, we assume that at frequencies around 1/τpB, RS � 1/(ωCgs),
so when analyzing the circuit to find the impact of Cgd , we can omit RS and investigate the circuit shown
in Fig. 4.71 on the next page.

From this, we find

Vgs =

(
Cgd

Cgs +Cgd

)
Vtest (4.80)

Itest = gmVgs +Vtest

(
s

CgsCgd

Cgs +Cgd

)
=

(
gm

Cgd

Cgs +Cgd
+ s

CgsCgd

Cgs +Cgd

)
Vtest (4.81)
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Figure 4.71: Equivalent circuit for finding the impact of Cgd .

From (4.81), we see that Cgd corresponds to a resistor R = (Cgs+Cgd)/(Cgdgm) to ground in parallel with
a capacitor C = CgsCgd/(Cgs +Cgd) to ground. Combining this with (rds ‖ RD ‖ RL) and CL +Cbd also
connected to ground, we find

τpB =
[
rds ‖ RD ‖ RL ‖ ((1+Cgs/Cgd)/gm)

] [
CL +Cbd +CgsCgd/(Cgs +Cgd)

]
(4.82)

Normally, 1/gm � rds, so with RD on the order of rds and with a capacitive load, i.e., RL = ∞, we can
simplify (4.82) to

τpB �
(

Cgs +Cgd

Cgd

)(
1

gm

)(
CL +Cbd +

CgdCgs

Cgs +Cgd

)
=

1
gmCgd

(
(Cgs +Cgd)(CL +Cbd)+CgsCgd

)

(4.83)

When comparing (4.77) and (4.83), we notice that with RS on the order of rds � 1/gm, it is likely that τpA

is larger than τpB unless CL is very large. This implies that the dominant pole normally comes from the
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gate node for a common-source stage driven from a stage with a high output resistance. It also implies
that the Miller capacitance CM plays an important role when designing the frequency response. By
inserting an extra capacitor between gate and drain, the dominant pole can be moved down in frequency.
At the same time, the time constant τpB is reduced, moving the pole from the output node to a higher
frequency so the extra capacitor gives rise to a pole-splitting.

Simulation examples. For showing the frequency response of a common-source stage we revisit the
circuit shown in Fig. 4.7 on page 121. This is a common-source stage with an active load. For simulating
the frequency response, the transistor models must be augmented with the high-frequency model param-
eters shown in Fig. 3.35 on page 94. Also, device dimensions for source and drain diffusions must be
specified as explained on page 94. The schematic shown in Fig. 4.72 includes this additional information.

Figure 4.72: LTspice schematic for simulating the frequency response of a common-source stage with an active load.

Error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m3 m2 m1
Model:       pmos-sh     pmos-sh     nmos-sh
Id: -1.00e-04 -1.03e-04    1.03e-04
Vgs: -7.07e-01 -7.07e-01    6.92e-01
Vds: -7.07e-01 -9.23e-01    8.77e-01
Vbs: 0.00e+00    0.00e+00    0.00e+00
Vth: -4.20e-01 -4.20e-01    4.00e-01
Vdsat: -2.87e-01 -2.87e-01    2.92e-01
Gm: 7.00e-04    7.19e-04    7.06e-04
Gds: 1.28e-05    1.28e-05    9.48e-06
Gmb: 2.09e-04    2.15e-04    2.11e-04
Cbd: 7.77e-14    7.27e-14    2.29e-14
Cbs: 1.07e-13    1.07e-13    3.32e-14
Cgsov: 1.38e-14    1.38e-14    3.58e-15
Cgdov:       1.38e-14    1.38e-14    3.58e-15
Cgbov:       0.00e+00    0.00e+00    0.00e+00
Cgs: 2.84e-13    2.84e-13    7.11e-14
Cgd: 0.00e+00    0.00e+00    0.00e+00
Cgb: 0.00e+00    0.00e+00    0.00e+00

Figure 4.73: Results from the error log file from a ‘.op’ simulation of the gain stage shown in Fig. 4.72.
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In order to simulate the influence of a series resistance at the input and of an extra capacitance from gate
to drain of the gain transistor, a resistor RS and a capacitor Cf are inserted in the schematic. An LTspice
‘.step param’ directive for changing the value of RS between 0 (or 1 Ω since LTspice does not accept a
value of 0) and 45 kΩ has been specified as has a directive for changing Cf between 0 and 0.1 pF.

The first simulation to run is a ‘.op’ simulation in order to verify the bias point and to find the small-signal
parameters of the transistors. When running the ‘.op’ simulation, the ‘.step param’ directives are turned
into comments and ‘.param’ directives are used for specifying values of 0 for RS and Cf . The error log
file from this simulation is shown in Fig. 4.73.

From this, we can find the device parameters corresponding to the small-signal equivalent circuit shown
in Fig. 4.69:

gm = Gm1= 0.706 mA/V

rds1 = 1/Gds1= 105 kΩ

RD = 1/Gds2= 78 kΩ

Cgs = Cgs1+Cgsov1+Cgb1= 74.68 fF

Cgd = Cgd1+Cgdov1= 3.58 fF

Cbd = Cbd1= 22.9 fF

CL = Cbd2+Cgd2+Cgdov2= 86.5 fF

Here, CL is just the parasitic capacitances from M2. No extra load capacitance is assumed.

It should be noted that LTspice uses a more complex modeling of the capacitive effects in the transistor
than defined by the small-signal model shown in Fig. 3.33 on page 93. In particular, the thin gate oxide
capacitance is not just assigned as a gate-source capacitance defined by (3.83) but distributed among the
gate, source, drain, and bulk regions, see the ‘LTspiceHelp’. This implies that the transistor capacitances
found in the error log file, Fig. 4.73, should only be taken as approximate values when used in hand
calculations. For finding exact values of, for example, input capacitances and output capacitances from
an amplifier circuit, simulations directly showing the capacitance values may be used (Bruun 2017,
pp. 63-66, 102-106). An example of this is given in Problem 4.17 on page 204.

With RS = 0, we expect the dominant pole to come from the output node and we can find the pole
frequency using (4.79). In (4.79), Cgd should be replaced by Cgd +Cf .
With Cf � 0, this gives fpB = ωpB/(2π) = 31.3 MHz.
With Cf = 0.1 pF, this gives fpB = ωpB/(2π) = 16.6 MHz. We notice that Cf lowers fpB in the same
way as an extra load capacitance CL would do.

With RS = 45 kΩ, corresponding to the output resistance of a stage similar to the stage shown in Fig. 4.72,
we expect the dominant pole to come from the input node and we can find the pole frequency using (4.77),
again with Cgd replaced by Cgd +Cf .
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With Cf � 0, this gives fpA = 1/(2π τpA) = 18.3 MHz.
With Cf = 0.1 pF, this gives fpA = 1/(2π τpA) = 1.02 MHz.

Using a ‘.ac’ simulation in LTspice, we can plot the frequency response, and the dominant pole can be
found as the −3 dB frequency. Figure 4.74 shows the ac response for the four cases listed above and the
−3 dB frequencies are indicated on the magnitude plots.

We see that the simulated −3 dB bandwidths are fairly close to the calculated values but tend to be
somewhat lower. This is partly caused by the difference in capacitance modeling mentioned above,
partly by poles and zeros at higher frequencies. From the phase response, we can see that with RS = 0,
the phase shift at high frequencies is more than −90◦, and for RS = 45 kΩ, it exceeds −180◦. This is
an indication that higher order poles and zeros contribute to the frequency response, reducing the −3 dB
frequencies somewhat.

For the circuit with RS = 0, the additional phase shift comes from a zero in the transfer function, see
Problem 4.10 on page 199.

For the circuit with RS = 45 kΩ, we can also expect a pole as indicated by the non-dominant time constant
τpB. From (4.83), we can calculate this time constant and the corresponding frequency.

With Cf = 0, we find fpB = 1/(2π τpB)� 46 MHz which is only about 2.5× fpA, so the assumption of a
dominant pole is not fulfilled. This is also apparent from the gain and phase plots (red curves in Fig. 4.74),
showing a roll-off of the gain of about 40 dB per decade and a phase shift continuing smoothly towards
0◦ without a flat level after −90◦ phase shift.
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Figure 4.74: Output plot from a ‘.ac’ simulation of the gain stage shown in Fig. 4.72.

With Cf = 0.1 pF, we find fpB = 1/(2π τpB)� 427 MHz which is more than 100× fpA, so the assumption
of a dominant pole at the input is clearly fulfilled as is also evident from Fig. 4.74. However, we do find
a phase shift of more than −180◦ at very high frequencies, indicating the presence of an additional pole
or zero. This is an issue which will be investigated in more detail in Chapter 7.

The common-drain stage. The low-frequency small-signal model for the common-drain stage (or
source follower) is shown in Fig. 4.14 on page 127. For an analysis of the high-frequency properties
of the stage, this figure must be modified to include the parasitic transistor capacitances. Also, a load
consisting of a resistor RL in parallel with a capacitor CL should be connected to the output, and the
input voltage source may have a resistor RS in series with the voltage source. The resulting small-signal
equivalent circuit is shown in Fig. 4.75 where the resistor rout is given by (4.14) on page 128. In this
figure, Cgb has been included in Cgd and the parasitic capacitances Cbd and Cgd from the bias transistor
M2 are included in CL.

The topology of the small-signal circuit shown in Fig. 4.75 is very similar to the topology of the circuit
shown in Fig. 4.69, so we can use similar approaches when analyzing the time constants of the nodes in
the circuit.
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Figure 4.75: High-frequency small-signal equivalent circuit for a common-drain stage.

For the gate of the common-drain transistor, node A, we find the resistance to ground as RpA = RS. For
the capacitance, we use Miller’s theorem to find

CpA =Cgd +Cgs(1−Vo/Vg) =Cgd +Cgs(1−gm(rout ‖ RL)) (4.84)

Using (4.14) from page 128, we find

gm (rout ‖ RL) =
gm

1/rout +1/RL
=

gm RL

1+(gm +gmb)RL
(4.85)

so
τpA = RS

(
Cgd +Cgs

(
1+gmb RL

1+(gm +gmb)RL

))
(4.86)

For the output node (node B), we use the same approach as for the common-source stage, i.e., we consider
the case that RS is very small and the case that RS is very large. For RS very small, we assume Vg = 0
when Vin = 0, so Cgs appears as a capacitor to ground. For this case, the time constant for the output node
is

τpB = (rout ‖ RL)(CL +Cbs +Cgs) =

(
RL

1+(gm +gmb)RL

)
(CL +Cbs +Cgs) (4.87)

For RS very large, we use the same approach as used on page 176 when deriving (4.80) - (4.82). We find

Vg =
Cgs

Cgs +Cgd
Vtest (4.88)

Itest = −gmVg +Vtest s
CgsCgd

Cgs +Cgd
=

(
−gm

Cgs

Cgs +Cgd
+ s

CgsCgd

Cgs +Cgd

)
Vtest (4.89)

τpB =
[
rout ‖ RL ‖ (−(1+Cgd/Cgs)/gm)

] [
CL +Cbs +CgsCgd/(Cgs +Cgd)

]
(4.90)

Notice that since the controlled current source gmVg has the opposite direction compared to Fig. 4.71, a
negative resistance appears in parallel with rout ‖ RL. Using (4.14) on page 128 and Cgs �Cgd , we find

rout ‖ RL ‖ (−(1+Cgd/Cgs)/gm) � 1
gm +gmb +1/RL −gm

=
RL

1+gmbRL
(4.91)

τpB �
(

RL

1+gmbRL

)(
CL +Cbs +

CgdCgs

Cgs +Cgd

)
�

(
RL

1+gmbRL

)(
CL +Cbs +Cgd

)
(4.92)
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We have considered the common-drain stage including the body effect for M1. If M1 has source and bulk
connected, there is no body effect and gmb should be reset (gmb = 0) in the equations above.

The common-drain stage is normally used as a buffer amplifier for driving a load which cannot be directly
driven by a common-source stage. Therefore, with RS representing the output resistance of a common-
source stage, it is likely that RS � RL/(1+ gmb RL), so unless CL is very large, the input time constant
τpA is larger than the output time constant τpB. However, whether the pole from the input node can be
considered as a dominant pole depends on the actual values of transistor parameters and load impedance
involved. A general, detailed analysis is beyond the scope of the present book but can be found in Chan
Carusone, Johns & Martin (2012). Here, we illustrate the frequency performance of the common-drain
stage by LTspice simulations of the same common-drain stage as used for the low-frequency simulations
discussed on page 129-132.

Simulation examples. Figure 4.76 shows the LTspice schematic for simulating the frequency response
of the common-drain stage previously simulated at low frequencies. The transistor model includes the
high-frequency model parameters and also parameters for both channel-length modulation and body
effect. The transistor specifications include dimensions for source and drain diffusions.

Directives for stepping the resistor RS between 0 and 45 kΩ and the load capacitor CL between 0 and
3.5 pF are also included. First, we run a ‘.op’ simulation to verify the bias point and to find the small-
signal parameters. The error log file from this simulation is shown in Fig. 4.77.
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Figure 4.76: LTspice schematic for simulating the frequency response of a common-drain stage.

Error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m3 m2 m1
Model:       nmos-sh     nmos-sh     nmos-sh
Id: 1.25e-05    1.27e-04    1.27e-04
Vgs: 6.96e-01    6.96e-01    7.68e-01
Vds: 6.96e-01    9.00e-01    9.00e-01
Vbs: 0.00e+00    0.00e+00 -9.00e-01
Vth: 4.00e-01    4.00e-01    6.14e-01
Vdsat:       2.96e-01    2.96e-01    1.53e-01
Gm: 8.43e-05    8.59e-04    1.66e-03
Gds: 1.17e-06    1.17e-05    1.17e-05
Gmb: 2.52e-05    2.57e-04    3.27e-04
Cbd: 3.41e-15    2.71e-14    8.02e-14
Cbs: 4.66e-15    3.95e-14    9.92e-14
Cgsov: 4.29e-16    4.29e-15    1.59e-14
Cgdov:       4.29e-16    4.29e-15    1.59e-14
Cgbov:       0.00e+00    0.00e+00    0.00e+00
Cgs: 8.52e-15    8.52e-14    3.17e-13
Cgd: 0.00e+00    0.00e+00    0.00e+00
Cgb: 0.00e+00    0.00e+00    0.00e+00

Figure 4.77: Results from the error log file from a ‘.op’ simulation of the gain stage shown in Fig. 4.76.

From this, we can find the device parameters corresponding to the small-signal equivalent circuit shown
in Fig. 4.75:

gm = Gm1= 1.66 mA/V

gmb = Gmb1= 0.327 mA/V

rout = 1/(Gds1+Gds2+Gm1+Gmb1) = 498 Ω

Cgs = Cgs1+Cgsov1= 0.333 pF

Cgd = Cgd1+Cgdov1+Cgb1+Cgbov1= 0.016 pF

Cbs = Cbs1= 0.099 pF

CL = CL+Cbd2+Cgd2+Cgdov2= CL+0.031 pF

Next, we run a ‘.ac’ simulation. This results in the frequency response shown in Fig. 4.78.

With RS = 0 and CL = Cbd2 +Cgd2, we notice an almost flat gain response and phase response. From
(4.87), we can calculate a time constant and a corresponding frequency fpB = 1/τpB �750 MHz. Appar-
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ently, the pole caused by this is cancelled by a zero caused by Cs and gm. The verification of this is an
exercise left for the reader (Problem 4.14 on page 202).

Figure 4.78: Output plot from a ‘.ac’ simulation of the gain stage shown in Fig. 4.76.

With RS = 0 and CL = 3.5 pF, the simulation shows a −3 dB frequency of about 88 MHz. Equation (4.87)
also results in fpB = 88 MHz, so there is good agreement between simulation and calculation. However,
we see from the output plot that the gain response is flat for higher frequencies and the phase response
returns to 0◦, again an indication of the presence of a zero.

With RS = 45 kΩ and CL =Cbd2 +Cgd2, we use (4.92) to find fpB � 570 MHz, and from (4.86), we find
fpA � 37 MHz. This indicates a dominant pole from the input node, and the simulation confirms this.
The second pole reduces the −3 dB frequency only slightly compared to the value estimated from the
dominant pole.

With RS = 45 kΩ and CL = 3.5 pF, the time constant from the output node is increased according to
(4.92) which now gives fpB � 23 MHz and as the time constant from the input remains unchanged, we
clearly do not have a dominant pole. The simulated response also shows a −3 dB frequency of about
32 MHz and a fall-off of the gain response with 40 dB/decade, indicating the presence of two poles.
Again, both gain response and phase response indicate the presence of a zero as well.
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The common-gate stage and the cascode stage. The low-frequency small-signal model for the
common-gate stage is shown in Fig. 4.21 on page 134. Inserting a load capacitance CL and the transis-
tor capacitances for the common-gate transistor, we arrive at the small-signal equivalent circuit shown
in Fig. 4.79. For simplicity, the small-signal parameters for the bias transistor M2 shown in Fig. 4.20 on
page 133 are included in RL and CL, i.e., RL is a parallel connection of rds2 and an extra load resistor, and
CL is a parallel connection of Cgd2, Cbd2 and an extra load capacitor.

Figure 4.79: High-frequency small-signal equivalent circuit for a common-gate stage.

From the analysis on page 133-135, we found that the input resistance is much smaller than the output
resistance, so a dominant pole in a common-gate stage comes from the output node, node B in Fig. 4.79,
unless RL is small, i.e., on the order of 1/gm or smaller. Using (4.22) with rds2 replaced by RL, we find

τpB � (RL ‖ [rds +(gm +gmb)rds RS])(CL +Cgd +Cbd) (4.93)
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For the input node, node A in Fig. 4.79, we find, using (4.19) with (RL ‖ rds2) replaced by RL

τpA �
(

Cgs +Cbs

gm +gmb

)(
1+

RL

rds

)
(4.94)

We will consider in more detail the common-gate stage used as a cascode as shown in Figs. 4.23 and
4.24 on page 136-137. The small-signal equivalent circuit for the cascode is redrawn in Fig. 4.80,
augmented with the signal source resistance RS, the load impedance RL in parallel with CL and the
transistor capacitances combined into the capacitors C1, C2 and C3 where C1 = Cgs1 +Cgb1, C2 = Cgd1,
C3 =Cbd1+Cbs2+Cgs2 and Cgd2 and Cbd2 are included in CL. We notice that in addition to the input node
Vin, there are three nodes in the stage, labeled A, B and C in Fig. 4.80.

Figure 4.80: High-frequency small-signal equivalent circuit for a cascode stage.

The time constants of the three nodes are estimated as follows:

Node A: This is the input node to the common-source stage, so the time constant τpA can be estimated
using (4.76) and (4.77) on page 174-175.

τpA � RS [C1 +C2(1−Av1)] (4.95)

where Av1 is the gain of the common-source transistor M1, i.e., Av1 =−gm1 rB where rB is the small-signal
resistance to ground from node B with Vin = 0. Using (4.19), we find

rB � rds1 ‖
(

1
gm2 +gmb2

+
RL

(gm2 +gmb2)rds2

)
= rds1 ‖

(
1+RL/rds2

gm2 +gmb2

)
(4.96)

Node B: This is the output node of the common-source stage. With RS small, the time constant τpB can
be estimated using (4.78) with (rds ‖ RD ‖ RL) = rB and Cgd +Cbd +CL =C2+C3. With RS large, we can
use (4.82) with gm = gm1, (rds ‖ RD ‖ RL) = rB, Cgs = C1, Cgd = C2 and CL = C3 but the details of this
calculation are left to the reader.

Node C: This is the output node of the common-gate stage. We find the time constant τpC as

τpC =CL (RL ‖ rout) (4.97)
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where rout is found from
rout � (gm2 +gmb2)rds2 rds1 (4.98)

Let us consider two different cases. For the first case, RL is very large, i.e., RL is on the same order of
magnitude as rout in (4.97). In this situation, we have a very high low-frequency gain. A typical example
is a cascode gain stage biased by a cascode current mirror as shown in Fig. 4.26 on page 139.

Since the output resistance is very high, it is likely that a dominant pole comes from the output node,
giving a pole at the frequency

fpC =
1

2πτpC
=

1
2π CL (rcm ‖ rout)

=
1

2π CL (rcm ‖ ((gm2 +gmb2)rds2 rds1))
(4.99)

where rcm is found from (4.28) on page 138.

We may note that the product GBW (gain-bandwidth product) of the dominant pole frequency and the
low frequency gain is given by GBW = gm1/(2π CL).

The resistance rB in the intermediate node between the common-source stage and the common-gate stage
is found from (4.96) to be rds1 in parallel with rcm divided by the gain (gm2+gmb2)rds2. With rcm given by
(4.28), this is a high resistance, so the gain Av1 in the common-source stage is high, causing a significant
Miller effect and potentially a large input capacitance resulting in a pole in combination with RS.

For the second case, RL is much smaller. We assume that RL is on the same order of magnitude as rds2

or smaller. A typical example is a cascode gain stage where the bias current source is implemented as a
single transistor without a cascode transistor. In this case, we find the low-frequency gain as

Av =−gm1 (rout ‖ RL)�−gm1 ([(gm2 +gmb2)rds2 rds1] ‖ RL)�−gm1 RL (4.100)

This is the same low-frequency gain as from a standard common-source stage when the load resistor is
significantly smaller than the output resistance.

With RL on the same order of magnitude as rds2, the factor (1+RL/rds2) in (4.96) has a value of about
two. In this case, (4.96) gives a resistance rB of about 2/(gm2 +gmb2), so the gain in the common-source
stage is Av1 �−2gm1/(gm2 +gmb2) which is a small value, on the order of one. Thus, the Miller effect is
limited and the input capacitance is smaller than for the cascode stage with a very high value of RL.

Assuming that the dominant pole comes from the output, the dominant pole frequency is

fpC =
1

2 πτpC
� 1

2 π CL RL
(4.101)

We may note that the product GBW (gain-bandwidth product) of the dominant pole frequency and the
low frequency gain is given by GBW = gm1/(2π CL), i.e., we find the same gain-bandwidth product
as for the cascode with a high low-frequency gain. However, with a small RL, the cascode transistor
provides the advantage of reducing the input capacitance.
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Simulation examples. For illustrating the high-frequency properties of the cascode, we revisit the
cascode stage shown in Fig. 4.34 on page 145. This cascode stage has a bias current source implemented
as a cascoded current mirror. For comparison, we also investigate the stage with just a single transistor
for the bias current. Both versions of the stage are shown in Fig. 4.81 with the transistor model modified
to include the capacitance parameters. Transistors M1, M2, M3 and M4 constitute a cascode stage with
a cascode bias current source while transistors M6, M7 and M8 constitute a cascode stage with a single
transistor for the bias current source. All transistors are specified with dimensions for drain and source
diffusions, a resistor RS has been included in series with the input voltage and a load capacitor CL = 3 pF
(much larger than the transistor capacitances) has been connected to each of the outputs.

A directive for stepping the resistor RS between 0 and 45 kΩ is also included. First, we run ‘.dc’ simula-
tions to find bias values for the input voltages resulting in bias values of the output voltages of 0.9 V.

Next, we may run a ‘.op’ simulation to verify the bias point and to find the small-signal parameters.
We do not show all the results from the ‘.op’ simulation but just repeat that gm1 and gm6 has values of
about 0.67 mA/V as also found for the cascode stage from Fig. 4.30. With this value of gm and a load
capacitance of 3 pF, we expect a gain-bandwidth product of GBW = gm/(2π CL) = 35 MHz.

Next, we run a ‘.ac’ simulation. The output from this is shown in Fig. 4.82. The green traces correspond
to the cascode with a cascode bias current source (very large RL) and the red traces are for the cascode
with a single-transistor bias current source (smaller RL). With RS = 0, the gain falls off with 20 dB/decade
over a wide frequency range and the low-frequency gain is much higher with the cascode bias current
source than with the single transistor bias current source.
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Figure 4.81: LTspice schematic for simulating the frequency response of cascode stages with different bias current sources.

Figure 4.82: Output plot from a ‘.ac’ simulation of the cascode stages shown in Fig. 4.81.

For frequencies well above the dominant pole, the two stages have almost identical characteristics and
the simulated gain-bandwidth product matches the calculated value.
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With RS = 45 kΩ, we see that the pole from the input side modifies both the gain response and the phase
response and also in this case, the two circuits have almost identical responses for frequencies well above
the dominant pole.

These characteristics closely match the analysis presented on page 187.

The differential pair. As explained on page 156-164, the differential pair in many respects resembles
a common-source stage when a differential input voltage is applied. The differential half-circuit shown
in Fig. 4.52 on page 160 may be augmented with the transistor capacitances, a load capacitor and a series
resistor for the signal source as shown in Fig. 4.83. In the half-circuit, a load capacitance of 2CL must
be inserted: The load capacitor CL connected between vd1 and vd2 in Fig. 4.51 may be split into a series
connection of two capacitors, each with a value of 2CL, i.e., one for each half of the circuit.

Figure 4.83: High-frequency small-signal equivalent circuit for the differential half-circuit of a differential pair with drain resistors.

This is exactly the same circuit topology as shown in Fig. 4.69 on page 173 for the common-source stage,
so the results presented for this stage on page 173-177 are also applicable to the differential gain in the
differential pair.

For the common-mode gain, we found that the common-mode gain is zero when using a differential
output, and this also applies at high frequencies for a fully symmetric circuit. When using a single-ended
output, the common-mode gain is not zero as shown in (4.65) on page 160. An analytical solution to the
high-frequency response of the common-mode single-ended output is outside the scope of this book. For
details, see for example Gray, Hurst, Lewis & Meyer (2009).

For the differential pair with a current-mirror load and a single-ended output as shown in Fig. 4.58 on
page 163, we often find a dominant time constant at the output since the resistance in this node may be
high, see (4.66). Often the differential pair is followed by a common-source stage providing a capacitive
load CL. In this case, the time constant from the output node is

τout = rout CL = (rds2 ‖ rds4)CL (4.102)

where the transistor numbering refers to Fig. 4.58 on page 163. In (4.102), the transistor capacitances
Cgd2, Cbd2, Cgd4 and Cbd4 are included in CL, and it is assumed that the signal source resistance RS is
small.
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The node connecting drain of M1, drain and gate of M3 and gate of M4 has a small-signal resistance to
ground of approximately 1/gm3 since M3 has gate and drain connected, so the time constant τ from this
node is approximately

τ = (1/gm3)(Cgs3 +Cgs4 +Cbd3 +Cbd1 +Cgd4(1−Av4)) (4.103)

where Av4 is the small-signal voltage gain from gate to drain of M4 at frequencies of about 1/(2π τA).
With 1/gm3 � rout and the capacitances in (4.103) also often being smaller than the input capacitance of
a following common-source stage, we have a dominant pole from the output node. However, the current
mirror does provide an addition pole, and it also provides a zero. For an analysis of this, the reader is
referred to Gray, Hurst, Lewis & Meyer (2009).

In the discussion above, it was assumed that the signal source resistance of the differential input voltage
was small enough that it did not cause a large time constant from the input terminals to the differential
pair. The input capacitance for each of the two inputs can be determined in the same way as the input
capacitance for a common-source stage, i.e., it is the sum of the gate-source capacitance of the differential
input transistor and the Miller capacitance caused by the gate-drain capacitance and the gain in the input
transistor. Note that the gain in transistor M1 in Fig. 4.58 is fairly small, about −gm1/gm3 since the load
resistance at the drain of M1 is the rather small input resistance of the current mirror M3 - M4. The gain
in M2 is much larger since the load resistance of M2 is large.
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Simulation example. We illustrate the frequency response of the differential stage by a simulation of
the stage with a PMOS current-mirror load shown in Fig. 4.59 on page 166. In Fig. 4.84, this stage is
redrawn with the transistor capacitance model parameters included and with an added load capacitance
CL = 3 pF which is much larger than the internal transistor capacitances.

From the simulation results shown in Fig. 4.61, we know that gm1 = 0.689 mA/V, so with CL = 3 pF, we
expect a gain-bandwidth product of GBW = gm1/(2π CL) = 36.6 MHz, assuming that the dominant pole
is caused by CL and the output resistance of the gain stage.

Figure 4.84: LTspice schematic for the differential gain stage with an NMOS differential pair, a PMOS current-mirror load and a
load capacitance of 3 pF.

Figure 4.85 shows the plot of the output voltage resulting from a ‘.ac’ simulation. From the plot, we
find a low-frequency gain of 29.8 dB ∼ 30.9 V/V and a −3 dB bandwidth of 1.1 MHz, giving a gain-
bandwidth product of 34 MHz. We can also read GBW as the unity-gain frequency to be 33.8 MHz.
These values match the calculated value of 36.6 MHz, considering that transistor capacitances on the
order of 100 fF have been neglected.

From Fig. 4.85, we also see that the gain response falls off by 20 dB/decade for frequencies below
GBW but for frequencies above GBW, the slope increases over a range of frequencies. Also the phase
response shows a phase shift in excess of 90◦ for frequencies above 20 MHz, and for frequencies above
approximately 200 MHz, the phase shift is reduced again. This is an indication that a pole-zero pair from
the current-mirror active load influences the frequency response at high frequencies (Gray, Hurst, Lewis
& Meyer 2009).
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Figure 4.85: Output plot from a ‘.ac’ simulation of the cascode stages shown in Fig. 4.84.
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Problems

4.1

Figure P4.1

Figure P4.1 shows a common-source
stage. For both transistors M1 and M2,
assume W/L = 3. Further, assume that
the channel-length modulation can be
neglected for both transistors and that
Vt and µ Cox have the values listed in
Table 3.1 on page 67. The supply volt-
age is VDD = 1.8 V and the bias voltage
VB is VB = 980 mV.
Calculate the bias current in M1 and
M2, assuming that they are both in the
active region and find the bias value of
the input voltage for which the transis-
tors are in the active region.
Find the output voltage range for which
the transistors are in the active region.
Problem 4.2 is a follow-up to this prob-
lem.
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4.2 For the common-source stage from
Problem 4.1, assume now that the
channel-length modulation is defined
by the parameters specified in Table 3.1
on page 67. The channel length is L =

1.5 µm for both transistors.
Calculate the small-signal voltage gain
Av = vo/vin. You may use reasonable
approximations when calculating the
small-signal parameters.
Also use LTspice to find the value of
Av = vo/vin.

4.3

Figure P4.3

For the common-source stage shown
in Fig. P4.3, we assume RG = 1 MΩ,
IB = 20 µA and RL = 100 kΩ. The ca-
pacitors C1 and C2 are very large and
can be treated as short circuits for ac
currents but open circuits for dc cur-
rents. Transistor M1 has Vt = 0.4 V
and µ Cox (W/L) = 0.6 mA/V2. The
channel-length modulation can be ne-
glected.
Find the bias voltages VGS1 and VDS1.
Find an expression for the small-signal
gain vo/vin for frequencies where C1

and C2 are ac short circuits and the tran-
sistor capacitances can be neglected.
Calculate the numerical value of the
small-signal gain.
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4.4

Figure P4.4

Figure P4.4 shows a gain stage with
two outputs, vD and vS. The resistors
RD and RS have the values RD = 10 kΩ
and RS = 5 kΩ. The supply voltage is
VDD = 1.8 V. The transistor has
Vt = 0.4 V and µ Cox = 180 µA/V2.
The channel-length modulation and the
body effect can be neglected.
Design the transistor to have a
transconductance of 0.6 mA/V and to
give a bias value of 1.2 V for VD. Use a
channel length of L = 3 µm.
Calculate the bias values of vS and vIN .
Draw a small-signal equivalent circuit
and find expressions for the small-
signal gains vd/vin and vs/vin.
Find numerical values for the small-
signal gains.

4.5

Figure P4.5

Design the common-source stage
shown in Fig. P4.5 to have a low-
frequency small-signal gain of 17 dB.
For the transistor, use Vt = −0.42 V,
µ Cox = 45 µA/V2 and λ = 0.
Use a channel length of 2 µm. The sup-
ply voltage is VDD = 1.8 V, and you
should design for a bias value of the
output voltage of VDD/2 and a bias cur-
rent in M1 of 50 µA.
Calculate the bias value of the input
voltage for your design.
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4.6

Figure P4.6

Figure P4.6 shows a common-drain
stage with a PMOS transistor. As-
sume the following transistor parame-
ters: L = 1 µm, W = 80 µm, µpCox =

45 µA/V2, Vt =−0.42 V and λ =

0.14 V−1. The bias current IB has a
value of 125 µA and the supply volt-
ages are VDD =VSS = 0.9 V.
Find the bias value of vIN which gives
a bias value of 0 for vO.
Find the small-signal open-circuit volt-
age gain Avoc and output resistance rout .
Find the small-signal voltage gain Av =

vo/vin with RL = 5 kΩ.
Use LTspice to find the output voltage
range for RL = 5 kΩ, assuming that
the voltage across the current source IB

must be at least 0.3 V.
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4.7

Figure P4.7

For the telescopic cascode shown in
Fig. P4.7, use LTspice to find the bias
value VIN of the input voltage required
to give an output bias voltage of 0.9 V.
Assume VDD = 1.8 V, VB = 1.0 V, IB =

20 µA, L1 = L2 = 0.7 µm, W1 = W2 =

7 µm and use transistor parameters as
specified in Table 3.1 on page 67.
Also find the small-signal gain Avoc and
output resistance rout .
Find the small-signal resistance rx to
ground from the node X between the
source of M2 and the drain of M1 and
find the small-signal voltage gain from
the input to node X.

4.8

Figure P4.8

For the telescopic cascode shown in
Fig. P4.8, use LTspice to find the bias
value VIN of the input voltage required
to give an output bias voltage of 0.9 V.
Assume VDD = 1.8 V, VBN = 1.0 V,
VBP = 1.25 V, L1 = L2 = L3 = 0.7 µm,
W1 =W2 = 7 µm, W3 = 28 µm and use
transistor parameters as specified in Ta-
ble 3.1 on page 67.
Also find the small-signal gain Avoc and
output resistance rout .
Find the small-signal resistance rx to
ground from the node X between the
source of M2 and the drain of M1 and
find the small-signal voltage gain from
the input to node X.
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4.9

Figure P4.9

Figure P4.9 shows a PMOS differen-
tial pair. For all transistors, assume
L = 1 µm and W = 20 µm and transis-
tor parameters as specified in Table 3.1
on page 67. The supply voltage is
VDD = 1.8 V and the bias voltage VB is
VB = 1.1 V.
Neglecting the channel-length modula-
tion in M5, calculate the bias current in
each transistor, assuming all transistors
to be in the active region.
Calculate the small-signal parameters
gm and rds for each transistor, using
reasonable approximations and assum-
ing all transistors to be in the active re-
gion. Calculate the differential small-
signal gain Ad = vo/(vg1 − vg2).
Check your results with LTspice and
explain differences between simulated
and calculated results.
Use LTspice to find the input common-
mode voltage range where all transis-
tors are in the active region.

4.10

Figure P4.10

For the common-source stage shown in
Fig. P4.10, we assume that the tran-
sistor has the small-signal parameters
gm and rds and that all transistor capac-
itances can be neglected compared to
the capacitors C1, C2 and C3.
Draw a small-signal equivalent circuit
for the stage and use a node equation to
find the small-signal transfer function
Vo/Vin. Find expressions for poles and
zeros in the transfer function.
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4.11

Figure P4.11

Figure P4.11 shows a common-source
stage with a capacitive load CL = 5 pF
which is much larger the transistor ca-
pacitances. The transistor is biased in
the active region and it has the small-
signal parameters gm1 = 0.20 mA/V
and rds1 = 250 kΩ.
Calculate the output resistance, the
small-signal voltage gain at low fre-
quencies, the −3 dB bandwidth and the
gain-bandwidth product of the ampli-
fier stage.
Problems 4.12 and 4.13 are follow-ups
to this problem.
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4.12

Figure P4.12

In order to increase the gain of the am-
plifier shown in Fig. P4.11, a cascode
transistor M2 is inserted as shown in
Fig. P4.12. The cascode transistor is
assumed to be identical to M1 and it
has a bulk transconductance of gmb2 =

0.04 mA/V. Both M1 and M2 are biased
in the active region with an unchanged
bias current IB.
Calculate the output resistance, the
small-signal voltage gain at low fre-
quencies, the −3 dB bandwidth and the
gain-bandwidth product of the cascode
amplifier.

4.13

Figure P4.13

An alternative to the cascode amplifier
from Problem 4.12 is a two-stage am-
plifier using common-source stages as
shown in Fig. P4.13. The two tran-
sistors are assumed to be identical and
identical to the transistors in Fig. P4.11
and P4.12 and they are both biased
in the active region, however with a
bias current which is half of the bias
current used in Fig. P4.11 and P4.12.
The reduction in bias current affects the
small-signal parameters of the transis-
tors.
Calculate the new values of gm and
rds using the Shichman-Hodges model
with reasonable approximations.
Calculate the output resistance, the
small-signal voltage gain at low fre-
quencies, the −3 dB bandwidth and
the gain-bandwidth product of the two-
stage common-source amplifier.
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4.14

Figure P4.14

For the common-drain stage shown in
Fig. P4.14, we assume that the tran-
sistor has the transconductance gm and
that the channel-length modulation and
body effect can be neglected. Also,
only the transistor capacitances shown
in Fig. P4.14 and the load capacitance
CL need to be considered.
Draw a small-signal equivalent circuit
for the stage and use a node equation to
find the small-signal transfer function
Vo/Vin. Find expressions for poles and
zeros in the transfer function.

4.15

Load: RL = 20 kΩ, CL = 2 pF.

Supply voltages: VDD = 1.8 V, VBN = 0.7 V, VBP = 1.08 V.

Figure P4.15

Figure P4.15 shows a differential pair
with a differential output vO. The load
resistor RL and capacitor CL and the
supply voltages have the values spec-
ified in Fig. P4.15.
All transistors have a channel length of
1 µm, are in the active region, and have
transistor parameters as specified in Ta-
ble 3.1 on page 67, except the channel-
length modulation can be neglected.
Draw a small-signal differential half-
circuit for the differential pair and find
the small-signal parameters such that a
gain-bandwidth product of 25 MHz for
the differential gain Vo/(Vin1 −Vin2) is
obtained. Calculate the low-frequency
small-signal gain.
Find the required bias current for all
transistors using an effective gate volt-
age of 0.3 V. Find the channel widths
of all transistors.
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4.16

Figure P4.16

The circuit shown in Fig. P4.16 is a dif-
ferential stage with a single-ended out-
put. With vG2 connected to a dc bias
voltage, it can be used as an amplifier
with a single-ended input vIN = vG1 and
a single-ended output vO.
Assume that both transistors are in the
active region and have a transconduc-
tance of gm. Also assume that the
channel-length modulation can be ne-
glected for both transistors.
Find an expression for the low-
frequency small-signal gain vo/vin.
Find an expression for the low-
frequency small-signal gain vs/vin

where vS is the source voltage of M1.
Find an expression for the input capac-
itance of the amplifier, assuming that
the only capacitances to be considered
are Cgs and Cgd for the transistors.
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4.17

Figure P4.17

The small-signal impedance to ground
from a node X can be found by apply-
ing an ac voltage Vx to the node via a
large coupling capacitor Cc and mea-
suring the current Ix while all other in-
dependent sources in the circuit are re-
set, see Fig. P4.17. If Zx can be approx-
imated by a parallel combination of a
resistor Rx and a capacitor Cx, Rx and
Cx can be found from:
Rx =Vx/(Re(Ix)) and
Cx = Im(Ix)/(2π f ) where f is the fre-
quency (Bruun 2017, pp. 63-64).
With the ac value of Vx defined
to be 1 in LTspice, we can plot
‘ ’ in order to find Rx and
‘ ’ in
order to find Cx after having run a ‘.ac’
simulation over a suitable frequency
range.

Use this method to find the output
resistance and output capacitance of
the common-source stage shown in
Fig. 4.72 on page 177 with Cf = 0 and
RS = 0. Compare to the values found
using the small-signal parameters from
a ‘.op’ simulation.
Repeat for the cascode stages shown in
Fig. 4.81 on page 189 with RS = 0.
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Chapter 5 – Multistage Amplifiers

A CMOS amplifier with only one stage to provide gain cannot provide a high gain. In order to achieve a
high gain, more gain stages must be applied. In this chapter, we consider multistage amplifiers capable
of giving a large voltage gain and we focus on configurations which are useful for operational amplifiers
(opamps) with a differential input and a single-ended output.

After having studied the chapter, you should be able to

– explain the operation of the folded-cascode opamp and calculate the small-signal low-frequency
gain.

– find the frequency of the dominant pole in a folded-cascode opamp.

– explain the operation of the two-stage opamp and calculate the small-signal low-frequency gain.

– design the two-stage opamp to have bias conditions ensuring symmetry in the differential input
stage.

– find the frequency of the dominant pole in a two-stage opamp with the dominant pole originating
from the input to the second stage.

– simulate the frequency response and the transient response of the two-stage opamp in a feedback
configuration.

– use transient simulation to illustrate stability problems in an opamp configuration with feedback.

In Chapter 4, we examined the basic gain stages which can be configured from MOS transistors. We
found that the low-frequency small-signal gain in a single-transistor stage is often calculated as the
product of a transistor transconductance and small-signal output resistance. While the transconductance
is a parameter which is fairly well controlled in the manufacturing process, the output resistance is less
well controlled, so the gain in a single-transistor stage will show a large variation over temperature,
supply voltage and process variations. Often in order to achieve precision, an amplifier with a specific
gain is built from an operational amplifier and a feedback network. This is a concept which you have
already seen if you have followed an introductory course in electronic circuit design.

Figure 5.1 shows a noninverting amplifier circuit built from an ideal operational amplifier and a feedback
network consisting of two resistors R1 and R2. The operational amplifier is an amplifier with a differential
input and a single-ended output. For an ideal opamp, the differential gain vo/vid is infinite, implying that
with a finite value of vo, the differential input voltage is 0. For the ideal opamp, also the input currents
are 0 and the output resistance of the opamp is 0.
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Figure 5.1: Noninverting amplifier circuit using an operational amplifier.

With vid = 0, the voltage at the inverting input of the opamp is vin, and using the voltage divider rule
(2.24) (see page 32), we also find the voltage at the inverting input as vo R1/(R1 +R2). This leads to the
well-known expression for the gain in a noninverting amplifier built from an ideal operational amplifier:

vin = vo
R1

R1 +R2
⇒ Av =

vo

vin
= 1+

R2

R1
(5.1)

This equation shows that with a very high gain, ideally infinite gain, in the opamp, the resulting gain
is depending only on the ratio between the resistors R1 and R2 and this is a quantity which can be very
precisely controlled over temperature variations and process variations.
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If the differential gain of the opamp is not infinite but has a finite value, Ad = vo/vid , (5.1) must be
modified to

vin − vid = vin −
vo

Ad
= vo

R1

R1 +R2
⇒ Av =

(
1+

R2

R1

)(
1

1+(1+R2/R1)/Ad

)
(5.2)

From (5.2), we see that if Ad is much larger than the desired gain of (1+R2/R1), the error made in
the gain calculation by assuming the opamp to be ideal is small. Hence, an amplifier with a differential
input and a large gain is a very useful building block. We saw in Chapter 4 that a differential pair with
a single-ended output as shown in Fig. 4.58 on page 163 has a gain of gm1 (rds2 ‖ rds4), see (4.67). This
is about half of the intrinsic gain in a transistor, and for most applications, this is not sufficient for an
amplifier being used as an approximation to an ideal opamp.

Another problem with the differential pair shown in Fig. 4.58 is the limited range of voltage swing at the
output. With a common-mode input voltage of VICM, the output voltage cannot go below VICM −VGS2 +

VDSsat2 =VICM −Vt2 which may well be significantly higher than the negative supply rail.

Therefore, an amplifier to be used as an ideal opamp must have more than one high-gain stage. We have
already seen examples of two-stage amplifiers in Chapter 4. One example investigated in some detail is
the cascode stage which is a common-source stage followed by a common-gate stage. This can yield a
high low-frequency gain as analyzed on page 136-141. However, in the configuration shown in Fig. 4.26,
it has a single-ended input, so the common-source stage must be replaced by a differential pair.

5.1 Cascode opamps

Using cascoding to obtain a higher gain in a differential pair, we may devise the circuit shown in Fig. 5.2.
Transistor M6 is a cascode transistor for M2 and transistor M7 is a cascode transistor for M4. Thus, the
small-signal output resistance is very high. Neglecting the bulk effect, we can find the output resistance
using (4.23) on page 136 as

rout � (gm6 rds6 rds2) ‖ (gm7 rds7 rds4) (5.3)

and the differential gain Ad = vo/(vin1 − vin2)� gm1 rout is very high.

However, there are some serious problems with the circuit shown in Fig. 5.2. First, it is not symmetric.
This could be fixed by inserting additional cascode transistors for M1 and M3 in the same way as for
M2 and M4. Second, the output voltage range is limited even more than for the differential pair without
cascode transistors. The output voltage cannot go below VBN2 −Vt6 and VBN2 must be selected large to
allow a large common-mode input voltage but small to allow a large output voltage swing. A solution
could be to let VBN2 depend on the common-mode input voltage but this complicates the design to a
considerable extent (Allen & Holberg 2012). Another much more common solution is to use PMOS
transistors for the cascoding of M1 and M2. In this way, the cascode outputs are folded down towards the
negative supply rail in the same way as shown for the folded cascode in Fig. 4.27 on page 139. Using
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Figure 5.2: A differential gain stage with cascode transistors to increase the gain.

Figure 5.3: A folded-cascode opamp.

this approach and placing the current-mirror active load at the output of the cascode transistors, we arrive
at the folded-cascode opamp shown in Fig. 5.3.

For this, we find the small-signal output resistance to be

rout � (gm9 rds9 rds11) ‖ (gm7 rds7 (rds1 ‖ rds3)) (5.4)

and the differential gain Ad = vo/(vin2 − vin1)� gm1 rout is again very high.

With a very high output resistance, the dominant pole in the frequency response of the folded-cascode
opamp normally originates from the output node, giving rise to a −3 dB bandwidth of 1/(2π rout CL)

where CL is the load capacitance at the output, including the parasitic transistor capacitances.

The folded-cascode opamp is one of the frequently used standard configurations for CMOS opamps.
However, a detailed analysis of the folded-cascode opamp is beyond the scope of this book. The reader
is referred to Chan Carusone, Johns & Martin (2012) or Allen & Holberg (2012).
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5.2 The two-stage opamp

An alternative to the use of a common-source stage or a differential stage followed by a common-gate
stage is the use of a cascade of common-source stages. In Problem 4.13 on page 201, we saw an example
of a cascade of two common-source stages. However, the configuration shown in Fig. P4.13 has a single-
ended input, so for an opamp requiring a differential input, we must replace the first common-source
stage by a differential pair as shown in Fig. 5.4. Here the second stage is a PMOS common-source stage
because the input voltage range for this matches the output voltage range from the differential pair, also
when the value of the supply voltage VDD is changed.

Figure 5.4: A two-stage opamp.
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Scaling of bias currents and transistor geometries. In order to ensure symmetry in the input stage,
the bias voltage of node B in Fig. 5.4 should be the same as the bias voltage of node A. This implies that
M3, M4 and M7 have identical gate-source bias voltages and full symmetry is obtained with an output
bias voltage (node D) which is equal to the bias voltage at node B. This is not necessarily mid-rail, so in
order to achieve full symmetry with no systematic offset in the input stage, we must accept an output bias
voltage different from the mid-rail voltage. With identical drain-source bias voltages of M3, M4 and M7

and assuming that these transistors have the same value of the channel-length modulation parameter λ ,
the Shichman-Hodges relation (3.12) on page 63 for the drain current shows that the bias currents in M3,
M4 and M7 are related by the equation

ID3

(W/L)3
=

ID4

(W/L)4
=

ID7

(W/L)7
(5.5)

From Fig. 5.4, it can also be seen that ID5 = 2 ID3 and ID6 = ID7. With the same gate bias voltage for M5

and M6, we find (approximately)

ID5

(W/L)5
=

ID6

(W/L)6
⇒ (W/L)6

(W/L)5
=

ID6

ID5
=

ID7

2 ID3
=

(W/L)7

2(W/L)3
(5.6)

In (5.6), we have neglected the difference in channel-length modulation between M5 and M6. This will
cause a slightly larger bias current in M6 than found from (5.6), pulling the bias value of the output
voltage towards the negative supply rail. Nevertheless, (5.5) and (5.6) are the equations to use for scaling
the transistor dimensions once the bias currents of the transistors have been designed.

Small-signal gain, output resistance and frequency response. The low-frequency small-signal gain
is found as the product of the gain in the differential stage and the gain in the common-source stage.
Using the results from Chapter 4, we find the low-frequency small-signal gain to be

Ad =
vo

vid
=

vo

vg2 − vg1
� gm1 (rds2 ‖ rds4)gm7 (rds6 ‖ rds7) (5.7)

We also see that the output resistance is equal to the output resistance of the common-source stage, i.e.,

rout = rds6 ‖ rds7 (5.8)

Examining the nodes in Fig. 5.4, we notice that the high-resistance nodes are node B and node D. The
capacitance at node B is often fairly large because of the Miller effect from transistor M7, causing the
gate-drain capacitance to be multiplied by the gain in the common-source stage. So unless a large load
capacitance is connected to the output, the dominant pole comes from node B. The capacitance at node B
can be found using (4.76) on page 174 with Av =−gm7 (rds6 ‖ rds7) and Cgs replaced by a capacitance C1

which is the sum of Cgs7 and the parasitic capacitances to ground from M2 and and M4. This results in a
dominant pole at the frequency

fp1 �
1

2π (rds2 ‖ rds4)(C1 +Cgd7(1+gm7 (rds6 ‖ rds7)))
(5.9)
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Often, zeros and non-dominant poles in the opamp are located at frequencies which are not very much
higher than fp1 and as we will see in the following, this may cause problems when using the opamp in
a feedback configuration like shown in Fig. 5.1. The dominant pole may be separated from the non-
dominant poles by deliberately inserting an extra capacitance between gate and drain of M7, causing a
pole-splitting as explained on page 177.

Simulation example. As an example of a two-stage opamp, we may combine the differential pair
shown in Figs. 4.59 and 4.84 with a common-source stage using a PMOS common-source transistor.
The resulting LTspice schematic is shown in Fig. 5.5. For M1 - M5, we are using the same dimensions
as in Figs. 4.59 and 4.84. For M7 and M6, we use L = 1 µm as for the other transistors, and we select
(somewhat arbitrarily) W6 = 2W5 and W7 = 4W3. This ensures that (5.5) and (5.6) are fulfilled.

Figure 5.5: LTspice schematic for simulating a two-stage opamp.

As usual, we run a ‘.op’ simulation to verify the bias point. From this, we find a bias value of 0.79679 V
for the output voltage which is somewhat lower than the voltage of 1.09384 V at the drain of M4 as
explained on page 210. From the error log file, we can find the small-signal parameters for finding the
gain and the dominant pole. The small-signal parameters for the relevant transistors are listed in Fig. 5.6.

Using (5.7), we can calculate a low-frequency small-signal gain of Ad � 1012 V/V ∼ 60 dB. From (5.8),
we find rout = 11.2 kΩ, and from (5.9), we find the frequency of the dominant pole fp1 � 1.13 MHz.

Although the gain is not impressive for an opamp, it is clearly much more than we can achieve just using
a differential pair. An output resistance of 11.2 kΩ is also rather large for an opamp but it will do if the
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Results from error log file

Semiconductor Device Operating Points:
--- MOSFET Transistors ---

Name: m7 m6 m4 m2 m1
Model:       pmos-sh nmos-sh pmos-sh nmos-sh     nmos-sh
Gm: 2.90e-03 2.82e-03 6.99e-04 6.89e-04    6.89e-04
Gds: 5.10e-05 3.85e-05 1.27e-05 9.36e-06    9.36e-06
Gmb: 8.67e-04 8.44e-04 2.09e-04 1.64e-04    1.64e-04
Cbd: 2.81e-13 9.20e-14 7.77e-14 2.16e-14    2.16e-14
Cbs: 4.22e-13 1.30e-13 1.07e-13 2.71e-14    2.71e-14
Cgsov:       5.53e-14 1.43e-14 1.38e-14 3.58e-15    3.58e-15
Cgdov:       5.53e-14 1.43e-14 1.38e-14 3.58e-15    3.58e-15
Cgbov:       0.00e+00    0.00e+00    0.00e+00 0.00e+00    0.00e+00
Cgs: 1.14e-12    2.84e-13 2.84e-13 7.11e-14    7.11e-14
Cgd: 0.00e+00    0.00e+00 0.00e+00 0.00e+00    0.00e+00
Cgb: 0.00e+00    0.00e+00 0.00e+00 0.00e+00    0.00e+00

Figure 5.6: Results from the error log file from a ‘.op’ simulation of the opamp shown in Fig. 5.5.

opamp is not loaded by a small resistance. If a smaller output resistance is needed, a solution can be to
buffer the output by a common-drain stage but as explained in Chapter 4, this severely limits the output
voltage range. The gain-bandwidth product is about 1.13 GHz but as we will see on the following pages,
it may not be possible to use the bandwidth of the opamp to the full extent. It may be necessary to limit
the bandwidth for stability reasons.

We may verify the gain and bandwidth results by running a ‘.ac’ simulation. Figure 5.7 shows a plot
of the output voltage from this simulation. We find a low-frequency gain and a −3 dB bandwidth as
expected from the calculations. From the gain plot, we see that the gain drops by 40 dB per decade of
frequency for frequencies above approximately 100 MHz, indicating the presence of a second pole in
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Figure 5.7: Output plot from a ‘.ac’ simulation of the opamp shown in Fig. 5.5.

the system. From the phase plot, we see that the phase shifts by more than 180◦ for frequencies above
approximately 175 MHz, so the amplifier has more than two poles and/or zeros. When the phase shift
has reached 180◦, the gain is still more than 0 dB.

In Chapter 4, page 168-169, we examined the common-mode input voltage range for the differential pair
and found that VICM = 1.2 V resulted in an almost symmetric input voltage range. Of course, with an
additional gain stage providing a gain of about 30 dB, the input voltage range of the opamp is smaller than
that of the differential pair. With a bias value of the output voltage of 0.8 V and a saturation voltage for
M6 of about 0.3 V, we expect a maximum output voltage amplitude of about 0.5 V, corresponding to an

Figure 5.8: Output plot from a ‘.tran’ simulation with a sinusoidal differential input to the opamp shown in Fig. 5.5.
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input amplitude of 0.5 mV. This may be verified by a transient simulation with a sinusoidal input where
the input amplitude is varied up to about 0.9 mV. Figure 5.8 shows the results of a transient simulation.
We notice that clipping sets in during the negative signal excursions for input amplitudes larger than
approximately 0.5 mV, whereas clipping of the positive signal excursions sets in for amplitudes larger
than approximately 0.7 mV. This difference is observed because the bias value of the output voltage is
not mid-rail. It may be compensated for by applying a small offset voltage at the input or by adjusting
the geometry of M6 to provide an output bias voltage which is mid-rail.

5.3 The two-stage opamp with feedback

The configuration as a noninverting amplifier as shown in Fig. 5.1 on page 206 is one of the standard
applications for an opamp like the two-stage opamp shown in Fig. 5.4 on page 209, so we use this to
illustrate some of the design challenges for the two-stage opamp. The opamp shown in Fig. 5.4 uses
a single-ended supply voltage VDD, so the input signal and the feedback signal must be referenced to
a common-mode input voltage within the supply voltage range as shown in Fig. 5.9. Also, the output
voltage is the sum of an output signal voltage vo and an output bias voltage VO corresponding to an input
signal voltage vin = 0.

Figure 5.9: Noninverting amplifier with a single-ended supply voltage.

With a high gain Ad and the two resistors R1 and R2 for the feedback network, the expected gain is
Av = vo/vin = 1+R2/R1, see (5.1).

Simulation example. As an example, we use the opamp from Fig. 5.5 and we use R1 = R2 = 100 kΩ.
The feedback resistors have been chosen to be much larger than the output resistance of the opamp.
The common-mode input voltage has been chosen to be 1.2 V, i.e., the same value as was used for the
simulations of the circuit in Fig. 5.5.

Figure 5.10 shows the LTspice schematic for simulating the opamp with feedback. A ‘.op’ simulation of
the circuit shows bias values for currents and voltages as expected with a bias value VO = 1.19917 V for
the output voltage.
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Figure 5.10: LTspice schematic for simulating the two-stage opamp with feedback.
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Next, a ‘.ac’ simulation is run. The result is shown in Fig. 5.11. We see that at low frequencies, the
small-signal gain is 6 dB as expected but at a frequency of about 60 MHz, a very pronounced peaking of
the gain is observed. This is a worrying sign, indicating a potentially unstable circuit.

Figure 5.11: Output plot from a ‘.ac’ simulation of the opamp with feedback shown in Fig. 5.10.

We may also run a transient simulation. Figure 5.11 shows the result of a transient simulation with an
input voltage vin which is a pulse with a value of 0.1 V, a duration of 0.5 µs, a rise time and a fall time
of 10 ns, and a period of 1 µs. Both the output signal (green trace) and the input signal (blue trace) are
shown. Apparently, this input signal triggers an oscillation of the output signal where the output voltage

Figure 5.12: Output plot from a ‘.tran’ simulation with a pulse input to the opamp with feedback shown in Fig. 5.10.
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switches between a maximum value close to the supply voltage and a minimum value close to ground.
Examining the oscillations, we find an oscillation frequency of about 55 MHz, which is close to the
frequency of the peak in the frequency response.

An instability like this is a major problem related to feedback systems. We will treat this in detail in
Chapter 6. However, already at this point, we can give a qualitative explanation.

The stability problem. Consider the circuits shown in Fig. 5.13. The gain Ad is assumed to have a
real, positive value. The circuit shown in Fig. 5.13(a) has negative feedback, i.e., an increase in the input
voltage vin produces a feedback voltage which is subtracted from the input voltage, thus reducing the
differential input voltage vid to the amplifier. This reduces the output voltage compared to a situation
where the voltage vin is connected directly to the input terminals of the amplifier.

(a) (b)

Figure 5.13: Feedback amplifiers with negative feedback (a) and positive feedback (b).

The circuit shown in Fig. 5.13(b) has positive feedback, i.e., an increase in the input voltage vin produces
a feedback voltage which is added to the input voltage, thus increasing the differential input voltage vid .
This further increases the output voltage swing compared to a situation where the voltage vid is connected
directly to the input terminals of the amplifier. If this increase is too large, it causes instability.

Mathematically, the output voltage for the circuit with positive feedback is given by

vO = vIN

(
1+

R2

R1

)(
1

1− (1+R2/R1)/Ad

)
(5.10)

compare (5.2) on page 207. We see that with Ad = 1+R2/R1, the denominator in (5.10) is 0, and this
indicates that the output voltage is no longer controlled by the input voltage.

For an amplifier as the opamp shown in Fig. 5.5, the output voltage is in phase with the input voltage at
low frequencies but at high frequencies, we observe from Fig. 5.7 that phase of the output is shifted. If
this shift is 180◦, it corresponds to a sign inversion and the situation shown in Fig. 5.13(b) may occur. If
the output voltage swing is too large, the positive feedback thus established will cause instability.
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The trick to use in order to avoid instability is to modify the frequency response of the amplifier in such
a way that the voltage gain is small when the phase shift reaches 180◦. For the opamp shown in Fig. 5.5,
we found on page 213 that a phase shift of 180◦ was reached at a frequency of about 175 MHz where
there is still a gain of about 6 dB. We need to reduce this gain. One way of doing this is to insert an extra
capacitance between the gate and drain of the common-source transistor M7 as explained on page 177.
This will reduce the frequency of the dominant pole so that the gain starts to roll off at a lower frequency
and has reached a lower value when the phase shift is 180◦. For the circuits from Fig. 5.5 and Fig. 5.10,
we may insert a capacitance of 1.5 pF between the gate and source of M7. This is about 27 times the
value of Cgd for M7, see Fig. 5.6, and because of the Miller effect, it will cause a substantial reduction in
the frequency of the dominant pole.

Figure 5.14 shows the frequency response of the opamp from Fig. 5.5 with this extra capacitance inserted.
We see that now the gain has dropped well below 0 dB at the frequency where the phase has reached
180◦.

For the opamp with feedback (Fig. 5.10), we repeat the ‘.ac’ simulation and the ‘.tran’ simulation with
the extra capacitor between gate and drain of M7. The resulting plots are shown in Figs. 5.15 and 5.16.
We see that the peaking in the frequency response is now less than 3 dB, and the transient output plot
shows a stable output signal although some ringing can be observed after the step in input voltage.

218

Download free eBooks at bookboon.com Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

http://s.bookboon.com/GripGrab


CMOS ANALOG IC DESIGN: FUNDAMENTALS Multistage Amplifiers

219

CMOS Analog IC Design: Fundamentals Chapter 5 – Multistage Amplifiers

Figure 5.14: Output plot from a ‘.ac’ simulation of the opamp shown in Fig. 5.5 with an additional capacitor of 1.5 pF between
gate and drain of M7.

The lesson learned from this example is that the properties of a circuit with feedback depend in a com-
plicated way on the detailed frequency response of the amplifier used for the feedback circuit. It is not
sufficient to know the location of the dominant pole. Also higher order poles and zeros have a strong
influence, so for feedback systems, we must perform a more detailed analysis of the frequency response
of the amplifier to be used in the system. Before doing so, we will in the next chapter consider the prop-
erties of systems with negative feedback so that we know what to be aware of when analyzing the details
of the frequency response of an amplifier.

Figure 5.15: Output plot from a ‘.ac’ simulation of the opamp with feedback shown in Fig. 5.10 with an additional capacitor of
1.5 pF between gate and drain of M7.
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Figure 5.16: Output plot from a ‘.tran’ simulation with a pulse input to the opamp with feedback shown in Fig. 5.10 with an
additional capacitor of 1.5 pF between gate and drain of M7.
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Problems

5.1

Figure P5.1

For the folded-cascode opamp shown
in Fig. P5.1, assume that all transistors
have a channel length L = 1 µm and
a channel width W = 20 µm. Assume
transistor parameters as specified in Ta-
ble 3.1 on page 67. The bias currents
are IBP = 0.3 mA and IBN = 0.4 mA.
Assume that the bias voltages VBP and
VBN and the common-mode input bias
voltage have values ensuring that all
transistors are in the active region.
Calculate the low-frequency small-
signal differential gain and the −3 dB
bandwidth for a load capacitance of
CL = 1.5 pF which is much larger than
the parasitic transistor capacitances.
Use reasonable approximations when
calculating small-signal parameters.
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5.2

Figure P5.2

Design the two-stage opamp shown in
Fig. P5.2 to have a differential small-
signal gain of 30 dB in the first stage
and a small-signal gain of 26 dB in the
second stage. Use a channel length of
L = 0.8 µm for all transistors and de-
sign M5 and M6 to give bias currents
of ID5 = ID6 = 0.1 mA with a bias volt-
age VB = 0.7 V.
Assume transistor parameters as spec-
ified in Table 3.1 on page 67 and use
reasonable approximations in the de-
sign equations for the transistors. As-
sume that all transistors are in the ac-
tive region.

5.3
Use LTspice to simulate your design
from Problem 5.2. Use VDD = 1.8 V
and find simulated values for the differ-
ential small-signal gain in the first stage
and the small-signal gain in the second
stage.
Explain the differences between the
simulated values and the values given
in Problem 5.2.

5.4
Insert a capacitor Cc = 1.5 pF between
gate and drain of M7 in your design
from Problem 5.2 and calculate the fre-
quency of the dominant pole, assuming
that Cc is much larger than the transis-
tor capacitances.
Simulate the −3 dB bandwidth and
compare the simulated result to your
calculated result.
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5.5

Figure P5.5

Figure P5.5 shows a two-stage opamp
using a PMOS differential pair for the
input stage. Design the opamp using
transistors with parameters as specified
in Table 3.1 on page 67 and use a chan-
nel length of L = 0.9 µm and an effec-
tive gate voltage |Veff| = |VGS −Vt | =
0.3 V for all transistors. The supply
voltage is VDD = 1.8 V.
Design the opamp to provide gm1 =

0.3 mA/V and gm7 = 10gm1. Assume
that all transistors are in the active re-
gion and use reasonable approxima-
tions in the design equations for the
transistors.
Calculate the low-frequency differen-
tial small-signal gain and output resis-
tance of the opamp.

5.6
Use LTspice to simulate your design
from Problem 5.5. Find simulated val-
ues for gm1 and gm7 and the differential
small-signal gain and output resistance.
Explain the differences between the
simulated values and the values given
in Problem 5.5.

5.7
Insert a capacitor Cc between gate and
drain of M7 in your design from Prob-
lem 5.5 and calculate the value of Cc re-
quired to obtain gain-bandwidth prod-
uct of 40 MHz. Assume that Cc is much
larger than the transistor capacitances.
You may also assume that the gain in
the second stage is much larger than 1.
Simulate the gain-bandwidth product
and compare the simulated result to
your calculated result.
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5.8

Figure P5.8

Figure P5.8 shows the opamp from
Problem 5.5 with the output fed back
to the inverting input and a capacitor
CL = 1 pF connected to the output.
Find the low-frequency small-signal
gain. Use transistor models including
capacitances to simulate the frequency
response and find the frequency of the
peak in the response. Use a bias value
of the input voltage ensuring that all
transistors are in the active region.
Simulate the transient response with a
pulse input with a value of 0.2 V, a du-
ration of 100 ns, rise time and fall time
of 1 ns and a period of 200 ns. What is
the frequency of oscillation?
Insert a capacitor Cc = 1.2 pF between
gate and drain of M7 and repeat the
simulations. What is the −3 dB band-
width? Find the low-frequency output
resistance.
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Chapter 6 – Feedback

We have already in Chapter 5 seen an example of an amplifier using negative feedback, the noninverting
amplifier, and we have observed that feedback is useful for controlling properties such as the precision
of the gain. We have also seen that feedback may cause problems related to stability. In this chapter,
we examine the basic properties of feedback in more detail and we introduce methods to analyze the
stability and modify the circuit design to achieve stability.

After having studied the chapter, you should be able to

– explain the general structure of a system with negative feedback.

– calculate the effects of feedback on gain, bandwidth, input resistance and output resistance.

– explain the effects of feedback on nonlinearity and distortion.

– explain the different feedback topologies using voltage sensing or current sensing and voltage
mixing or current mixing.

– explain stability criteria for a system with feedback.

– find the loop gain and use the loop gain to find phase margin and amplitude margin in a system
with feedback.

– use methods of frequency compensation to obtain and improve stability in a system with feed-
back.

6.1 The basic feedback structure

The basic idea in a system with negative feedback is that a fraction of the output signal from the system
is fed back to the input where it is subtracted from the external input signal. As we have already seen
in Chapter 5 on page 206-207, this causes a reduction of the overall gain but it provides a number of
advantages which we will examine in the following. The concept is illustrated in Fig. 6.1, showing a
signal flow diagram of a feedback system (Lathi 2009; Sedra & Smith 2016).

Block A is an amplifier with a gain A = yo/xi. The gain A is called the open-loop gain. Block β is an
attenuator creating a feedback signal x f = β yo where β is called the feedback factor. The input to the
amplifier is the difference between an external input xs and the feedback signal x f . The signals xs, xi and
x f are of the same kind, e.g., they are all voltages or they are all currents. The signal yo may be of a
different kind than the signals xs, xi and x f . In the analysis of the system, it is assumed that the feedback
circuit (the β -circuit) does not load the output of the amplifier A (the A-circuit). Also, the β -circuit does
not load the input of the amplifier.
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Figure 6.1: Basic structure of a system with negative feedback.

Assuming unidirectional signal paths through both the A-network and the β -network, we find

yo = Axi = A(xs − x f ) = A(xs −β yo)

⇒ ACL =
yo

xs
=

A
1+Aβ

(6.1)

The gain ACL from the external signal source xs to the output yo of the system is called the closed-loop
gain. The quantity L = Aβ is the gain in the loop consisting of the amplifier A and the feedback network
β and it is called the loop gain. The quantity 1+L = 1+Aβ is called the amount of feedback.

We see from (6.1) that the closed-loop gain ACL is smaller than the open-loop gain A (assuming L pos-
itive), and if the loop gain is much larger than 1, i.e., Aβ � 1, we find an approximate value for the
closed-loop gain as

ACL � 1
β

(6.2)

This was also the result found in Chapter 5 for the noninverting amplifier shown in Fig. 5.1 on page
206 and this is the reason why an opamp with a very large gain is such a useful device in feedback
systems. The resulting closed-loop gain is determined solely by the feedback network which is normally
implemented from passive devices where the device values can be selected with high precision. In
particular, ratios between device values can be controlled with high precision in IC technology.

6.2 Advantages of feedback

We have already seen that one of the advantages of using negative feedback is that the closed-loop gain
is controlled mainly by passive components which can be selected with high precision whereas an open-
loop gain in a CMOS amplifier depends on transistor parameters which are rather imprecisely defined,
partly due to the spread in the manufacturing process, partly due to temperature variations and supply
voltage variations. In this section, we quantify the improvements in gain control and we investigate
the benefits of using negative feedback on other system parameters, including input resistance, output
resistance, bandwidth and distortion.
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Gain control. As an example of the gain control achieved by using negative feedback, we may revisit
the noninverting opamp shown in Fig. 5.1 on page 206. Using the notation from Fig. 6.1, we have
xs = vin, yo = vo, A = Ad , ACL = Av and x f = β yo = vo R1/(R1 +R2), i.e., β = R1/(R1 +R2). With an
ideal opamp, the closed-loop gain is G0 = 1/β = 1+R2/R1 as also found in (5.1). With a finite value of
Ad , we find from (6.1)

Av = ACL =
Ad

1+Ad R1/(R1 +R2)
=

(
1+

R2

R1

)(
1

1+(1+R2/R1)/Ad

)
= G0

1
1+G0/Ad

(6.3)

This result was also found in (5.2) on page 207.

As an example, let us assume that the target gain is G0 = 10 V/V ∼ 20 dB. Using a basic amplifier with
gains of 80 dB, 60 dB or 40 dB, we find

Ad ∼ 80 dB : ACL = 10
1

1+10/104 � 10×0.999

Ad ∼ 60 dB : ACL = 10
1

1+10/103 � 10×0.990

Ad ∼ 40 dB : ACL = 10
1

1+10/102 � 10×0.909

Thus, even very large variations (orders of magnitude) in Ad cause only moderate variations in the closed-
loop gain.
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We can quantify the gain control obtained from feedback by comparing the relative variation of the
closed-loop gain to the relative variation of the open-loop gain. Let us assume that the open-loop gain
may vary by ∆A, i.e., the relative variation is ∆A/A. This causes a variation ∆ACL in the closed-loop gain.
Using a linear approximation to the calculation of ∆ACL, we may find ∆ACL/∆A as

∆ACL

∆A
� dACL

dA
=

d
dA

(
A

1+Aβ

)
=

d
dA

(
1

1/A+β

)

= −(1/A+β )−2 (−A−2) =
1

(1+Aβ )2 (6.4)

From (6.4), we find

dACL =
dA

(1+Aβ )2 ⇒ dACL

ACL
=

(
1

1+Aβ

)
dA
A

(6.5)

Thus, the relative variation in closed-loop gain equals the relative variation in open-loop gain divided by
(1+Aβ ), the amount of feedback.

Linearity. The fact that feedback controls the gain such that for large values of A, the closed-loop gain
is close to 1/β , regardless of the exact value of A, serves to improve the linearity of the amplifier. As an
example, let us consider an amplifier with a nonlinear transfer function given by

vO =
2 V

1+ exp(−800 V−1 · vIN)
− 1 V (6.6)

This function is shown in Fig. 6.2. For vIN = 0, the output voltage is 0. For large positive values of vIN ,
the output voltage approaches 1 V and for large negative values of vIN , the output voltage approaches
−1 V. The small-signal gain for an input bias voltage VIN = 0 is 400 V/V.

Figure 6.2: Example of a nonlinear amplifier transfer function.

We may simulate the circuit using LTspice with the amplifier modeled as an arbitrary behavioral voltage
source, see the LTspice schematic in Fig. 6.3. Running a ‘.dc’ simulation with vIN varying from −2 mV
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to +2 mV results in the output plots shown in Fig. 6.4. The top trace shows vO versus vIN and the bottom
trace shows the small-signal gain dvO/dvIN versus vIN . We see that the transfer function is fairly linear
for small values of vIN , but for larger values, the output voltage approaches the saturation limits and the
plot of dvO/dvIN also shows that the small-signal gain drops to about 220 V/V for |vIN |= 2 mV.

Figure 6.3: LTspice schematic showing an amplifier with the nonlinear transfer function shown in Fig. 6.2.

Figure 6.4: Output plots from a ‘.dc’ simulation of the amplifier shown in Fig. 6.3.

Now, let us apply feedback to the amplifier. Suppose we wish to obtain a closed-loop gain of ACL =

20 V/V. We can find the required feedback factor β using (6.1):

ACL =
yo

xs
=

A
1+Aβ

⇒ β =
1
A

(
A

ACL
−1

)
=

1
ACL

− 1
A

(6.7)
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Figure 6.5: LTspice schematic showing the amplifier from Fig. 6.3 with feedback using β = 0.0475.

With ACL = 20 V/V and A = 400 V/V, we find β = 0.0475. Figure 6.5 shows the LTspice schematic for
the amplifier with feedback. As the feedback reduces the gain by a factor 1+β A = 20, we must use an
input voltage range from −40 mV to +40 mV in order to get an output voltage range comparable to the
range for the amplifier without feedback.

Figure 6.6 shows a simulation of the output voltage vO versus vIN and of the small-signal gain dvO/dvIN

versus vIN . Compared to Fig. 6.4, it is apparent that the feedback has improved the linearity. The
reduction in small-signal gain at the limits of the input range is now only about 7.5% compared to 45%
for the amplifier without feedback.

The linearity improvement may also be illustrated from the distortion. Applying a sinusoidal input
with an amplitude of 2 mV to the amplifier without feedback, we find (using a ‘.tran’ simulation with a
‘.four’ directive) a harmonic distortion of 4.6%. For the amplifier with feedback, a sinusoidal input with
an amplitude of 40 mV results in a distortion of 0.48%. Thus, we achieve a substantial improvement in
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Figure 6.6: Output plots from a ‘.dc’ simulation of the amplifier shown in Fig. 6.5.

linearity at the expense of a reduction in gain. However, by cascading two amplifier stages of the kind
shown in Fig. 6.5, we achieve an overall gain of 400 V/V, i.e., the same as for a single-stage amplifier
without feedback. Figure 6.7 shows the LTspice schematic for such a two-stage amplifier and Fig. 6.8

Figure 6.7: LTspice schematic showing a two-stage amplifier using the gain stages from Fig. 6.5.
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Figure 6.8: Output plots from a ‘.dc’ simulation of the two-stage amplifier shown in Fig. 6.6.

shows the output voltage and the small-signal gain for an input voltage range from −2 mV to +2 mV.
Clearly, the linearity of this amplifier is better than that of a single-stage amplifier without feedback. A
transient simulation of the amplifier from Fig. 6.7 shows a distortion of 0.48% for an input amplitude

Figure 6.9: Output voltage from the single-stage amplifier and the two-stage amplifier with a sinusoidal input voltage with an
amplitude of 2 mV.
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of 2 mV, i.e., much lower than for the single-stage amplifier without feedback and about the same as
found for the amplifier from Fig. 6.5, indicating that the distortion in the two-stage amplifier comes from
the output stage.

The difference between the single-stage amplifier and the two-stage amplifier may be further illustrated
by a plot of the output voltage for the two amplifiers with a sinusoidal input with an amplitude of 2 mV.
This is shown in Fig. 6.9. Clearly, the single-stage amplifier cannot deliver an output amplitude of
800 mV and the distortion of the output is visible. The two-stage amplifier delivers an output amplitude
very close to 800 mV, and the distortion is not visible.

Bandwidth. Assuming that the A-circuit is an amplifier where A is a transfer function with a low-
frequency gain A0 and a single pole at the frequency ωp, we have

A(s) =
A0

1+ s/ωp
(6.8)

Using (6.1), we find

ACL(s) =
A(s)

1+β A(s)
=

A0/(1+ s/ωp)

1+β A0/(1+ s/ωp)
=

(
A0

1+β A0

)(
1

1+ s/(ωp(1+β A0))

)
(6.9)

From (6.9), we find the low-frequency closed-loop gain

A0CL =
A0

1+β A0
(6.10)
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and the pole frequency ωpCL of the amplifier with feedback

ωpCL = ωp(1+β A0) (6.11)

Thus, the bandwidth of the amplifier is increased by a factor equal to the amount of feedback. The low-
frequency gain is reduced by a factor equal to the amount of feedback, so the gain-bandwidth product is
the same for the amplifier with feedback as for the amplifier without feedback. By applying feedback,
we trade off gain in order to obtain bandwidth. This trade-off is shown in the Bode plot in Fig. 6.10.

Figure 6.10: Bode plot of open-loop gain and closed-loop gain in a feedback amplifier with a single pole.

Output resistance. Let us consider a feedback system where the A-circuit is a voltage amplifier with
a differential gain A, an input resistance rin and an output resistance rout . The feedback system can be
modeled as shown in Fig. 6.11.

Figure 6.11: Circuit for finding the output resistance of a feedback amplifier with finite input resistance and output resistance of
the A-circuit.

In order to find the output resistance of the amplifier with feedback, we reset the input voltage vs, apply
a current io to the output and calculate the resulting output voltage vo. The output resistance is found as
rout CL = vo/io. Assuming infinite input resistance and zero output resistance of the β -circuit, we find

vo = Avid + io rout (6.12)
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and inserting vid = vs −β vo =−β vo, we find

vo =−Aβ vo + io rout ⇒ rout CL =
vo

io
=

rout

1+β A
(6.13)

From (6.13), we see that the output resistance of the amplifier with feedback equals the output resistance
of the basic amplifier reduced by a factor (1+β A), i.e., the amount of feedback. For a voltage amplifier,
the output resistance is ideally 0, so the decrease in output resistance is an improvement by a factor equal
to the amount of feedback.

Input resistance. Also the input resistance is improved by feedback. Again, let us consider a system
where the A-circuit is a voltage amplifier with a differential gain A. We assume the output resistance to
be rout and the input resistance to be rin. Figure 6.12 shows a feedback system using this amplifier.

Figure 6.12: Circuit for finding the input resistance of a feedback amplifier with finite input resistance and output resistance of the
A-circuit.

We can find the input resistance rinCL of the amplifier with feedback by applying an input voltage vs

and calculating rinCL = vs/iin where iin is the input current. Assuming infinite input resistance and zero
output resistance of the β -circuit, we find using Ohm’s law

iin =
vid

rin
=

vs −β vo

rin
=

vs −β ACL vs

rin
=

vs

rin

(
1− β A

1+β A

)
=

vs

rin

(
1

1+β A

)

⇒ rinCL = rin(1+β A) (6.14)

From (6.14), we see that the input resistance of the amplifier with feedback equals the input resistance of
the basic amplifier multiplied by the amount of feedback. For a voltage amplifier, the input resistance is
ideally infinite, so the increase in input resistance is an improvement by a factor equal to the amount of
feedback.

Resistive β -circuit. In the analysis above, it was assumed that the β -circuit was an ideal voltage at-
tenuator, i.e., a voltage-controlled voltage source with a gain smaller than 1. In practice, the β -circuit
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Figure 6.13: Feedback amplifier with finite input resistance and output resistance of the A-circuit and a resistive β -circuit.

is often implemented using passive components (resistors), and it represents a load to the output of the
amplifier. Also, the output of the β -circuit driving into the inverting amplifier input is not an ideal voltage
source. It has a finite output resistance. With the β -circuit implemented as a resistive voltage divider, we
have the circuit shown in Fig. 6.13.

The voltage attenuator has the attenuation ratio β =R1/(R1+R2), so we may modify the circuit as shown
in Fig. 6.14 where the feedback circuit has been modeled by a Thévenin equivalent circuit.
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Figure 6.14: Feedback amplifier with Thévenin modeling of the β -circuit.

From this, we see that (R1 ‖ R2) is added to rin and (R1 +R2) is connected as a load to the output. We
may take this load into account by modifying the gain of the A-circuit to (A(R1 +R2)/(R1 +R2 + rout))

and the output resistance of the A-circuit to (rout ‖ (R1 +R2)). However, the detailed calculations using
this approach are beyond the scope of this book and the reader is referred to Sedra & Smith (2016).

6.3 Feedback topologies

The feedback amplifiers treated in Section 6.2 were all based on a voltage amplifier as the A-circuit and
a voltage attenuator as the β -circuit. This configuration uses voltage sensing at the output and voltage
mixing at the input. Referring to the electrical connections, we have a series connection at the input and
a shunt connection at the output. It is called a series-shunt feedback configuration.

However, in the general structure shown in Fig. 6.1 on page 226, the x-signals are not necessarily of the
same type as the y-signal. Using current for the input signals and voltage for the output signal, we arrive at
a feedback structure as shown in Fig. 6.15 where the A-circuit is a transresistance amplifier characterized

Figure 6.15: Feedback amplifier with voltage sensing and current mixing, shunt-shunt feedback.
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by a transresistance A, an input resistance rin and an output resistance rout . For this configuration, the
β -circuit is a voltage-controlled current source, and we have i f = β vo, so β is a transconductance.
This configuration uses voltage sensing at the output and current mixing at the input. Referring to the
electrical connections, we have shunt connections at both the input and the output. It is called a shunt-
shunt feedback configuration.

Assuming that the β -circuit does not load the A-circuit, we find the closed-loop gain using (6.1):

ACL =
vo

is
=

A
1+Aβ

(6.15)

The transresistance of the basic amplifier is reduced by a factor equal to the amount of feedback and for
a large value of the loop gain β A, it is approximately equal to 1/β .

We can find the output resistance of the amplifier with feedback, by resetting the input signal is, applying
a current io to the output and calculating the resulting output voltage vo. The output resistance is found
as rout CL = vo/io. We find

vo = Aiin + io rout = A(−i f )+ io rout = A(−β vo)+ io rout ⇒ rout CL =
vo

io
=

rout

1+β A
(6.16)

The output resistance of the amplifier with feedback equals the output resistance of the basic amplifier
reduced by a factor (1+β A), i.e., the amount of feedback. For a transresistance amplifier, the output
resistance is ideally 0, so the decrease in output resistance is an improvement by a factor equal to the
amount of feedback.

The input resistance of the amplifier with feedback is found by calculating the input voltage when a
current is is applied to the input. We find

vin = iin rin = (is − i f )rin = (is −β vo)rin =

(
is −

β A
1+β A

is

)
rin ⇒ rinCL =

vin

is
=

rin

1+β A
(6.17)

The input resistance of the amplifier with feedback equals the input resistance of the basic amplifier
reduced by a factor (1+ β A), i.e., the amount of feedback. For a transresistance amplifier, the input
resistance is ideally 0, so the decrease in input resistance is an improvement by a factor equal to the
amount of feedback.

The transresistance amplifier with a resistive feedback network. Ideally, the β -circuit in Fig. 6.15
is a voltage-controlled current source with infinite input resistance and infinite output resistance. In
practice, it is often implemented just using a resistor R f as shown in Fig. 6.16. In this case, β = i f /vo =

−1/R f , so we need an inverting A-circuit, i.e., A = −RT as shown in Fig. 6.16 in order to obtain a
negative feedback.

As the feedback network is not an ideal voltage-controlled current source, it has some influence on the
calculations above, similar to what we found for the resistive feedback network for the voltage amplifier.
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Figure 6.16: Feedback transresistance amplifier with a resistive feedback network.

For the transresistance amplifier, we may modify the feedback circuit using a Norton transformation as
shown in Fig. 6.17.

From this, we see that R f appears in parallel with rin and R f is connected as a load to the output. We
may take this load into account by modifying the gain of the A-circuit to (−RT R f /(R f + rout)) and the
input and output resistances of the A-circuit to (rin ‖ R f ) and (rout ‖ R f ), respectively. However, again
the detailed calculations using this approach are beyond the scope of this book and the reader is referred
to Sedra & Smith (2016).
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Figure 6.17: Feedback transresistance amplifier with Norton modeling of the β -circuit.

Feedback amplifiers with current sensing. The feedback amplifiers examined so far have utilized
voltage sensing at the output, meaning that the output voltage is fed into the β -circuit.

Another possibility is to use current sensing where the output current is fed into the β -circuit. For this,
the β -circuit is placed in series with the output and the load so that the output current flows through both
the load and the β -network.

Figure 6.18 shows systems using current sensing. In Fig. 6.18(a), the input signal is a current is, so the
feedback signal i f is also a current, implying that current mixing is used at the input and that the β -circuit
is a current divider, ideally a current-controlled current source as shown in Fig. 6.18(a). Electrically, this
configuration uses a shunt connection at the input and a series connection at the output, so it is called a
shunt-series feedback system.

In Fig. 6.18(b), the input signal is a voltage vs, so the feedback signal v f is also a voltage, implying that
voltage mixing is used at the input and that the β -circuit is a transresistance, ideally a current-controlled
voltage source as shown in Fig. 6.18(b). Electrically, this configuration uses a series connection at the
input and a series connection at the output, so it is called a series-series feedback system.

For the circuits shown in Fig. 6.18, ideally we have RL = 0, and it can be shown that the current sensing
at the output causes an increase of the output resistance by a factor (1+β A). As a current mode output
ideally has an infinite output resistance, the feedback improves the output resistance by a factor equal to
the amount of feedback.

Just as for the circuits using voltage sensing, the β -circuit is often realized using passive components,
e.g., resistors, and the loading effects on the A-circuit caused by the β -circuit and a non-zero RL can be
taken into account in a way similar to what has been shown in Figs. 6.14 and 6.17 for the circuits using
voltage sensing. The details of this are beyond the scope of this book and the reader is referred to Sedra
& Smith (2016).
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(a)

(b)

Figure 6.18: Feedback amplifiers with current sensing and current mixing (a) or current sensing and voltage mixing (b).

6.4 The inverting amplifier

A feedback amplifier frequently encountered in analog electronics is the inverting amplifier shown
in Fig. 6.19. Using an ideal opamp, we find a gain of Av = vo/vs = −R2/R1. The input resistance is
R1 and the output resistance is 0. Clearly, the system uses feedback since the resistor R2 connects the
output signal back to the input of the opamp.

The fact that both the input signal vs and the output signal vo are voltages may cause confusion. For a
voltage input in a feedback system, we use voltage mixing corresponding to a series connection of the
feedback signal and the input signal. However, this is not what we see in Fig. 6.19. Rather, we observe
a shunt connection at the input of the opamp. This suggests that current mixing is used at the input to
the opamp, so in terms of feedback analysis, the feedback amplifier is a transresistance amplifier with
current input and voltage output.

241

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS

242

Feedback

242

CMOS Analog IC Design: Fundamentals Chapter 6 – Feedback

Figure 6.19: An inverting amplifier using an opamp.

In order to change the input signal into a current signal, we can apply a Norton transformation to vs and
R1. The Norton current is is = vs/R1. Also, let us assume that the opamp has a finite differential voltage
gain Ad . While still assuming an infinite input resistance and a zero output resistance for the opamp, we
arrive at the equivalent model shown in Fig. 6.20. Here the resistor R1 has been moved into the A-circuit.

Next, we may use a Norton transformation of the β -circuit as shown in Fig. 6.17 on page 240. Moving
the resistors from the Norton equivalent into the A-network, we find the circuit shown in Fig. 6.21.

From this, we find β = −1/R2, A = vo/iin = −Ad (R2 ‖ R1) and rin = R2 ‖ R1. We can then find the
closed-loop gain ACL = vo/is using (6.1):

ACL =
vo

is
=

A
1+Aβ

=
−Ad (R2 ‖ R1)

1+Ad (R2 ‖ R1)/R2
(6.18)
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Figure 6.20: Equivalent model for the inverting amplifier.

Figure 6.21: Equivalent model for the inverting amplifier with β -circuit transformed using a Norton equivalent.

Using is = vs/R1, we find

Av =
vo

vs
=

ACL

R1
=

(
−R2

R1

)(
Ad (R1/(R1 +R2))

1+Ad (R1/(R1 +R2))

)
(6.19)

Introducing G0 = −R2/R1 as the gain obtained with an ideal opamp with infinite gain, (6.19) may be
re-written

Av =
vo

vs
= G0

1
1+(1+ |G0|)/Ad

(6.20)

Notice the similarity between this expression and the result found for the noninverting amplifier in (6.3)
on page 227.

We may also find the resistance seen by the current source is using (6.17) on page 238. We find

rinCL =
rin

1+β A
=

R2 ‖ R1

1+Ad (R2 ‖ R1)/R2
= R2

(
1

Ad + |G0|+1

)
(6.21)

This resistance is equal to (R1 ‖ rid) where rid is the resistance looking into the inverting input node of
the opamp in Fig. 6.19. Using (6.21), we find
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rinCL = R1 ‖ rid ⇒ 1
rinCL

=
1

R1
+

1
rid

⇒ 1
rid

=
1

rinCL
− 1

R1
=

Ad + |G0|+1
R2

− |G0|
R2

=
Ad +1

R2
⇒ rid =

R2

Ad +1
(6.22)

Incidentally, the feedback method as used above is not always a shortcut to the solution. You may verify
(6.22) simply by using a loop equation to find rid as vin/is for the circuit shown in Fig. 6.16 on page 239,
see Problem 6.6 on page 276.

The input resistance of the feedback amplifier is increased by rid compared to the ideal value of R1. Since
this increase is normally small, the feedback ensures a low input resistance into the inverting opamp input
even with an infinite input resistance of the opamp.

In the analysis above, we have assumed an infinite input resistance and a zero output resistance of the
opamp. A finite input resistance of the opamp will appear in the A-circuit in parallel with R1 and R2 and
modify rinCL accordingly. A non-zero output resistance will appear in series with the controlled voltage
source Ad vin, causing a voltage division between R2 and the output resistance which reduces the loop
gain. Also, it implies that the output resistance of the amplifier with feedback is no longer zero but must
be found by dividing the output resistance of the A-circuit by the amount of feedback. This is an exercise
left for the reader.

A simulation example. We may illustrate the properties of the inverting amplifier by a simple LTspice
simulation example. Assume that the inverting amplifier from Fig. 6.19 is built from an opamp with a
gain Ad , an infinite input resistance and an output resistance rout . In order to obtain a gain of −10 V/V,
we select R2 = 10 kΩ and R1 = 1 kΩ. An LTspice schematic for this circuit is shown in Fig. 6.22. The
gain of the opamp is defined as a parameter ‘ ’ which is stepped (logarithmically) from a value of 100
to a value of 105 and the output resistance of the opamp is defined as a parameter ‘ ’ which is stepped
(logaritmically) from a value of 100 Ω to a value of 10 kΩ.

Figure 6.22: LTspice schematic for the inverting amplifier.

For simulating gain, input resistance and output resistance of the amplifier with feedback, we run a ‘.tf’
simulation. From this, we can plot gain, input resistance and output resistance versus the gain of the
opamp, and we can plot curves for the different values of rout specified by the ‘.step’ directive for ‘ ’.
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Figure 6.23: Gain, input resistance and output resistance for the inverting amplifier shown in Fig. 6.22.
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Figure 6.23 shows the plots where the green curves are for rout = 100 Ω, the blue curves are for rout =

1 kΩ and the red curves are for rout = 10 kΩ. We see that the closed loop gain is very close to the target
value of −10 V/V if only Ad > 104 ∼ 80 dB. Also input resistance and output resistance are very close
to the ideal values when Ad > 104 but for smaller values of Ad , the gain falls below the target value and
the input resistance and output resistance differ from the ideal values.

As an example, we may compare the simulated value of gain and input resistance to the values calculated
from (6.20) and (6.22) for Ad = 100. Using the simulations for rout = 100 Ω, we find a gain of −9.0 V/V
from the simulation and a gain of −9.0 V/V from (6.20). The input resistance found from the simulation
is rin = 1.1 kΩ, i.e., the increase in input resistance is 100 Ω compared to the ideal value. From (6.22),
we may calculate the increase in input resistance to be 99 Ω. The difference is caused by the non-zero
value of rout . Taking this into account in (6.22), R2 should be replaced by R2 + rout = 10.1 kΩ, resulting
in an increase in input resistance of 10.1 kΩ/101 = 100 Ω, exactly matching the simulated value.

6.5 Stability

We saw in Chapter 5 on page 216-217 that feedback may cause instability if a phase shift of the loop
gain causes the feedback to be positive rather than negative. A general requirement for stability of a
linear amplifier system is that the poles of the transfer function are in the left half-plane of the complex
frequency plane, the s-plane (Lathi 2009). For a system with feedback, the poles are found as the roots
of the equation (1 + β (s)A(s)) = 0. This has been reformulated by Harry Nyquist (1889-1976), an
American electronics engineer, into what is known as the Nyquist stability criterion (Nyquist 1932).

A Nyquist plot of the loop gain L( jω) = β ( jω)A( jω) shows L( jω) in the complex plane as a function
of the angular frequency ω when ω is swept from 0 to ∞. The stability criterion states that if the plot
of L( jω) encircles the point (−1,0), the amplifier is unstable. Figure 6.24 shows examples of loop gain
plots for a stable amplifier (a) and an unstable amplifier (b). From the Nyquist plot, we can find the
point where the loop gain plot intersects the unit circle, point A in Fig. 6.24(a). The phase angle left
until a phase shift of 180◦ is reached is defined as the phase margin PM. Point B in Fig. 6.24(a) is the
intersection between the real axis and the loop gain plot. For a stable system, this point is reached at a
higher frequency than point A and it falls within the unit circle. In point B, the loop gain is less than
0 dB and the absolute value of the loop gain measured in dB in point B is called the gain margin. The
gain margin is only defined for systems where the phase shift of L( jω) becomes larger than 180◦.

Normally, Nyquist plots are not used to show the frequency response. The use of Bode plots is much
more common. Figure 6.25 shows a Bode plot for a stable amplifier, corresponding to the Nyquist plot
shown in Fig. 6.24(a). From the Bode plot, we find the phase margin as

PM = 180◦ − (−� L( jω t)) = 180◦+ � L( jω t) (6.23)

where ω t is the unity-gain frequency of the loop gain.
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From the Bode plot, we can also find the gain margin. It is equal to −|L(ω180)|dB where ω180 is the
frequency for which � L(ω) =−180◦.

(a) (b)

Figure 6.24: Nyquist plot of the loop gain for a stable amplifier (a) and an unstable amplifier (b).

Figure 6.25: Bode plot of the loop gain for a stable amplifier.
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In practice, the phase margin is an important parameter for characterizing the stability of a feedback
amplifier. We will see in the following that both frequency response and transient response are closely
related to the phase margin.

A first-order system. A system where the loop gain has only a single pole is called a first-order system.
This is obtained from an amplifier with a single pole and a feedback circuit with a real, positive value of
β . We examined such a system on page 233-234 and we found that the amplifier with feedback is also
a first-order system with a single pole at the frequency ωpCL = ωp(1+β A0) where A0 and ωp are the
low-frequency gain and the pole frequency, respectively, of the basic amplifier.

Figure 6.26 shows a Bode plot of the open-loop gain A, the loop gain L and the closed-loop gain ACL of
the system. The low-frequency loop gain is L0 = β A0 and assuming β A0 � 1, the unity-gain frequency
of the loop gain is ω t = ωp L0 = ωp β A0. We notice that the unity-gain frequency of the basic amplifier
equals the gain-bandwidth product ω ta = A0 ωp, so ω t = β ω ta. From the Bode plot, we see that the
phase margin for a first-order system is at least 90◦ and a first-order system is always stable.

For a basic amplifier with a very high low-frequency gain, often the exact values of gain and band-
width are not very well defined, depending on transistor parameters, in particular small-signal output
resistances, which exhibit large variations due to variations in the manufacturing process. However,
the gain-bandwidth product GBW normally varies less with process variations, depending on capaci-
tances and transconductances only, rather than output resistances. For a single-pole amplifier, we have
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Figure 6.26: Bode plot for a first-order feedback system.

GBW= ω ta/(2π). With a closed-loop gain which is ∼ 1/β , we thus find a closed-loop bandwidth which
is the gain-bandwidth product of the basic amplifier divided by the low-frequency closed-loop gain.

The transient step response of a first-order system corresponds to the transient response of an RC-network
with a time constant τ (see the analysis on page 38-41) where

τ =
1

ωpCL
=

1
ωp(1+β A0)

� 1
ω t

(6.24)

With a transient step response given by vO = Vo(1− exp(−t/τ)), we find that the time tδ required to
reach (100− δ )% of the final value Vo is tδ = −τ ln(δ/100). With δ = 1%, we find tδ = 4.6 · τ , so the
time required to reach 99% of the final value is 4.6 times τ or 4.6 divided by the −3 dB bandwidth ωpCL

or 0.73 divided by the bandwidth fpCL in Hz. Within a time equal to the reciprocal of the bandwidth
in Hz, the output reaches about 99.8% of the final value.

Using the standard definition of rise time as the time required to go from 10% to 90% of the final value
(Elmore 1948), we find the rise time

tr = 2.197 · τ = 2.197/ωpCL = 0.35/ fpCL (6.25)
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Since the bandwidth of the amplifier is larger than the bandwidth of the basic amplifier by a factor equal
to the amount of feedback, the settling time for the amplifier with feedback is shorter than the settling
time for the basic amplifier. It is improved by a factor equal to the amount of feedback.

A second-order system. A second-order system has two poles in the loop gain. We consider an exam-
ple where β is real and positive and A is given by the transfer function

A(s) =
A0

(1+ s/ωp1)(1+ s/ωp2)
(6.26)

From this, we find
L(s) =

L0

(1+ s/ωp1)(1+ s/ωp2)
(6.27)

where L0 = β A0. The phase margin is

PM = 180◦ − arctan(ω t/ωp1)− arctan(ω t/ωp2) (6.28)

where ω t is the unity-gain frequency of the loop gain.

Figure 6.27: Bode plot for a second-order feedback system.
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Parameter First-order system Second-order system Higher-order system

Amplifier low-frequency A0 A0 A0

gain

Feedback factor β β β
Loop gain low-frequency L0 L0 L0

gain L0 = β A0 L0 = β A0 L0 = β A0

Dominant pole of loop gain ωp ωp1 ωp1

and amplifier

Gain-bandwidth product ω ta ω ta ω ta

of amplifier ω ta = A0 ωp ω ta = A0 ωp1 ω ta = A0 ωp1

Gain-bandwidth product ω tl ω tl ω tl

of loop gain ω tl = βω ta ω tl = βω ta ω tl = βω ta

Non-dominant pole(s) – ωp2 ωeq

Unity-gain frequency ω t ω t ω t

of loop gain ω t = ω tl ω t < ω tl ω t < ω tl

Table 6.1: Parameter definitions for the feedback amplifier system.

A Bode plot of the open-loop gain A and the loop gain L is shown in Fig. 6.27 and an overview of the
different parameters used for describing the frequency response of the feedback amplifier system is given
in Table 6.1.
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The plot also shows the closed-loop gain. We notice that at very high frequencies where Aβ � 1,
the closed-loop gain approaches the open-loop gain of the amplifier as expected from (6.1). From this
plot, we immediately see that the phase margin is always positive, i.e., the amplifier is stable. However,
depending on the values of L0, ωp1 and ωp2, we may find a small phase margin and although the feedback
amplifier is stable, it may exhibit peaking in the frequency response as shown in Fig. 6.27 and overshoot
in the step response, see for instance Fig. 5.16 on page 220.

Overshoot occurs when the two poles of a second-order system are complex conjugate poles rather than
two real poles, and peaking in the frequency response occurs with complex conjugate poles where the
imaginary part is larger than the real part (Chan Carusone, Johns & Martin 2012). Thus, in order to
investigate the frequency response and transient response of the second-order system in more detail, we
find the poles of the system with feedback by solving the equation

1+L(s) = 1+β A(s) = 0 (6.29)

Inserting A(s) from (6.26), we find

1+
β A0

(1+ s/ωp1)(1+ s/ωp2)
= 0

⇒ (1+ s/ωp1)(1+ s/ωp2)+β A0 = 0

⇒ s2 + s(ωp1 +ωp2)+(1+β A0)ωp1 ωp2 = 0 (6.30)

This is a quadratic equation with the solutions

s =−1
2
(ωp1 +ωp2)±

1
2

√
(ωp1 +ωp2)2 −4(1+β A0)ωp1 ωp2 (6.31)

From (6.31), we see that the poles are complex if

(ωp1 +ωp2)
2 < 4(1+β A0)ωp1 ωp2 ⇒ 1+β A0 >

(ωp1 +ωp2)
2

4ωp1 ωp2
(6.32)

As for the first-order system, the exact values of low-frequency gain and bandwidth are often not very
precisely defined whereas the product of low-frequency gain and bandwidth, the gain-bandwidth product
GBW, is more well-defined. Using ω ta = A0 ωp1 and assuming ωp2 � ωp1 and β A0 � 1, we may
reformulate (6.32) into

ωp1(1+β A0)> ωp2/4 ⇒ β ω ta > ωp2/4 ⇒ ωp2 < 4ω tl (6.33)

where we have introduced ω tl as the gain-bandwidth product of the loop gain. Notice that ω tl = β A0 ωp1

is larger than ω t , the unity-gain frequency of the loop gain, see Fig. 6.27. Thus, (6.33) shows that over-
shoot in the transient response occurs for ωp2 < 4ω tl . A system with overshoot is called an underdamped
system. If ωp2 = 4ω tl , the system is said to be critically damped.
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With ωp2 � ωp1 and ω tl = β A0 ωp1, we can also from (6.31) find that the real part of the solution is
equal to the imaginary part of the solution for ωp2 = 2ω tl . Thus, peaking in the frequency response
occurs for ωp2 < 2ω tl .

A system with no overshoot in the transient step response is called an overdamped system, and for a
strongly overdamped system (ωp2 � ω tl), the phase margin is rather close to 90◦ and the frequency re-
sponse and transient response resemble the response of a first-order system with a closed-loop bandwidth
equal to ω tl , i.e., a closed-loop bandwidth equal to the gain-bandwidth product of the basic amplifier di-
vided by the low-frequency closed-loop gain.

When ωp2 is reduced, both the frequency response and the transient step response are modified. We can
analyze the responses as functions of the ratio ωp2/ω tl . For this analysis, we consider a system with the
loop gain

L(s) =
ω tl

s(1+ s/ωp2)
(6.34)

This describes a second-order system with ωp1 = 0, having infinite gain for ω → 0 and a gain-bandwidth
product of ω tl . The closed-loop low-frequency gain is 1/β . Even with finite values of ωp1 and A0, (6.34)
is a good approximation to the loop gain for frequencies around ω t or larger if only the low-frequency
loop gain β A0 is larger than about 30 dB.

Using the filter blocks defined by Bruun (2017, Tutorial 5.3), we can model the system in LTspice as
shown in Fig. 6.28. For the first filter block ‘ ’, we define the unity gain frequency ‘ ’ = 1 in
order to normalize the response of the system with respect to f tl = ω tl/(2π). For the second filter block
‘ ’, we define the pole frequency ‘ ’ as a parameter which can be stepped through the range of
ωp2/ω tl = fp2/ f tl to be investigated.

Figure 6.28: LTspice model for a second-order feedback system.
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The output signal Vo is connected directly back into the inverting input of the amplifier so that the loop
gain of the system is

L( j f ) =
(

f tl

j f

)(
1

1+ j( f/ fp2)

)
(6.35)

The frequency response has been simulated for a frequency range of f tl/10 to 10 f tl , i.e., in the ‘.ac’
simulation, the start frequency is 0.1 Hz and the stop frequency is 10 Hz. The pole frequency fp2 has
been stepped through selected values corresponding to specific values of ωp2/ω tl . The range of values
for ωp2/ω tl is from 0.5 to 4, and also a value of 100 is included as this pushes ωp2 so high up in frequency
that the system behaves like a first-order system with the closed-loop bandwidth equal to ftl .

Figure 6.29 shows the simulated frequency response. We notice a peak in the response for ωp2/ω tl < 2.
We also see that the −3 dB bandwidth is larger than ftl for all values of ωp2/ω tl , except for ωp2/ω tl =

0.5 where the −3 dB bandwidth equals ftl , the bandwidth for the first-order system. The maximum
bandwidth occurs for ωp2/ω tl = 2 where the bandwidth is 1.41 · f tl . Thus, selecting fp2 = 2 f tl results
in a frequency response without peaking and with the maximum achievable bandwidth of 1.41 · f tl .
This is called the maximally flat frequency response or the Butterworth response (Sedra & Smith 2016),
named after the British physicist Stephen Butterworth (1885-1958). We also note from the figure that for
frequencies above the −3 dB bandwidth, the gain falls off with 40 dB per decade of frequency for the
two-pole system whereas the single-pole system (purple curve) falls off with 20 dB/decade.
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Figure 6.29: Simulated closed-loop frequency response for a second-order feedback system.

Using the ‘.meas ac’ directives shown in Fig. 6.28, we can find the −3 dB bandwidth and the value of the
peak as a function of ωp2/ω tl . From the error log file, we can plot the results calculated by the ‘.meas’
directives (Bruun 2017). Figure 6.30 shows both the peaking in dB and the −3 dB bandwidth (normalized
to f tl) for ωp2/ω tl varying from 0.5 to 4. In order to show smooth curves, the ‘.step’ directive has been
modified to have small steps for this simulation.

Figure 6.30: Simulated bandwidth (a) and amplitude peaking (b) for a second-order feedback system.

From Fig. 6.28, also a transient simulation with different values of ωp2/ω tl may be run. Figure 6.31
shows the simulated transient response. With f tl = 1 Hz, the x-axis is normalized to 1/ f tl . We observe
an overshoot in the output for ωp2/ω tl < 4. For ωp2/ω tl = 0.5, the overshoot is about 30% and for
ωp2/ω tl = 2 (the maximally flat frequency response), the overshoot is about 4.3%. We notice that for
the responses with a significant overshoot, the settling time can be quite long, several times 1/ f tl .
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For comparison, the first-order response is also shown (the purple trace), and for this, we recognize the
transient response and the rise time described on page 249. For the overdamped response (ωp2/ω tl > 4)
and the maximally flat frequency response (ωp2/ω tl = 2), we find rise times and settling times compara-
ble to the first-order response, although with overshoot for the maximally flat frequency response.

Figure 6.31: Simulated transient step response for a second-order feedback system.

A few simple parameters to characterize the underdamped response are the overshoot (in %) and the time
at which the overshoot occurs. These parameters are simulated using the ‘.meas tran’ directives shown
in Fig. 6.28, again with small steps for fp2 in order to achieve smooth curves. The plots resulting from
the error log file are shown in Fig. 6.32. We see that in general, an underdamped second-order system is
slower than a first-order system.

While requirements concerning peaking and overshoot may be applied directly in the design of a second-
order feedback system, often the specification given for a system is the phase margin. The phase margin
is also related to the position of the second pole frequency ωp2 relative to the gain-bandwidth product
ω tl of the loop gain. The smaller ωp2/ω tl , the smaller the phase margin.

Thus, from a relation between the phase margin PM and ωp2/ω tl , we can directly determine the required
positioning of ωp2, and using the results presented in Figs. 6.29 – 6.32, this can be related to the properties
of the frequency response and the transient response. We can find a relation between the phase margin
and ωp2/ω tl by simulating the loop gain of the system. Figure 6.33 shows the LTspice schematic for
simulating the loop gain and Fig. 6.34 shows the resulting simulation of the frequency response. The
phase margin is calculated using the ‘.meas’ directive shown in Fig. 6.33, and Fig. 6.35(a) on page 259
shows the relation between the phase margin and ωp2/ω tl .
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Figure 6.32: Simulated overshoot (a) and time for overshoot (b) for a second-order feedback system.

Figure 6.33: LTspice schematic for simulating the loop gain of a second-order feedback system.
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A few specific values are worth noting: A phase margin of 65.5◦ corresponds to ωp2/ω tl = 2, the
maximally flat frequency response. This is a common goal in the design of a second-order feedback
amplifier. Another design goal may be a design with no overshoot in the transient step response. This
requires ωp2/ω tl ≥ 4, corresponding to a phase margin of at least 76◦.
Extending the simulation in Fig. 6.33 to higher values of ωp2/ω tl , we find that PM = 80◦ requires
ωp2/ω tl = 5.6 and PM = 85◦ requires ωp2/ω tl = 11.4.

Figure 6.34: Simulated loop gain frequency response for a second-order feedback system.

From the simulation of the loop gain, we may also find the loop gain unity frequency ft = ω t/(2π).
Using a ‘.meas’ directive, ft/ ftl can be plotted versus fp2/ ftl . The resulting plot is shown in Fig. 6.35(b).
We notice that ft < ftl , and for fp2/ ftl → ∞ corresponding to a first-order system, ft → ftl .

In several textbooks, second-order systems are characterized by a quality factor Q and a resonance fre-
quency ω0 (Allen & Holberg 2012; Chan Carusone, Johns & Martin 2012; Sedra & Smith 2016).

Assuming L0 � 1 and ωp2 � ωp1, there is a simple relation between the resonance frequency ω0 and
the quality factor Q and ω tl and ωp2 (Chan Carusone, Johns & Martin 2012):

ω0 � √ω tl ωp2 (6.36)

Q �
√

(ω tl/ωp2) (6.37)

For a system specified by a requirement for a specific value of Q, the required positioning of ωp2 rel-
ative to ω tl is directly found using (6.37), and the value of ω tl can be found from Fig. 6.30 based on
requirements concerning bandwidth.
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Figure 6.35: Simulated relation between pole location and phase margin (a) and between pole location and loop gain unity-gain
frequency (b) for a second-order feedback system.

Higher-order systems. In practice, most feedback amplifiers have more than two poles in the transfer
function A(s), and A(s) may also include zeros. In particular, zeros in the right half-plane of the complex
frequency plane pose a problem because they cause an additional negative phase shift while also reducing
the attenuation in gain. Clearly, a feedback amplifier using a basic amplifier with more than two poles
and/or zeros may have a phase shift in excess of 180◦, potentially causing instability in a feedback
system.

Often it is not easy to analyze higher-order poles and zeros in detail and a design approach may be to
place the higher-order poles and zeros at frequencies well above ω tl so that they do not significantly
affect the loop-gain response.

If the frequencies of higher-order poles and zeros are known, they may be taken into account by replacing
the pole frequency ωp2 in the second-order system by an equivalent second-order pole frequency ωeq

given by (Chan Carusone, Johns & Martin 2012)

1
ωeq

�
n

∑
i=2

1
ωpi

−
m

∑
j=1

1
ωz j

(6.38)

where ω pi and ωz j are the frequencies of higher-order poles and zeros, respectively. Notice that with
right half-plane zeros, ωz j is negative in (6.38).

Alternatively, the phase shift caused by a higher-order pole or a zero may be estimated directly from
φi = −arctan(ω t/ωpi) or φ j = arctan(ω t/ωz j) where ω t is found from ω tl and Fig. 6.35(b). The phase
shift thus estimated may be used to increase the requirements concerning phase margin and the design
of gain-bandwidth product ω tl and second pole frequency ωp2 may then use the relations for the second-
order design, using the increased phase margin as a design target.
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Finding the loop gain. In the previous section, we found that stability is related to the loop gain L(s)
of the feedback system, not to A(s) and β (s) separately. It may not be easy to identify β and A separately
while the loop gain β A may be easier to find. This can be done by breaking the feedback loop at a
convenient point and analyzing the response of the signal path through the loop with the input signal
reset.

Figure 6.36: Feedback system with feedback loop broken for finding the loop gain.

Figure 6.36 shows a feedback system where the feedback loop is broken between the output of the A-
circuit and the input of the β -circuit. A test signal xt is applied as input to the β -circuit while the input
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signal xs is reset to 0. With xs = 0, the signal yr returned to the breakpoint is

yr = xt β (−A) (6.39)

and the loop gain is found as
L =−yr/xt (6.40)

When breaking the loop, it does not have to be at a specific point such as the connection to the β -circuit
as shown in Fig. 6.36. It can be at any point in the signal path of the loop but it is necessary to connect
a load Zr to the return point equal to the impedance Zt looking into the input point of the loop. Often a
convenient breakpoint can be identified where it is easy to find this impedance.

The test signal xt may be either a voltage or a current and the return signal yr will be of the same kind. If
the impedance at the breakpoint cannot be found, a method is to find the open-circuit voltage loop gain
Toc with xt as a voltage source and Zr = ∞ and the short-circuit current loop gain Tsc with xt as a current
source and Zr = 0. It can be shown (Rosenstark 1986) that the loop gain is

L = β A =
1

1/Toc +1/Tsc
(6.41)

Another challenge in finding the loop gain by simulation is that when breaking the loop also the bias
conditions for the transistors in the circuit are affected. It is necessary to run simulations to ensure
proper bias conditions or to provide a dc feedback path ensuring proper bias conditions (Bruun 2017;
Chan Carusone, Johns & Martin 2012). Alternatively, the loop gain may be simulated without breaking
the loop using a method developed by Middlebrook (1975) (Post 2011; Tuinenga 1995).

As an example of finding the loop gain by breaking the loop, we reconsider the inverting amplifier
from Section 6.4. We noticed that the identification of the A-circuit and the β -circuit was not quite
straightforward. For this example, we assume an opamp modeled by an input resistance rin, an output
resistance rout and a differential gain Ad(s). The equivalent circuit corresponding to the inverting ampli-
fier from Fig. 6.19 on page 242 is shown in Fig. 6.37. A load resistor RL is connected to the output of the
amplifier.

Figure 6.37: Equivalent circuit for an inverting amplifier.
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A convenient place to break the loop is along the dotted line in the figure. A test voltage is then applied
directly to the controlled voltage source of the opamp and the returned voltage is the voltage across rin.

Figure 6.38 shows the circuit for finding the loop gain. Notice that vs is reset, i.e., replaced by a short
circuit. From this circuit, we can immediately find the returned voltage vr and the loop gain using
repeated voltage divisions:

vr = (−Ad vt)

(
RL ‖ (R2 +(R1 ‖ rin))

rout +(RL ‖ (R2 +(R1 ‖ rin)))

)(
R1 ‖ rin

R2 +(R1 ‖ rin)

)

⇒ L = −vr

vt
= Ad

(
RL ‖ (R2 +(R1 ‖ rin))

rout +(RL ‖ (R2 +(R1 ‖ rin)))

)(
R1 ‖ rin

R2 +(R1 ‖ rin)

)
(6.42)

Figure 6.38: Equivalent circuit for finding the loop gain of an inverting amplifier.

Incidentally, if you do the same exercise for a noninverting amplifier (resetting the input signal and
breaking the loop in the opamp), you will find that the loop gain expression for the noninverting opamp
is exactly the same as the expression for the inverting opamp, so the stability properties of the two circuits
are the same.

In the examples above, β has been assumed constant. However, β may well be frequency-dependent so
that the closed-loop gain given by (approximately) 1/β is also frequency-dependent. This is useful when
designing a feedback system to have a desired frequency response. An example of this is the inverting
integrator obtained by replacing the feedback resistor R2 in the inverting amplifier shown in Fig. 6.19 on
page 242 by a capacitor C2. In this case, β = −sC2 and the closed-loop response is that of an inverting
integrator (Sedra & Smith 2016). However, for stability, it is the loop gain L(s) = β (s)A(s) which is
important. It does not matter if the frequency dependency of the loop gain is caused by β or by A.

For some applications, the loop gain is deliberately designed to result in positive feedback in order to
produce oscillations. However, the design of oscillators using positive feedback is beyond the scope of
this book and the reader is referred to Sedra & Smith (2016).
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6.6 Frequency compensation

We learned in Section 6.5 that designing a feedback amplifier for a required bandwidth specification or
transient response involves designing the gain-bandwidth product ω tl of the loop gain and designing the
position ωp2 or ωeq of higher-order poles and zeros relative to the gain-bandwidth product of the loop
gain. In general, it is desirable to place the higher-order poles and zeros at frequencies considerably
larger than the gain-bandwidth product of the loop gain. If higher-order poles and zeros are placed too
close to ω tl , a poor stability characterized by a small phase margin will result.

The process of designing the location of poles and zeros in order to fulfill stability requirements is called
frequency compensation. This normally involves reducing the gain-bandwidth product ω tl but as we will
see in the following, it can also include an increase of ωeq. Since ω tl is defined by ω tl = ωp1 A0 β , a
reduction in ω tl can be obtained by reducing any of the three factors β , A0, or ωp1.

Normally, β cannot be reduced since it is determined from the gain requirements of the closed-loop
amplifier. For a general-purpose opamp, often a value of β = 1 is assumed, corresponding to a voltage
follower configuration. If the amplifier is stable for this configuration, it will also be stable for configu-
rations providing a higher gain, i.e., using β < 1.

Reducing the gain A0 corresponds to shifting the amplitude plot of L( jω) downwards in a Bode plot
of L( jω). This is normally not desirable because it reduces the amount of feedback (1+β A0) at low
frequencies, thereby reducing the advantages of feedback.
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Dominant-pole compensation. Reducing the frequency of the dominant pole ωp1 corresponds to shift-
ing the amplitude plot of L( jω) to the left in a Bode plot of L( jω). This is shown graphically in Fig. 6.39.
The original frequencies are ωp1 and ω tl , giving the phase margin PM. The frequencies after compen-
sation are ω ′

p1 and ω ′
tl , giving the phase margin PM ′. Notice that the non-dominant pole remains un-

changed at the frequency ωp2.

Figure 6.39: Frequency compensation by moving the dominant pole. The dotted lines show the response after compensation.

Often this frequency compensation can be achieved by placing or increasing a capacitor in the node
giving rise to the dominant pole. Consider for instance an amplifier consisting of a differential input
stage followed by a single-ended output stage as shown in Fig. 6.40. Here the dominant pole is assumed
to be caused by the output resistance R1 of the differential stage and the capacitance C1 to ground at the
input node of the following stage. This creates a pole at the frequency ωp1 = 1/(R1C1). By increasing
C1, the pole frequency is reduced without affecting the gain and the position of other poles and zeros in
the circuit, so the gain-bandwidth product of the loop gain is reduced as shown in Fig. 6.39.

Figure 6.40: Dominant-pole compensation in a two-stage opamp.
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Miller compensation. Another way of reducing the frequency of the dominant pole is by introducing
an extra capacitor Cc between input and output of the second stage as shown in Fig. 6.41. As explained
on page 173-177, the Miller effect causes this capacitor to appear as a capacitance CM = (1−A2)Cc in
parallel with the capacitor C1 to ground. With A2 negative and |A2| � 1, CM causes the pole from the
input node to the second stage to move to a lower frequency. Because of the factor (1−A2), the size of Cc

required to move the pole to a specific frequency is much smaller than the size of a capacitor inserted in
parallel with C1 for moving the pole to the same frequency. The capacitor Cc is called the compensation
capacitor.

Figure 6.41: Miller compensation in a two-stage opamp.

We also found previously that the pole coming from the output node moves to a higher frequency when
inserting Cc, so ωp2/ω tl is increased both by an increase of ωp2 and by a reduction of ωp1. This is shown
in the Bode plot in Fig. 6.42.

Figure 6.42: Frequency compensation from a Miller capacitor. The dotted lines show the response after compensation.
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We may examine the Miller compensation in more detail by assuming that the differential stage can
be modeled as a voltage source V1 = A1Vid with an output resistance R1 and that the second stage is a
transconductance amplifier with a transconductance gm2 and an output resistance R2. Figure 6.43 shows
a circuit model including in addition to the compensation capacitor Cc also the capacitors C1 and C2

representing the capacitors to ground from the input and the output of the second stage.

Figure 6.43: Circuit model for the Miller-compensated two-stage opamp.

In order to find poles and zeros for this configuration, we use node equations for the nodes A and B
shown in Fig. 6.43.

Node A: (Va −V1)/R1 +Va sC1 +(Va −Vo)sCc = 0 (6.43)

Node B: (Vo −Va)sCc +gm2Va +Vo/R2 +Vo sC2 = 0 (6.44)
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Rearranging, we find

Node A: Va(1/R1 + s(C1 +CC))−Vo sCc = V1/R1 (6.45)

Node B: Va(gm2 − sCc)+Vo(1/R2 + s(C2 +Cc)) = 0 (6.46)

From (6.45) and (6.46), we find the transfer function
Vo

V1
=

−(gm2 − sCc)R1

(1/R1 + s(C1 +Cc))(1/R2 + s(C2 +Cc))+ sCc(gm2 − sCc)
(6.47)

From (6.47), we identify a right-half-plane zero at the frequency

ωz =
gm2

Cc
(6.48)

For finding the poles, we must solve the equation

(1/R1 + s(C1 +Cc))(1/R2 + s(C2 +Cc))+ sCc(gm2 − sCc) = 0

⇒ (C1C2 +C1Cc +C2Cc)s2 +((C2 +Cc)/R1 +(C1 +Cc)/R2 +gm2Cc)s+1/(R1R2) = 0 (6.49)

This is a quadratic equation, so it has two solutions, s =−ωp1 and s =−ωp2 where we assume that ωp1

is the frequency of the dominant pole and ωp2 is the frequency of the non-dominant pole.

Assuming ωp1 � ωp2, we can write (6.49) as

N0(s+ωp1)(s+ωp2) = 0

⇒ N0(s2 +(ωp1 +ωp2)s+ωp1 ωp2) = 0

⇒ N0(s2 +ωp2s+ωp1 ωp2) � 0 (6.50)

Comparing (6.49) and (6.50), we find

N0 ωp2 � (C2 +Cc)/R1 +(C1 +Cc)/R2 +gm2Cc ⇒ ωp2 �
(C2 +Cc)/R1 +(C1 +Cc)/R2 +gm2Cc

C1C2 +C1Cc +C2Cc
(6.51)

and
N0 ωp1 ωp2 � 1/(R1R2) ⇒ ωp1 �

1
R2(C2 +Cc)+R1(C1 +Cc)+R1R2 gm2Cc

(6.52)

Normally, the resistances R1 and R2 are output resistances from MOS transistors and they are much larger
than 1/gm2 where gm2 is the transconductance of a transistor. Using gm2 � 1/R1 and gm2 � 1/R2, (6.51)
can be simplified to

ωp2 �
gm2Cc

C1C2 +C1Cc +C2Cc
=

gm2

C1 +C2 +C1C2/Cc
(6.53)

We may recognize ωp2 as the reciprocal of the time constant τpB found in (4.83) on page 176.

Using the same approximation, we find

ωp1 �
1

R1R2 gm2Cc
(6.54)

267

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS Feedback

268

CMOS Analog IC Design: Fundamentals Chapter 6 – Feedback

We may recognize ωp1 as the pole caused by the Miller capacitance CM = (1−A2)Cc = (1+gm2 R2)Cc �
gm2 R2Cc and the output resistance R1 from the differential stage. We also note that without Cc, the second
pole would have been at the frequency 1/(R2C2). With C1 +C1C2/Cc comparable to C2, we find from
(6.53) that the frequency of the second pole is on the order of gm2/C2, and with gm2 � 1/R2, we find that
compensation capacitor also moves the non-dominant pole up in frequency.

A penalty associated with the Miller compensation is the introduction of the right-half-plane zero ωz

which may completely spoil the frequency compensation by causing a further phase shift in combination
with a reduced roll-off of the gain. Sometimes the circuit can be designed so that the zero is at a frequency
much higher than ωp2. If this is not possible, a resistor Rc can be inserted in series with Cc. It can be
shown (Gray, Hurst, Lewis & Meyer 2009) that this moves the zero to a higher frequency given by

ωz =
1

Cc(1/gm2 −Rc)
(6.55)

It is even possible to eliminate the zero by selecting Rc = 1/gm2.

Figure 6.44: LTspice model of a two-stage amplifer without frequency compensation.

A simulation example. In order to illustrate the dominant-pole compensation and the Miller compen-
sation by simulation, we examine the circuit shown in the LTspice schematic in Fig. 6.44. We assume
that this circuit models the loop gain L(s). Without compensation, the amplifier is a two-stage amplifier
with a gain of −10 V/V in each stage. The first stage is modeled as a voltage-controlled voltage source
with an output resistance R1 = 200 kΩ. The second stage is modeled as a transconductance amplifier
like in Fig. 6.43. The transconductance is gm2 = 0.1 mA/V and the output resistance is R2 = 100 kΩ, so
A2 =−gm2 R2 =−10 V/V.

The circuit also includes the capacitors C1 and C2, and with the values shown, we can calculate the
frequency of the dominant pole fp1 = 1/(2π R1C1) = 5 MHz, giving a gain-bandwidth product of ftl =
A1A2 fp1 = 500 MHz. The second pole is caused by R2 and C2, and with the values shown, we find
fp2 = 1/(2π R2C2) = 20 MHz.

Thus, we have a non-dominant pole at a frequency which is much smaller than the gain-bandwidth
product of the loop gain which clearly leads to an unacceptable phase margin.
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Figure 6.45 shows a plot from a ‘.ac’ simulation of the loop gain. We find a phase margin of less than
15◦, clearly inadequate for normal purposes.

Figure 6.45: Plot of loop gain for the uncompensated amplifier from Fig. 6.44.

Next, we introduce dominant-pole compensation. Assume that the design target is a phase margin of
65.5◦, resulting in a maximally flat frequency response. From Fig. 6.35(a), we find that this requires
fp2/ ftl = 2, corresponding to ftl = 10 MHz. With a low-frequency gain of 100 V/V, this gives fp1 =

0.1 MHz, and for R1 = 200 kΩ, we find C1 = 1/(2π R1 fp1) = 8 pF.
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Repeating the simulation with C1 = 8 pF results in the Bode plot shown in Fig. 6.46 where we see that
that phase margin is now about 66◦, so the design target has been reached. As expected, the increased
phase margin is obtained at the expense of a reduced gain-bandwidth product of the loop gain.

Figure 6.46: Plot of loop gain for the amplifier from Fig. 6.44 with the value of C1 increased to 8 pF.

Alternatively, we may insert a compensation capacitor to create a Miller compensation. The dominant
pole is found from

fp1 =
1

2π R1(C1 +CM)
=

1
2π R1(C1 +(1+ |A2|)Cc)

(6.56)

Inserting component values and a target value of fp1 = 0.1 MHz, we find Cc = 0.71 pF. Repeating
the ‘.ac’ simulation with C1 = 0.16 pF and Cc = 0.71 pF inserted between the input and output of the
transconductance gm2 results in the Bode plot shown in Fig. 6.47.

We see that the bandwidth is 0.1 MHz as expected but we find a phase margin of only about 57◦.
Examining the Bode plot, we find that the poor phase margin is caused by a zero, reducing the gain
roll-off while increasing the phase roll-off. From (6.48), we can calculate the frequency of the zero to be
fz = 22 MHz, i.e., only a factor of 2.2 larger than ftl .

From (6.53), we can also estimate the frequency of the second pole to about 62 MHz which is more
than adequate. However, in order to fulfill a specification of 65.5◦ phase margin, we need to modify
the circuit. We could either try to move the zero to a higher frequency, or we could insert a resistor in
series with Cc. Moving the zero to a higher frequency is possible when designing the two stages of the
amplifier. This is an exercise left for Chapter 7.

Here, we consider a resistor in series with Cc. From (6.55), we see that the zero is eliminated for
Rc = 1/gm2 = 10 kΩ. Figure 6.48 shows the LTspice schematic modified to include both Cc and Rc

and Fig. 6.49 shows the plot from the ‘.ac’ simulation.

From the Bode plot, we find a phase margin of more than 82◦. In a design iteration, the phase margin
may be reduced by reducing Cc, resulting in a larger bandwidth and gain-bandwidth product of the
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Figure 6.47: Plot of loop gain for the amplifier from Fig. 6.44 with a compensation capacitor of 0.71 pF inserted between input
and output of gm2.

Figure 6.48: LTspice model of a two-stage amplifier with Miller compensation of the frequency compensation.

amplifier. From (6.53), we see that the position of the second pole is only slightly affected by Cc, so with
fp2 � 62 MHz, the gain-bandwidth product may be increased from 10 MHz to about 30 MHz. Using
(6.56), we find that this is achieved by reducing Cc to 0.22 pF. Figure 6.50 shows a Bode plot where

Figure 6.49: Plot of loop gain for the Miller-compensated amplifier from Fig. 6.48.
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Cc in Fig. 6.48 has been reduced to 0.22 pF. From the plot, we find a phase margin of about 66◦and
a bandwidth of 300 kHz, corresponding to a gain-bandwidth product ftl = 30 MHz, i.e., a significant
increase compared to the circuit using dominant-pole compensation.

With ftl � 30 MHz and a maximally flat frequency response, Fig. 6.30(a) shows that we can expect a
closed-loop bandwidth of about 42 MHz. This may be verified by a simulation where the output voltage
‘ ’ is connected directly back to the inverting input of ‘E1’ in Fig. 6.48. This is an exercise left for the
reader.

Figure 6.50: Plot of loop gain for the Miller-compensated amplifier from Fig. 6.48 with Cc reduced to 0.22 pF.
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Problems

6.1

Figure P6.1

For the feedback amplifier shown in
Fig. P6.1, find an expression for the
feedback factor β and the closed-loop
gain vo/vin, assuming that the amplifier
A is an ideal opamp.
Calculate the closed-loop gain for R1 =

1 kΩ, R2 = 10 kΩ, R3 = 2kΩ and R4 =

8 kΩ.
Calculate the closed loop gain, assum-
ing that the opamp has a finite gain of
A = 100 V/V.

6.2

Figure P6.2

For the feedback amplifier shown in
Fig. P6.2, assume that the amplifier is
a voltage amplifier with a gain A, an
infinite input resistance and an output
resistance of 0. With A infinite, the
closed-loop gain is G0 = vo/vin = 1/β .
Show that the relative reduction in
closed-loop gain caused by a finite
value of A is G0/(A+G0).
For the circuit in Fig. P6.1, find the
minimum value of A required to obtain
a closed-loop gain which deviates at
most 2% from the value obtained with
an ideal opamp.
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6.3
An amplifier with a specified gain of
A = 1000 V/V is used to implement a
feedback amplifier with a closed-loop
gain of 100 V/V. Assuming a 30% tol-
erance in the specification of A, what is
the tolerance of the closed-loop gain?
What is the tolerance of the closed-loop
gain if it is reduced to 10 V/V ?
What is the total gain and the tolerance
of the total gain for an amplifier using
two cascade-connected stages where
each stage provides a closed-loop gain
of 10 V/V ?
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6.4

Figure P6.4

For the feedback amplifier shown in
Fig. P6.4, assume that the amplifier is
a voltage amplifier with a gain A =

200 V/V, an infinite input resistance
and an output resistance of 10 kΩ. Also
assume that the β -network does not
load the amplifier.
What is the maximum closed-loop gain
that can be achieved if the closed-loop
output resistance must not be larger
than 1 kΩ ?
Which value of β is required to give the
maximum closed-loop gain?

6.5

Figure P6.5

For the feedback amplifier shown in
Fig. P6.5, assume that the amplifier is
a voltage amplifier with a gain A =

200 V/V, an infinite input resistance
and an output resistance of 10 kΩ. Also
assume that R1 = 0.45 kΩ and R2 =

9.55 kΩ.
Find the closed-loop gain vo/vin and
the closed-loop output resistance. You
may use LTspice for this.

6.6

Figure P6.6

For the feedback amplifier shown in
Fig. P6.6, assume that the amplifier is
a voltage amplifier with a gain Av, an
infinite input resistance and an output
resistance of 0. Use node equations
and loop equations to find an expres-
sion for the closed-loop gain ACL =

vo/iin and the closed-loop input resis-
tance rinCL. Calculate the values of
closed-loop gain and input resistance
for Av = 20 V/V and R = 10 kΩ.
Repeat the problem, assuming a non-
zero output resistance of rout = 100 Ω
for the amplifier.
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6.7

Figure P6.7

Figure P6.7 shows a transconductance
amplifier with series-series feedback in
order to obtain a well-defined small-
signal transconductance io/vin. The
amplifier is a voltage amplifier with
Av = 60 V/V, infinite input resistance
and an output resistance of 0. Transis-
tor M1 is biased to have gm1 = 1 mA/V.
The small-signal output resistance of
M1 can be neglected. The resistor RF

has a value of 5 kΩ.
Find the small-signal loop gain Aβ , the
feedback factor β and the closed-loop
transconductance io/vin.

6.8

Figure P6.8

Figure P6.8 shows an inverting integra-
tor built from an opamp, a resistor R =

10 kΩ and a capacitor C = 16 pF. The
opamp has infinite input resistance, an
output resistance of 0, and the trans-
fer function Av(s) has a low-frequency
gain of 1000 V/V and a single pole
causing a gain-bandwidth product of
100 MHz.
Find an expression for the loop gain
L(s) and find the phase margin of the
system.

6.9
Repeat Problem 6.8, assuming that the
opamp has an additional pole at fp2 =

100 MHz. You may use LTspice to find
the phase margin.
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6.10

Figure P6.10

Figure P6.10 shows a feedback ampli-
fier using an opamp with infinite in-
put resistance, an output resistance of
0, and a transfer function with a low-
frequency gain of 200 V/V and a single
pole at the frequency fp1 = 270 kHz.
The feedback resistors are R1 = 50 kΩ
and R2 = 400 kΩ. A parasitic capac-
itance Cp = 0.6 pF is also included as
shown.
Sketch a Bode plot of the loop gain and
estimate the phase margin. Verify your
result using LTspice.
In order to increase the phase margin,
a dominant-pole frequency compensa-
tion is applied. Find the new pole fre-
quency f ′p1, so that a phase margin of
65.5◦ is obtained. Verify your result
using LTspice.
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Chapter 7 – The Two-Stage Opamp

In this chapter, we present an example of the design of a two-stage opamp for application in a feedback
amplifier. The design illustrates many of the concepts presented in the preceding chapters, and in the
present chapter, we focus on synthesis rather than analysis. Additionally, we show how to proceed from
a Shichman-Hodges transistor model to a BSIM transistor model. This is required to get a final circuit
design which can be expected to fulfill the design specifications.

After having studied the chapter, you should be able to

– design a two-stage opamp to fulfill specifications concerning stability.

– identify slew-rate limitations in the two-stage opamp.

– design a two-stage opamp to fulfill specifications concerning bandwidth, slew rate, etc.

– determine transistor small-signal parameters by simulation using a BSIM transistor model.

– verify phase margin specification by a simulation of the loop gain.

– verify slew rate specification by a transient simulation.

– use LTspice simulations for performing design iterations.

When designing a two-stage opamp, many specifications may be considered. Listed below are some of
the parameters for which specification requirements may be defined.

– Gain.
– Slew rate.
– Bandwidth.
– Stability in feedback systems.
– Power dissipation.
– Supply voltage.
– Output voltage swing.
– Input voltage swing.
– Noise.
– Common-mode rejection ratio.
– Power-supply rejection ratio.

Often only some of the parameters are specified while others may be allowed to vary over a reasonable
range, thus providing flexibility in the design. Also, specifications may lead to conflicting requirements
concerning the design, in which case a compromise will be necessary. For instance, it can be difficult to
combine a large bandwidth with a low power consumption.
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7.1 Specifications for a design example

For the design example treated in this chapter, we consider a two-stage opamp to be used in a noninverting
feedback configuration as shown in Fig. 7.1. The feedback network is capacitive so that it does not
provide a resistive load to the amplifier. This implies that the two-stage amplifier does not need an
additional source-follower output stage.

Figure 7.1: Noninverting amplifier circuit with capacitive feedback network.

The specifications which we will consider are the following:

– Midband closed-loop gain: 14 dB ±0.3 dB.
– Bandwidth: ≥ 20 MHz.
– Load capacitance: 1.5 pF.
– Capacitive load from feedback network: ≤ 0.2 pF.
– Capacitor CA must be much larger than parasitic capacitance to ground from inverting opamp

input.
– Slew rate: ≥ 30 V/µs.
– Phase margin: ≥ 65◦.
– Positive supply voltage: 0.9 V.
– Negative supply voltage: −0.9 V.
– Output voltage range: −0.75 V to +0.75 V.
– Input voltage range: −0.15 V to +0.15 V.
– Technology: Generic 0.18 µm CMOS n-well process.

We notice that the requirement concerning input voltage range favors the use of a PMOS differential
input pair when using an n-well process for the opamp because this makes it possible to avoid the bulk
effect in the input transistors. The bulk effect increases the threshold voltage, and the voltage available
for the gate-source voltage of the differential pair plus the drain-source voltage of the tail current source
is only 0.9 V−0.15 V = 0.75 V, so there may not be enough headroom for a threshold voltage increased
by the bulk effect.
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A PMOS input pair is often the preferred choice anyway because bandwidth considerations favor the use
of an NMOS common-source transistor for the second stage in order to achieve a large transconductance
and a small gate-source capacitance. Also noise considerations may influence the choice between NMOS
and PMOS transistors for the input stage (Chan Carusone, Johns & Martin 2012).

We can also immediately see that the requirements concerning midband gain (14 db ∼ 5 V/V) implies
1 +CA/CB = 5 ⇒ CA = 4CB, assuming that the opamp gain is large so that the closed-loop gain is
(approximately) 1/β = (C−1

A +C−1
B )/(C−1

A ) = 1+CA/CB and β = 1/5.

In order to ensure CA much larger than the parasitic capacitances, we select CA and CB as large as possible
without exceeding the limitation concerning the capacitive load from the feedback network. The capac-
itive load from CA and CB is the series connection of CA and CB which is then selected to the maximum
value of 0.2 pF, giving C−1

A +C−1
B = (0.2 pF)−1, and with CA = 4CB, we find CA = 1 pF and CB = 0.25 pF.

For the frequency compensation, we select a Miller compensation with a capacitor Cc connected from
gate to drain of the second-stage common-source transistor since this gives both a pole splitting and a
small value of compensation capacitor as explained on page 265-268.

With the opamp configuration and the capacitors in place, we now have the schematic of the feedback
amplifier shown in Fig. 7.2.
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Figure 7.2: Transistor schematic of the noninverting opamp with feedback network and load capacitance.

The requirements determine the design as follows:

– The bandwidth specification, BW, puts constraints on the transconductance of the input transis-
tors and the compensation capacitor which determine the gain-bandwidth product of the loop
gain, in turn determining the bandwidth as shown in Fig. 6.30(a) on page 255 in combination
with the first non-dominant pole.

– The slew-rate specification, SR, puts constraints on the bias current for M5 and M6. The slew
rate is defined as the maximum value of |dvO/dt| which can be achieved at the output of the
opamp (Hambley 2014), and this is limited by the current available to change the voltage on a
capacitor, see (2.11) on page 24.

– The specification for the phase margin, PM, puts constraints on the location of non-dominant
poles and zeros in the opamp.

– The specification for output voltage range puts constraints on the saturation voltage of the output
transistors M6 and M7.

– The specification for input voltage range puts constraints on the saturation voltage of M5 and
the gate-source voltage of M2.

Clearly, the constraints imposed by the specifications are not independent. In the design approach pre-
sented in the following section, we take the specifications concerning stability and phase margin as a
starting point. This will determine the small-signal transconductances for the transistors in the signal
path.

We can subsequently find transistor geometries and bias conditions, taking the other specifications into
account and also using the BSIM transistor models from Fig. 3.44 on page 104.

7.2 Bandwidth and stability requirements

For investigating bandwidth and stability, we must examine the loop gain of the feedback amplifier. The
opamp is a two-stage opamp with the configuration shown in Figs. 6.41 and 6.43 on page 265-266. For
finding the loop gain, we break the feedback loop at the input to the differential stage and apply a test
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input voltage. Figure 7.3 shows a schematic for finding the loop gain. From (6.40), we find the loop gain
as minus the returned voltage divided by the test voltage. The minus sign may be avoided by applying
the test voltage to the positive input of the opamp while resetting the negative input as shown in Fig. 7.3.

Figure 7.3: Open-loop circuit for finding the loop gain L(s) =Vf (s)/Vt .

In Fig. 7.3, the transistor capacitances at the output of the opamp are assumed to be much smaller than the
load capacitance CL and the capacitors CA and CB in the β -network. Capacitor C1 is the parasitic transistor
capacitance from the input of the second stage, often dominated by the gate-source capacitance of M7.
Resistor R1 is the output resistance of the differential stage, i.e., R1 = (rds2 ‖ rds4) = (gds2 +gds4)

−1 and
R2 is the output resistance of the second stage, i.e., R2 = (rds6 ‖ rds7) = (gds6 +gds7)

−1.

Assuming that the transfer function of the opamp has a low-frequency gain A0, a dominant pole at the
frequency ωp1, a non-dominant pole at the frequency ωp2 and a right half-plane zero at the frequency ωz,
the loop gain is given by

L(s) =
(

CB

CA +CB

)(
A0(1− s/ωz)

(1+ s/ωp1)(1+ s/ωp2)

)
(7.1)

In this expression, all higher-order poles and zeros are neglected. With ωp2 � ωp1, the loop gain can be
approximated by

L(s)�
(

CB

CA +CB

)(
A0ωp1(1− s/ω z)

s(1+ s/ωp2)

)
(7.2)

for frequencies ω � ωp1.

Using (5.7) and (5.9) on page 210, we find, assuming C1 �Ccgm7/(gds6 +gds7)

A0 �
(

gm1

gds2 +gds4

)(
gm7

gds6 +gds7

)
(7.3)

ωp1 � (gds2 +gds4)(gds6 +gds7)

gm7Cc
(7.4)

resulting in the gain-bandwidth product of the loop gain

ω tl = β A0 ωp1 � β
(

gm1

Cc

)
=

(
CB

CA +CB

)(
gm1

Cc

)
(7.5)

The non-dominant pole ωp2 can be estimated from (6.53) on page 267. In this equation, gm2 should be
replaced by gm7, and C2 is the total load capacitance at the output. Neglecting the transistor capacitances,
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C2 =CL +CACB/(CA +CB) = 1.7 pF, so we find

ωp2 �
gm7

C1 +C2 +C1C2/Cc
(7.6)

The zero is found from (6.48) on page 267 with gm2 replaced by gm7, i.e.,

ωz =
gm7

Cc
(7.7)

In Chapter 6, we saw an example showing how the zero could be eliminated by inserting a resistor in
series with Cc. For the two-stage opamp, the resistor is normally implemented as a transistor working
in the triode region (Allen & Holberg 2012; Chan Carusone, Johns & Martin 2012). Another approach
is to try to design the opamp so that the zero is at a frequency which is much higher than the unity-gain
frequency ω t of the loop gain and also modify the requirement concerning the phase margin to take the
phase shift from the zero into account. With the loop gain given by (7.2), the phase margin is

PM = 180◦−90◦− arctan(ω t/ωz)− arctan(ω t/ωp2) = 90◦− arctan(ω t/ωz)− arctan(ω t/ωp2) (7.8)

The unity-gain frequency ω t of the loop gain is somewhat lower than the gain-bandwidth product ω tl of
the loop gain, see Fig. 6.35(b) on page 259. However, with a large phase margin requiring a large ratio
between ωp2 and ω tl , the difference between ω t and ω tl is not large, and anyway using ω tl instead of ω t

in (7.8) gives a conservative estimation of the phase margin. So, with ωz = 10ω tl , the phase shift from
the zero will be less than arctan(0.1) = 5.7◦.
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From (7.5) and (7.7), we find that

ωz

ω tl
=

(
gm7

Cc

)(
Cc

β gm1

)
=

(
1
β

)(
gm7

gm1

)
= 10 ⇒ gm7 = 2gm1 (7.9)

Allowing 6◦ phase shift from the zero and an additional phase shift of about 5◦ from higher order poles
and zeros in the opamp, we may increase the phase margin requirement to 76◦. From Fig. 6.35(a) on
page 259, we see that a phase margin of 76◦ is achieved with ωp2 = 4ω tl . Using (7.5) and (7.6), we find

ωp2

ω tl
=

(
gm7

C1 +C2 +C1C2/Cc

)(
Cc

β gm1

)
(7.10)

From (7.10), we can find Cc as a function of C1, C2, gm1, gm7, ωp2/ω tl and β . This results in

Cc

C2
=

1+
C1

C2
+

√(
1+

C1

C2

)2

+4
(

gm7

β gm1

)(
ω tl

ωp2

)(
C1

C2

)

2
(

gm7

β gm1

)(
ω tl

ωp2

) (7.11)

In (7.11), both Cc and C1 have been normalized with respect to the load capacitance C2 and Fig. 7.4 shows
Cc/C2 as a function of C1/C2 with k = (gm7/(β gm1))(ω tl/ωp2). With ω tl � β gm1/CC and ωz = gm7/CC,
the parameter k is equal to ωz/ωp2, and using ωz = 10ω tl and ωp2 = 4ω tl , we find k = 2.5.

k =
ωz

ωp2

Figure 7.4: Compensation capacitor Cc versus parasitic transistor capacitance C1.

Assuming that the transistor capacitances are much smaller than CL, we may insert C1 = 0 in (7.10),
leading to

ωp2

ω tl
=

(
gm7

C2

)(
Cc

β gm1

)
= 4 ⇒ Cc = 0.4 C2 = 0.68 pF (7.12)

The same result is found from Fig. 7.4 with k = 2.5 and C1 = 0.
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Next, we may use the bandwidth specification to find the transconductances. The bandwidth depends on
ω tl . A conservative estimate is BW = β gm1/(2π Cc) from (7.5). From Fig. 6.30(a) on page 255, we see
that we may apply a factor between 1 and 1.41 but here we will use the conservative estimate and leave
some margin for parasitic effect. This yields

2π ×20 MHZ =

(
CB

CA +CB

)(
gm1

Cc

)
⇒ gm1 = 0.43 mA/V (7.13)

and from (7.9), gm7 = 2gm1 = 0.86 mA/V.

We now have all the capacitor values and the transconductance values for the schematic in Fig. 7.3. We
do not have the resistor values corresponding to the small-signal transistor drain-source resistances but
since they do not enter into the design equations, the exact values are not important. Let us assume
that the transistors can be designed to have gm larger than about 50 times gds. For the resistors, we
may then use values of about 25 times 1/gm, taking into account that each of the resistors is a parallel
connection of two output resistors. With the values found for gm1 and gm7, we may estimate R1 � 70 kΩ
and R2 � 35 kΩ. With these values, we can now verify the bandwidth and phase-margin specifications
using LTspice, even before starting the dimensioning of the transistors.

Figure 7.5: LTspice schematic for simulation of loop gain L(s) =Vf (s)/Vt .

Figure 7.5 shows an LTspice schematic corresponding to the circuit shown in Fig. 7.3 with the values of
capacitors, transconductances and resistors inserted. In order to establish a dc path to the feedback node
Vf , the large resistors RA and RB are connected in parallel with CA and CB. They have been selected such
that RA/RB =C−1

A /C−2
B , and they are large enough that they do not influence the transfer function of the

circuit in the frequency range of interest, but they ensure that LTspice can find the correct dc bias point
for the ‘.ac’ simulation.

Figure 7.6 shows the simulated loop gain. We notice that the loop-gain unity-gain frequency is about
18 MHz, as expected slightly lower than the gain-bandwidth product ftl = ω tl/(2π) = 20 MHz calcu-
lated using (7.5). We also see that the phase margin is about 73◦, slightly higher than the phase margin
estimated from (7.8) with ω t replaced by ω tl . At the frequency ftl = 20 MHz, we find a phase shift
of −108◦ from Fig. 7.6, matching the calculated values reasonably well.
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Figure 7.6: Plot of loop gain from LTspice simulation.

In the schematic in Fig. 7.5, we may also close the feedback loop by connecting Vf back to the inverting
input of gm1 and run a ‘.ac’ simulation to find the −3 dB frequency of Vo. Figure 7.7 shows the result of
this simulation. From this, we can verify the low-frequency gain of 14 dB and the −3 dB frequency of
26 MHz, leaving some margin to the specification. Thus, we conclude that the values found for gm1, gm7

and Cc constitute a good starting point for the transistor design.
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Figure 7.7: Plot of closed-loop gain from LTspice simulation.

7.3 Bias point and transistor dimensions

In order to design the transistors in the circuit shown in Fig. 7.2, we must find bias conditions for each
transistor ensuring that the requirements concerning slew rate and input/output voltage range can be met
while achieving the transconductances already found. Also the values of W and L must be designed for
each transistor.

We may start by considering the slew-rate specification. The bias current for M5 is the maximum cur-
rent available for charging and discharging of Cc, and the bias current for M6 is the maximum current
for charging the output node in positive direction. In this situation, ID6 charges Cc, CL and the series
connection of CA and CB. From this, we find

SR =
ID5

Cc
⇒ ID5 ≥ SR ·Cc = 20.4 µA (7.14)

SR =
ID6

Cc +CL +CACB/(CA +CB)

⇒ ID6 ≥ SR · (Cc +CL +CACB/(CA +CB)) = 71.4 µA (7.15)

These values of bias current are minimum values, and it may be a good idea to select somewhat larger
bias-current values in order to leave room for parasitic capacitances.

The current from M7 for discharging C2 and Cc is not a problem since vGS7 may be high during a transient
change of the output voltage.

The bias current for M1 and M2 is obviously ID5/2, and the bias current for M7 is ID7 = ID6, so for
M1, M2 and M7 we have found both the transconductances and the minimum bias currents. For M1 and
M2, we must also ensure that VGS is small enough to allow a maximum common-mode input voltage of
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0.15 V. For the current-source transistor M6, we also have a requirement for the output voltage range.
With VDD − vOmax = 0.15 V, we may select the saturation voltage |VGS −Vt p| of M6 to be no larger than
0.15 V, and M5 and M6 have the same gate-source voltage. This implies that the maximum voltage for
|VGS1|= |VGS2| is VDD −|VDSsat5|− vIN max = 0.6 V. With Vt p =−0.42 V from Table 3.1 on page 67, this
leaves a maximum of 0.18 V for |VDSsat1|. Using (3.64) on page 88, we find that ID1 = 10.2 µA and
|VGS1 −Vt p|= |VDSsat1|= 0.18 V gives a transconductance of 113 µA/V.

From (3.70) on page 89, the ratio W/L may be found from the Shichman-Hodges transistor model. With
gm = 113 µA/V and |VGS −Vt |= 0.18 V, we find W/L � 14. However, a transconductance of 113 µA/V
is not enough. It is a factor of 4 too small, so we must increase ID1 and/or decrease |VDSsat1|. Using
(3.69) and (3.70), we may find a combination of drain current, saturation voltage and transistor geometry
resulting in the required value of gm1. However, we noticed in Chapter 3 that it is not easy to obtain a
good match over a wide range of variation in gm between the Shichman-Hodges model and the BSIM3
transistor models specified for the opamp. So, rather than using the Shichman-Hodges parameters, we
may use LTspice with the BSIM model to find the transconductance gm versus channel width W for
selected values of bias current. First, we select a value for the channel length, and for this design, we
chose (somewhat arbitrarily) L1 = 1 µm, i.e., about five times the minimum dimension for the process.

In order to simulate gm versus W, we use the circuit shown in Fig. 7.8(a). This is a diode-connected
transistor where the small-signal resistance from drain to source is (rds ‖ (1/gm))� 1/gm as gm is much
larger than gds with the transistor in the active region. A ‘.tf’ simulation with the drain current as input
and the drain voltage as output results in gm as ‘ ’. With the channel width W
defined as a parameter stepped from 50 µm to 150 µm, we can directly plot gm versus W , Fig. 7.8(b)
(Bruun 2017).

(a) (b)

Figure 7.8: Simulation showing gm versus W for a PMOS transistor with L = 1 µm using the BSIM3 transistor model.

In Fig. 7.8, also the drain current is defined as a parameter, and gm is shown versus W for three different
values of the bias current ID. From the plot, we see that gm = 0.43 mA/V cannot be achieved with a
drain current of 10 µA with a reasonable transistor geometry. Instead, we select a drain current of 30 µA
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so that we can achieve a gm of 0.43 mA/V with a transistor with W/L = 64. Next, we may run a ‘.op’
simulation (shown as a comment in Fig. 7.8(a)) to find |VGS| for W/L = 64 and ID = 30 µA. This results
in |VGS|= 586 mV, leaving more than 150 mV for the drain-source voltage of M5 when the input voltage
reaches its maximum value. This is enough to maintain M5 in the active area, even with the input voltage
at its maximum value.

Figure 7.9: Simulation showing gm versus W for an NMOS transistor with L = 1 µm using the BSIM3 transistor model.

Next, we may design M7 to give the desired transconductance using a similar approach. Figure 7.9
shows a diode-connected NMOS transistor for simulating gm versus channel width and drain current.
From the simulation plot, we select a drain current of 75 µA, slightly higher than the minimum value
found in (7.15). With W/L = 26, this gives a transconductance of 0.86 mA/V.
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Again selecting a channel length of 1 µm, we may run a ‘.op’ simulation with W = 26 µm and ID = 75 µA
to find the saturation voltage for M7. This shows a saturation voltage of 0.137 V (listed in the error log
file) which is small enough that the minimum output voltage can be reached with M7 in the active region.

The active-load transistors M3 and M4 may now be designed using the scaling rule defined by (5.5) on
page 210. With L3 = L4 = 1 µm, this results in W3 =W4 = 10.4 µm.

The only transistors still to be designed are the bias transistors M5, M6 and M8. For these, the requirement
is a very low saturation voltage, less than 0.15 V, so that the upper limit of the output voltage can be
reached with M6 in the active region.

Figure 7.10: Simulation of PMOS current mirror showing output current versus output voltage.

Using the Shichman-Hodges model, we may calculate W/L as

W6

L6
=

2 ID6

µpCox |VDS sat6|2
� 150 µm (7.16)

In (7.16), the channel length modulation has been neglected. We may also simulate the current mirror
M8 – M6 in order to check the upper limit. Figure 7.10 shows a schematic and the plot from a ‘.dc’
simulation where the output voltage is swept towards the positive supply voltage. For comparison, three
different values of channel width have been simulated. We see that at an output voltage of 0.75 V, there
is only a minor difference between the characteristics corresponding to three different channel widths,
so we select W6 = 150 µm and L6 = 1 µm. From a ‘.op’ simulation of the circuit, we may verify that
the saturation voltage of M6 is 0.111 V with W = 150 µm, i.e., smaller than 0.15 V. From the ‘.op’
simulation, we can also find the gate voltage VG6 = 0.310 V.

Transistors M5 and M8 may then be designed using the scaling rule defined by (5.6) on page 210. With
L5 = 1 µm and ID5 = 60 µA, we find W5 = 120 µm. For M8, we can select a smaller current. Using
ID8 = 10 µA, and L8 = 1 µm, we find W8 = 20 µm. Finally, the bias resistor RBIAS can be found as
RBIAS = (VG6 − (−VSS))/ID8 = 121 kΩ.
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With all transistor dimensions in place, the complete opamp is now ready for simulation. The transistor
channel widths are summarized in the table below which also shows the calculated bias currents for each
transistor and values of gm for the transistors where gm is included in the design equations.

Transistor number 1 2 3 4 5 6 7 8

Channel width 64 µm 64 µm 10.4 µm 10.4 µm 120 µm 150 µm 26 µm 20 µm

Bias current 30 µA 30 µA 30 µA 30 µA 60 µA 75 µA 75 µA 10 µA

Transconductance 0.43 mA/V 0.43 mA/V 0.86 mA/V

Table 7.1: Calculated transistor parameters for initial simulations. All transistors have a channel length of 1 µm.

7.4 Design verification and iteration

Figure 7.11 shows the LTspice schematic for the complete amplifier with feedback using the transistor
geometries listed in Table 7.1. The drain and source areas are calculated as (W ×0.5 µm) and perimeters
are calculated as (W +1 µm), see page 94. Also shown are directives for ‘.op’ simulation, ‘.dc’ simula-
tion, ‘.ac’ simulation and ‘.tran’ simulation. For ‘ ’, a ‘pulse’ specification for the transient simulation
is shown. For the ‘.op’ simulation and the ‘.ac’ simulation, this must be replaced by a dc value of 0.

Figure 7.11: LTspice schematic for simulation of closed-loop performance.
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Transistor number 1 2 3 4 5 6 7 8

Channel width 64 µm 64 µm 10.4 µm 10.4 µm 120 µm 150 µm 26 µm 20 µm

Bias current 29 µA 29 µA 29 µA 29 µA 58 µA 78 µA 78 µA 10 µA

Transconductance 0.42 mA/V 0.42 mA/V 0.89 mA/V

Table 7.2: Simulated bias currents and transconductances from initial simulation.

Again, large resistors are inserted in parallel with CA and CB to ensure a dc feedback path. They are
required not only in the simulation model but also in a real implementation of the opamp, and it is a non-
trivial task to design such large resistors (Tajalli, Leblebici & Brauer 2008; Bikumandla, et al. 2004).
However, this is beyond the scope of this book.

From the ‘.op’ simulation, we find the values listed in Table 7.2. We also find that with an input voltage
of 0, the output voltage is 0.3 mV and all node voltages assume reasonable values.

We see that the simulated values match the calculated values reasonably well. The minor differences are
probably due to the channel-length modulation which has been neglected in the calculations.

Next, we run a ‘.dc’ simulation. The simulation has been run with a sweep of the input voltage over the
entire supply voltage range in order to see the saturation limits. From the output plot, it is apparent that
the output voltage saturates at 0.9 V for high values of input voltage and at −0.88 V for low values of
input voltage. Figure 7.12 shows the plot of the output voltage for |vIN | ≤ 300 mV. From the plot, we see
that the specifications concerning input voltage range and output voltage range are fulfilled.
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Figure 7.12: Plot of closed-loop dc transfer characteristics from LTspice simulation.

For checking the bandwidth, we run a ‘.ac’ simulation. The result of this is shown in Fig. 7.13. We see
that the bandwidth requirement is fulfilled and there is a margin by a factor of about 1.2, corresponding
very well to the factor indicated in Fig. 6.30(a) on page 255. We also note that the frequency response
shows a slight peaking, indicating that the phase margin requirement may not be fulfilled. Also, the gain
at low frequencies is slightly higher than 14 dB but still within the specification. This may be caused by
the input capacitance of the inverting opamp input. This capacitance appears in parallel with CA in the
feedback network, thus increasing the ratio (CA +CB)/CB.

Figure 7.13: Plot of closed-loop ac characteristics from LTspice simulation.

For checking the slew rate, we run a transient simulation with the input defined as a pulse signal with
very short rise time and fall time. The result of this is shown in Fig. 7.14. We see that the slew rate for
the falling edge of the output voltage is much higher than 30 V/µs but for the rising edge, the slew rate
is about 27.5 V/µs, slightly below the requirement of 30 V/µs. This is most likely caused by parasitic
capacitances in the opamp which have been neglected in the calculations on page 288.

294
Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS The Two-Stage Opamp

295

CMOS Analog IC Design: Fundamentals Chapter 7 – The Two-Stage Opamp

Figure 7.14: Plot of closed-loop transient response from LTspice simulation.

For checking the phase margin, we must run a simulation of the open-loop gain. Figure 7.15 shows the
LTspice schematic for this. The first simulation is a ‘.dc’ simulation in order to find the dc value of ‘ ’
resulting in an output voltage of 0. This is found to be −69 µV, and with this value inserted, a ‘.op’
simulation can be used to verify the bias point.

Figure 7.15: LTspice schematic for simulation of open-loop performance.
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Next, a ‘.ac’ simulation is run. The result of this is shown in Fig. 7.16. From the plot of the feedback
voltage Vf , we see that the phase margin is about 65◦, just fulfilling the specified requirement. We also
see that the unity gain frequency of the loop gain is 16.7 MHz which is somewhat below the closed-loop
bandwidth, again in accordance with the results found in Chapter 6 for a second-order feedback system.

Figure 7.16: Plot of open-loop ac characteristics from LTspice simulation.

Summarizing, the only specification which has not been met is the rising-edge slew rate. The design
equation for this is (7.15) on page 288. The reason for the smaller slew rate appears to be an additional
parasitic capacitance at the output of the opamp. We cannot change the capacitances, so the obvious way
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to increase the slew rate is to increase the current in M6. This will also increase the transconductance of
M7 as we can see from Fig. 7.9. According to (7.6) and (7.7) on page 284, this will increase both ωp2

and ωz, thereby increasing the phase margin. This is fine as long as it does not decrease the closed-loop
bandwidth too much (see Fig. 6.30(a)), and the simulations of the closed-loop bandwidth showed some
margin, so most likely, an increase of the bias current in M6 and M7 will bring all specifications within
the required limits. The currents in M6 and M7 are increased by a scaling of the channel widths of the
transistors. Using the same scale factor, W6 and W7 are increased to W6 = 173 µm and W7 = 30 µm. New
simulations of both closed-loop performance and open-loop performance show a phase margin of 67◦, a
bandwidth of 23 MHz and a slew rate of 31 V/µs, fulfilling the required specification.

Thus, with this modification of W6 and W7, all specification requirements are fulfilled and this concludes
the design of the two-stage opamp. The resulting specifications are summarized below.

Gain Bandwidth Slew rate Phase margin Output range Input range

Requirement 14±0.3 dB ≥ 20 MHz ≥ 30 V/µs ≥ 65◦ ±0.75 V ±0.15 V

Simulation 14.2 dB 23 MHz 31 V/µs 67◦ � ±0.8 V �±0.16 V

Table 7.3: Specification requirements and simulated performance.

It should be emphasized that for a real implementation of the circuit, further simulations and design iter-
ations are necessary to ensure correct operation also when process variations, supply voltage variations
and temperature variations are taken into account (Bruun 2017).
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Problems

7.1

Figure P7.1

The amplifier shown in Fig. P7.1 is to
be used in a feedback amplifier with
the feedback factor β = 1. The transfer
function Vo/Vid where Vid is a differen-
tial input voltage has a zero at the fre-
quency ωz and a non-dominant pole at
ωp2, and the gain-bandwidth product is
ω ta. You may assume gm1R1 � 1 and
gm2R2 � 1.
Find a relation between gm1 and gm2 so
that ωz � 10ω tl where ω tl is the gain-
bandwidth product of the loop gain.
Also find an expression for Cc as a
function of gm1, gm2, C1 and CL so that
ωp2 � 2ω tl .
Hint: Use equation (7.11).
With gm1 = 0.5 mA/V, CL = 5 pF and
C1 = 1.7 pF, calculate gm2 and Cc so
that ωz � 10ω tl and ωp2 � 2ω tl and
use LTspice to find phase margin and
bandwidth for the feedback amplifier.

7.2
Redesign the circuit from Problem 7.1
to have a phase margin of 70◦ by in-
creasing the value of Cc. Find the new
value of Cc and find the bandwidth of
the modified circuit.

7.3
Redesign the circuit from Problem 7.1
to have a phase margin of 70◦ by in-
creasing the value of gm2. Find the new
value of gm2 and find the bandwidth of
the modified circuit.
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7.4

Figure P7.4

For the differential gain stage shown in
Fig. P7.4, assume VDD = 1.8 V, VOB =

1.0 V and IBN = 0.1 mA. Also, all tran-
sistors have a channel length of
L = 1 µm and they all have the same
channel width W .
Design the transistors M1 and M2

to provide a transconductance gm =

io/vid = 0.5 mA/V where vID = vIN1 −
vIN2.
Assume a common-mode input voltage
of 1 V and use the BSIM3 transistor
models shown in Fig. 3.44 on page 104.
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7.5

Figure P7.5

Design a two-stage opamp with feed-
back as shown in Fig. P7.5. The load
capacitor CL has a value of 5 pF which
is considered to be much larger than
all transistor capacitances, except Cgs7.
The bias value of the input voltage is
1 V. Use the input stage designed in
Problem 7.4, and design IBN6 and M7 to
provide a gm7 of 5 mA/V. The transis-
tors are modeled by the BSIM3 transis-
tor models shown in Fig. 3.44 on page
104.
Estimate Cgs7 using Cox = 8.5 fF/(µm)2.
Design Cc so that the non-dominant
pole is at a frequency which is � 2ω tl

where ω tl is the gain-bandwidth prod-
uct of the loop gain.

7.6
Use LTspice to simulate the circuit de-
signed in Problem 7.5. Use drain areas
and source areas of (W × 0.5 µm) and
drain perimeters and source perimeters
of (W + 1 µm). Find the phase margin
and the bandwidth for the amplifier.

7.7
Suggest at least one modification to the
circuit designed in Problem 7.5 in order
to increase the phase margin to 65◦.
Verify your suggestion using LTspice
and find the resulting bandwidth.
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Chapter 8 – Bias Circuits, Bandgap References
and Voltage Regulators

We have seen in the previous chapters that most of the circuit configurations used for gain stages need dc
bias currents and/or dc bias voltages to establish the desired bias conditions for the transistors providing
the signal processing. In several of the circuits, we have used a single transistor with a dc voltage at
the gate to generate a dc bias current, or we have used a simple current mirror with a diode-connected
transistor and a resistor connected to one of the supply rails for the input side of the current mirror.

In this chapter, we present an introduction to the design of circuits for generating bias currents, and we
introduce circuits for generating dc voltages using the so-called bandgap principle. Finally, we present
a few voltage regulator configurations which can be used to generate stable dc supply voltages and bias
voltages from an unregulated voltage.

After having studied the chapter, you should be able to

– analyze and design a dc bias current source with a simple current mirror and a resistor.

– analyze and design a dc current bias source using a cascode current mirror.

– analyze and design a self-biased dc bias current circuit with reduced supply-voltage dependency.

– explain and analyze the basic operation of a bandgap voltage reference circuit.

– explain and analyze the basic operation of a linear voltage regulator.

Several of the circuits presented in this chapter are shown only at a level sufficient to describe the princi-
ple of operation. For further details, the reader may consult more advanced textbooks (Allen & Holberg
2012; Chan Carusone, Johns & Martin 2012; Gray, Hurst, Lewis & Meyer 2009; Sansen 2006) or scien-
tific journal papers.

8.1 Current mirrors

The simplest version of a bias current circuit is a current mirror where the input side is a diode-connected
transistor with a resistor to set the current in the mirror. This bias current circuit is shown in an NMOS
version in Fig. 8.1. By using more than one output transistor, several bias current sources are obtained
using just a single diode-connected input transistor. With different scaling factors for the channel widths
of the output transistors, different bias current values can be obtained.

The precision of the currents depends on the matching of the transistors. Ideally, all transistor parameters
have identical values except the channel width which is used to scale the output currents. In practice,
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Figure 8.1: Bias current circuit with NMOS transistors. Notice the notation 1 : N for the scaling ratio of the current mirror M1 - M2.

the transistor parameters show some variation across the chip and a good matching is obtained only with
transistors located close to each other on the chip. For transistors located far apart, the matching is worse.
If bias current sources located far apart are needed on a chip, it may be a good idea to use an extra current
mirror and distribute a current to the remote location where a local current mirror can be designed using
transistors close to each other as shown in Fig. 8.2. This approach also eliminates voltage drops caused
by the resistance in the long wires to the remote location, see Problems 8.1 and 8.2 on page 332-333.

Another issue with the bias current source is the output characteristics of the MOS transistor. The finite
value of the small-signal output resistance limits the load regulation, causing the bias current to vary with
a varying voltage at the output of the current source, see page 74 and 101-102. This strongly affects the
performance of circuits such as a cascode gain stage, see page 138.
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Figure 8.2: Bias current circuit with additional current mirrors to distribute the bias current over a long distance.

Also, the output voltage of the current source must be larger than the saturation voltage of the current-
source transistor. Otherwise the transistor enters the triode region where it is no longer a good approx-
imation to a constant current source. An example of the design considerations related to this issue was
given in Chapter 7 in the design of transistors M5 and M6 in the two-stage opamp shown on page 282.

A way to increase the output resistance of a bias current source is to use transistors with a long channel
length because this reduces the channel-length modulation. However, for the same current, then also the
channel width must be increased, and although this improves the matching, it also implies an increase
in the area of the drain diffusion, hence of the parasitic capacitance at the output of the current mirror.
Another way is to use a cascode transistor as shown in Fig. 4.26 on page 139. This increases the output
resistance by a factor which is approximately (gm + gmb)rds of the cascode transistor. However, it also
implies that a higher voltage is needed across the bias current source in order to keep both the current-
mirror transistor and the cascode transistor in the active region.

A simple way to bias the cascode transistor is shown in Fig. 8.3(a) but it has the disadvantage that the
output voltage must be larger than

VD4min =VGS2 +VGS4 −Vt4 =Vt2 +VDSsat2 +VDSsat4 (8.1)

which is fairly large due to the term Vt2, the threshold voltage of M2. An alternative biasing is shown
in Fig. 8.3(b) (Allen & Holberg 2012). Here the gate voltage of M3 and M4 is VG3 =VG4 =VGS2+RB2 IB

and with VDSsat4 +Vt4 −Vt2 ≤ RB2 IB ≤Vt4, both M1, M2 and M3 are in the active region. With

RB2 IB =Vt4 −Vt2 +VDSsat4 (8.2)

we find VDS2 =VDSsat2, giving a minimum output voltage of

VD4min =VDSsat2 +VDSsat4 (8.3)

Notice that the bulk effect causes the threshold voltages Vt3 =Vt4 to be somewhat larger than Vt1 =Vt2.

An alternative biasing method for a low-voltage cascode current mirror is shown in Problem 8.5 on
page 334.
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(a) (b)

Figure 8.3: Bias current circuits with cascoding in order to obtain a higher output resistance.

Another issue with the current-mirror bias current source is the variation of the current with variations in
the supply voltage. For the circuit in Fig. 8.1, the bias current is

IB =
VDD −VGS1

RB
(8.4)

so variations in VDD directly affect IB. With VGS1 being a considerable fraction of VDD, the relative
variation in IB is larger than the relative variation in VDD. This problem is even more pronounced for the
circuit in Fig. 8.2 where IB = (VDD −VGS1 −|VGS3|)/RB.

A simulation example. We may illustrate some of the properties explained above by LTspice simula-
tions. As an example, we show a circuit including both the simple NMOS current mirror from Fig. 8.1
and the circuit from Fig. 8.2 with both an NMOS current mirror and a PMOS current mirror. The LTspice
schematic is shown in Fig. 8.4.

Figure 8.4: LTspice schematic for simple bias current circuits.
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Using the Shichman-Hodges model with the transistor parameters from Table 3.1, the transistors have
been sized to have an effective gate voltage of about 200 mV and a drain current of about 10 µA. For
this, we find RB1 = 120 kΩ and RB2 = 58 kΩ.

For the simulations, the transistors are modeled by the BSIM3 models from Fig. 3.44 on page 104.

First, we run a ‘.dc’ simulation with a sweep of the supply voltage VDD. With VDD swept from 1.6 V to
2.0 V, i.e., slightly more than ±10%, we find the variation of the output currents ID2, ID4 and ID6 shown
in Fig. 8.5.

Figure 8.5: Plot of bias currents from the circuit from Fig. 8.4 versus variations of the supply voltage.
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We notice that the value of the currents is fairly close to 10 µA for VDD = 1.8 V, even though the resistors
were calculated simply using the Shichman-Hodges model. We also see that the relative variation in
the bias currents exceeds the relative variation in VDD, and as expected, the circuit with both an NMOS
transistor and a PMOS transistor in the input branch shows the largest variation.

Another property which may be shown from the circuit in Fig. 8.4 is the output resistance and the output
voltage range of the current sources. For examining the output properties of the NMOS transistors M2

and M4, we sweep the output voltage from 0 to VDD. The result for M2 is shown in Fig. 8.6(a).
For the PMOS transistor M6, a similar sweep is shown in Fig. 8.6(b). We see that both the NMOS
current source and the PMOS current source require a voltage of about 0.2 V across the current source
in order to function properly. This is also the value of the effective gate voltage used for the design.
We can also find a load regulation of 1.0 µA/V for the NMOS transistor and 1.3 µA/V for the PMOS
transistor, corresponding to output resistances of 1.0 MΩ and 0.77 MΩ, respectively. As expected from
the Shichman-Hodges parameters, the output resistance is smaller for the PMOS transistor than for the
NMOS transistor because the channel-length modulation parameter λ is larger for PMOS transistors.

(a) (b)

Figure 8.6: Plot of bias currents from the circuit from Fig. 8.4 versus variations of output voltage. NMOS transistor (a) and PMOS
transistor (b).

8.2 Bias current circuits with reduced supply voltage dependency

One of the problems with the bias circuits presented in Figs. 8.1 and 8.2 is the dependency on the supply
voltage as shown in Fig. 8.5. Several approaches may be taken to generate a current with less dependency
on the supply voltage. One method is to let the bias current depend on a gate-source voltage rather than
on the supply voltage. Figure 8.7(a) shows a circuit where the current IB is given by (neglecting the
channel-length modulation)

IB =
VGS1

RB
=

Vt1 +Veff1

RB
=

Vt1 +

√
2 ID1

µnCox(W1/L1)

RB
(8.5)
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(a) (b)

Figure 8.7: Bias current circuits where the bias current shows a small dependency on the supply voltage.

If ID1 is independent of VDD, (8.5) shows that also IB is independent of VDD. An obvious way of providing
a supply-voltage independent ID1 is by using a mirror of IB for ID1, leading to the bias current circuit
shown in Fig. 8.7(b). Here, additional transistors M5 and M6 are inserted to show how IB is mirrored and
scaled to provide bias currents for other subcircuits. Inserting ID1 = IB in (8.5) and solving for RB, we
find

RB =
Vt1

IB
+

√
2

µnCox(W1/L1) IB
(8.6)

We notice that the supply voltage does not enter into the equation. However, in the derivation of (8.5)
and (8.6), we neglected the channel-length modulation. With this taken into account, the currents depend
on the drain-source voltages, and they depend on the supply voltage.

We may illustrate the problem by a simulation of the circuit. Figure 8.8 shows an LTspice schematic of
the circuit with transistors using the Shichman-Hodges model without channel-length modulation in the
left part of the circuit and transistors using the BSIM3 model from Fig. 3.44 on page 104 in the right
part of the circuit. The transistors have been sized to have an effective gate voltage of about 200 mV
for a drain current of about 10 µA. Resistors RB1 and RB2 are found from (8.6) to give a bias current of
about 10 µA. The two large resistors R3 and R4 are inserted to ensure a correct start-up of the circuits.
Both of the circuits have an undesired operating point with zero current in all of the transistors as a stable
point, so some sort of start-up circuit is necessary to bring the circuits into the desired operating point
with IB � 10 µA. The large resistors shown here are suitable for simulations but for a practical circuit
implementation, more sophisticated circuits are used (Gray, Hurst, Lewis & Meyer 2009; Sansen 2006).

Figure 8.9 shows the plot from a ‘.dc’ simulation with a sweep of the supply voltage VDD. With VDD

swept from 1.6 V to 2.0 V, i.e., slightly more than ±10%, we find the output currents ID1 and ID5 shown
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Figure 8.8: LTspice schematic for the bias circuit from Fig. 8.7(b). Left circuit: Shichman-Hodges transistor models without
channel-length modulation. Right circuit: BSIM3 transistor models.

in Fig. 8.9. Evidently, without the channel-length modulation, the circuit generates a bias current ID1

which is independent of the supply voltage. With the channel length modulation included, the bias
current ID5 shows some dependency on the supply voltage but we see that the relative variation of the
bias current is smaller than the relative variation of the supply voltage, and this is an improvement
compared to the results shown in Fig. 8.5.
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Figure 8.9: Plot of bias currents from the circuit from Fig. 8.8 versus supply voltage.

The dependency on the supply voltage can be further reduced by replacing the current mirror M3 - M4 by
a cascode current mirror as shown in Fig. 8.3. In Fig. 8.10(a), we show an LTspice schematic including
the cascode transistors and a resistor to generate the gate bias voltage for the cascode transistors. The
voltage drop across this resistor should be at least equal to the saturation voltage |VDSsat4|. We have
inserted 25 kΩ, giving a voltage drop of 250 mV with IB = 10 µA.

(a) (b)

Figure 8.10: Bias current circuit with cascode transistors for reduced supply-voltage sensitivity (a) and plot of bias current versus
supply voltage (b).
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The plot from the ‘.dc’ simulation with VDD swept from 1.6 V to 2.0 V is shown in Fig. 8.10(b). Com-
paring to Fig. 8.9, we find that the bias current shows much less variation, especially for VDD in the range
1.80 V to 2.0 V. For smaller values of VDD, the current drops. This drop occurs because M3 (and M2)
operate at the edge of saturation. For supply voltages below 1.8 V, the drain-source voltage of M3 drops
below 200 mV and it is no longer in strong saturation. For the circuit to operate with all transistors in the
active region, the supply voltage must be larger than VGS1 +VGS2 + |VDS5|+ |VDS3| and with gate-source
voltages of about 0.6 V (somewhat more for M2 because of the bulk effect) and drain-source saturation
voltages of about 0.2 V, operation at a supply voltage of 1.6 V is marginal.

(a) (b)

Figure 8.11: Widlar current source (a) and self-biased Widlar current source (b).

The self-biased Widlar current source. An alternative circuit capable of operating at a lower supply
voltage is a circuit where the bias current is derived from the difference between two gate-source voltages
rather than from a single gate-source voltage. Figure 8.11(a) shows a MOS version of a Widlar current
source (Widlar 1965), originally developed for bipolar circuits by Robert Widlar, an American electronics
engineer (1937-1991). The transistors are scaled by a factor K = (W2/L2)/(W1/L1) so that VGS1 >VGS2,
causing a voltage drop across RB. The method of inserting a resistor in series with the source is called
source degeneration (Sedra & Smith 2016). Assuming ID1 = ID2 = IB and neglecting the channel-length
modulation (i.e., λ = 0) and the bulk effect (i.e., Vt1 =Vt2), we find

RB =
VGS1 −VGS2

IB
=

(
1
IB

)(
Vt1 +

√
2 IB

µnCox(W1/L1)
−Vt2 −

√
2 IB

µnCox(W2/L2)

)

=

(
1− 1√

K

)√
2

µnCox(W1/L1) IB
(8.7)
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Just as we did for the circuit in Fig. 8.7, we can derive ID1 as a mirror of IB, leading to the bias current
circuit shown in Fig. 8.11(b). Again, additional transistors M5 and M6 are inserted to show how IB is
mirrored and scaled to provide bias currents for other subcircuits.

With a scale factor K = 4 for M1 and M2, we find from (8.7), using (3.70) on page 89

RB =
1

gm1
(8.8)

Thus, the transconductances of transistors biased by this circuit are scaled with respect to RB. For the
NMOS transistor M5 in Fig. 8.11(b), we find using (3.70) on page 89

gm5 = gm1

√
(W5/L5)ID5

(W1/L1)ID1
= M gm1 (8.9)

where M is the scale factor between M5 and M1. Likewise

gm6 = N gm3 (8.10)

where N is the scale factor between M6 and M3. The transconductance gm3 is related to gm1 by

gm3 = gm1

√
µp (W3/L3)

µn (W1/L1)
(8.11)
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Figure 8.12: LTspice schematic for the self-biased Widlar current source. Left circuit: Simple model without cascode transistors.
Right circuit: Circuit including cascode transistors.

We may show some of the properties of the self-biased Widlar current source by simulation. For this,
we choose a complementary version of the circuit so that the Widlar current source is implemented with
PMOS transistors so that we can avoid the bulk effect for M2 (assuming a standard n-well process).
Figure 8.12 shows the LTspice schematic of the circuit in a version with a simple current mirror to
bias the Widlar current source and in a version with cascode transistors for M2 and M3. The transistor
geometries shown are the same as used for the circuit in Fig. 8.8, except M2 which is scaled by K = 4,
and for a current of about 10 µA and an absolute value of the effective gate-source voltage of about
200 mV for M1 and 100 mV for M2, we find a voltage of about 100 mV across RB. Thus, RB = 10 kΩ
and we would expect gm1 � 0.1 mA/V.

Figure 8.13 shows a plot of ID1 and ID5 for a variation of VDD from 1 V to 2 V. We see that the current
is close to 10 µA. For the simple version of the circuit (left circuit, M1), the relative variation of ID1 is
about 6% for a 10% relative variation of VDD. For the improved version (right circuit, M5), the relative
variation of ID5 is only about 0.3% for a 10% relative variation of VDD. Running a ‘.op’ simulation, we
may also from the error log file verify the transconductance gm1 � 0.11 mA/V and gm5 � 0.10 mA/V as
expected from (8.8). Finally, we see that the circuit operates reasonably well down to a supply voltage
of about 1.3 V, i.e., significantly lower than the circuit in Fig. 8.10.

The self-biased Widlar current source also requires a start-up circuit, and it can be further improved
by replacing the cascode transistors with an amplifier-based control of the bias point of the transistors.
However, this is beyond the scope of this book and the reader is referred to Chan Carusone, Johns &
Martin (2012).
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Figure 8.13: Plot of bias currents from the circuit from Fig. 8.12 versus supply voltage.

8.3 Bandgap voltage references

Voltage references are widely used in analog circuits, both for the control of regulated supply voltages
and for establishing fixed dc bias voltages. Often circuits with a low dependency on temperature are
desirable, and in this section we present some reference circuits based on the so-called bandgap principle
for achieving a low temperature dependency. The bandgap principle was first presented in 1964 by David
Hilbiber from Fairchild Semiconductor (Hilbiber 1964).

The starting point is a pn diode. As explained in Chapter 3, page 52, a silicon diode has a relation
between diode current ID and diode voltage VD given by

ID = IS exp
(

VD

nVT
−1

)
� IS exp

(
VD

VT

)
(8.12)

where the approximation is valid for an emission coefficient n = 1 and VD � VT . Recall that VT is the
thermal voltage, not to be confused with a transistor threshold voltage Vt . The thermal voltage is given
by VT = kT/q where T is the absolute temperature, k is Boltzmann’s constant and q is the magnitude of
the electron charge. At room temperature, we find VT � 26 mV.

From (8.12), we find the diode voltage when the diode is in the forward direction, VD �VT

VD =VT ln
(

ID

IS

)
(8.13)

For a silicon diode, the voltage VD typically has a value in the range 500 mV to 800 mV for currents
below a few mA and it shows only a small variation with ID as illustrated in Fig. 3.2 on page 52. However,
since the saturation current IS is strongly temperature dependent, VD has a temperature dependency with
a negative temperature coefficient ∂VD/∂T of about −2 mV/K, so it is not directly suited as a voltage
reference.
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Figure 8.14: Diodes connected to obtain different diode voltages VD1 and VDM .

Now, connecting M identical diodes in parallel and supplying them with the same current ID as supplied
to a single diode, see Fig. 8.14, we find the voltage VD1 across the single diode given by (8.13) and the
voltage across the parallel connection given by

VDM =VT ln
(

ID/M
IS

)
=VT ln

(
ID

M IS

)
(8.14)

since each of the diodes carry a current ID/M.

From (8.13) and (8.14), we find

∆VD =VD1 −VDM =VT

(
ln
(

ID

IS

)
− ln

(
ID

M IS

))
=VT ln(M) =

kT
q

ln(M) (8.15)
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Equation (8.15) shows that ∆VD has a positive temperature coefficient of

∂∆VD

∂T
=

k
q

ln(M) = 0.0861 mV/K× ln(M) (8.16)

As an example, let us assume M = 10. From (8.15), we find ∆VD = 26 mV× ln(10) = 60 mV at room
temperature (27◦C), and we find ∂∆VD/∂T = 0.1983 mV/K.

Incidentally, it may be noted that ∆VD could also be obtained from just two identical diodes where the
ratio of the currents in the diodes is ID1 = M IDM.

By combining ∆VD and VD we may now establish a reference voltage

Vref = G∆VD +VD (8.17)

which can be made independent of temperature. From (8.17), we find

∂Vref

∂T
= G

∂∆VD

∂T
+

∂VD

∂T
(8.18)

and with ∂VD/∂T =−2 mV/K, we find that ∂Vref/∂T = 0 is obtained for

G =− ∂VD/∂T
∂∆VD/∂T

=
2 mV/K

0.0861 mV/K× ln(M)
=

23.2
ln(M)

(8.19)

For M = 10, we find G = 10.1. Using (8.17) with G given by (8.19) and ∆VD given by (8.15), and
assuming VD = 650 mV and VT = 26 mV at room temperature, we then find

Vref = G∆VD +VD =

(
23.2

ln(M)

)
×26 mV× ln(M)+650 mV = 1.25 V (8.20)

We notice that Vref is independent of M and G which are related by (8.19). It can be shown that for
achieving ∂Vref/∂T = 0, the reference voltage assumes a value equal to the bandgap voltage VG0 of
silicon (Hilbiber 1964), hence the name bandgap voltage reference.

The bandgap voltage reference requires access to diodes which can be biased in the forward direction. In
a standard n-well process, the pn junction from a drain/source diffusion into a well may be used for this
with the n-well shorted to substrate, see Fig. 8.15 showing both a cross-sectional view of the structure
and the corresponding bipolar transistor symbol. Essentially, the structure corresponds to a pnp bipolar
transistor with the source/drain diffusion as the emitter, the well as the base and the substrate as the
collector.

We may verify the bandgap principle by simulating the diode characteristics in LTspice using the BSIM3
model from Fig. 3.44 on page 104.

Figure 8.16 shows the LTspice schematic corresponding to the circuits from Fig. 8.14. For the diodes,
we use PMOS transistors with drain and source connected together to form the anode of the diode and
gate and bulk connected together to form the cathode. The transistors have been specified with drain
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(a) (b)

Figure 8.15: A diode-connected bipolar pnp transistor in an n-well CMOS process. Cross-sectional view (a) and schematic (b).

and source areas of 30 µm by 30 µm and the scaling of transistor M2 is obtained by specifying the scale
factor M = 10 for the transistor, see Fig. 3.12 on page 66. For sweeping the temperature from −20◦C to
+80◦C, we specify the directive ‘ ’. This steps the temperature with a step size
of 1◦C. We simply use a ‘.op’ simulation to find the diode voltages VD1 and VDM.

Figure 8.16: LTspice schematic corresponding to Fig. 8.14 for simulating diode characteristics.

The result of the simulation is shown in Fig. 8.17. The plot in Fig. 8.17(a) shows the diode voltages VD1

and VDM and the difference ∆VD =VD1−VDM. We see that the diode voltages have a negative temperature
coefficient whereas the difference has a positive temperature coefficient. From the plot of VD1, we may
find VD1 = 659 mV at 27◦C and we find a temperature coefficient of −2.05 mV/K. Using these values
in (8.19) and (8.20), we find G = 10.3 and Vref = 1.27 V. The plot in Fig. 8.17(b) shows Vref calculated
as VD1 + 10.3 × (VD1 −VD2). We see that the reference voltages varies only about 2.1 mV over the
temperature interval from −20◦C to +80◦C and the simulated value of the reference voltage matches
the calculated value.
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(a) (b)

Figure 8.17: Plot of diode voltages from Fig. 8.16 versus temperature (a) and calculated reference voltage versus temperature (b).

After having verified the principle in the bandgap voltage reference generation, we need a practical
circuit implementation which can perform the addition of a VD-voltage and a ∆VD-voltage multiplied
by a gain factor. In the literature, many such circuits have been described. Several textbooks (Allen &
Holberg 2012; Chan Carusone, Johns & Martin 2012; Gray, Hurst, Lewis & Meyer 2009; Sansen 2006)
provide examples of bandgap reference circuits and many more are described in journal and conference
publications. An overview of design considerations with an emphasis on low-voltage circuits is given
by Mok and Leung (2004). Here we present configurations which can operate with a supply voltage of
1.0 V to 2.0 V, and we assume the 0.18 µm technology used throughout this book.
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The core of the circuit is shown in Fig. 8.18. We have the two diodes scaled by a factor M, resulting
in the diode voltages VD1 and VDM, and the difference ∆VD appears across resistor R1. The amplifier A
establishes a feedback loop together with the PMOS transistors M1 and M2, and with a high loop gain,
this ensures equal voltages at the inputs to the amplifier, i.e.,

VD1 =VDM +∆VD =VDM +R1 ID (8.21)

The two transistors M1 and M2 are identical and have identical bias conditions, so their drain currents ID

are identical. From (8.21), we find

ID =
VD1 −VDM

R1
=

∆VD

R1
(8.22)

Figure 8.18: The core circuit for biasing the diodes for the bandgap reference.

Now, inserting a resistor R2 in series with diode D1 as shown in Fig. 8.19 adds a voltage R2 ID to the
voltage VD1, so the voltage across diode D1 and resistor R2 is

Vref =VD1 +R2 ID =VD1 +

(
R2

R1

)
∆VD (8.23)

From (8.23), we see that Vref is equal to the bandgap voltage VG0 if R2/R1 is selected to be equal to
the factor G defined in (8.19). In order to ensure the same bias conditions for transistors M1 and M2, a
resistor R3 = R2 is also inserted in series with M2 as shown in Fig. 8.19.

The circuit shown in Fig. 8.19 can operate with supply voltages down to Vref + |VDS1|. With |VDS1| ≥
0.25 V, this gives a minimum supply voltage of about 1.5 V.
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Figure 8.19: A bandgap reference circuit.

For operation at even lower supply voltages, clearly we cannot add ∆VD and VD because this gives a
voltage of about 1.25 V. However, from the circuit in Fig. 8.18, we have a current ID which is proportional
to ∆VD, so if we can create a current which is proportional to VD, we can add these currents to achieve a
total current which is temperature-insensitive. A current proportional to VD is obtained from the circuit
in Fig. 8.18 simply by connecting a resistor R4 in parallel with the diode D1 as shown in Fig. 8.20.

Figure 8.20: A low-voltage bandgap reference circuit.
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The current in R4 is VD1/R4, so the total current in M1 is

ID1 =
VD

R4
+

∆VD

R1
=

(
1

R4

)(
VD +

(
R4

R1

)
∆VD

)
(8.24)

By selecting R4/R1 = G, we achieve a temperature-independent current ID1. In order to ensure the same
current in M1 and M2, we must also connect a resistor R5 = R4 from the drain of M2 to ground. Finally,
we may mirror the current in M1 and M2 to a transistor M3 with the same size as M1 and M2 as shown
in Fig. 8.20 to generate a reference voltage as

Vref = R6 ID3 =

(
R6

R4

)(
VD +

(
R4

R1

)
∆VD

)
=

(
R6

R4

)
VG0 (8.25)

This circuit can operate with a supply voltage of VD1+ |VDS1|, i.e., down to about 1 V. However, it can be
quite challenging to design the amplifier A to operate at a very low supply voltage.

An advantage of the bandgap reference circuits is that the value of Vref depends only on the bandgap
voltage and resistor ratios, not on the resistor values. A resistor ratio is significantly less affected by
process and temperature variations than a resistor value.

Simulation examples. We complete the investigation of bandgap reference circuits by LTspice simu-
lations of the circuits from Figs. 8.19 and 8.20. For this, we use the diodes from Fig. 8.16 with a current
of 10 µA at room temperature. Thus, ∆VD � 60 mV, and we select R1 = 60 mV/10 µA = 6 kΩ.
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Figure 8.21: LTspice schematic corresponding to the bandgap reference from Fig. 8.19.

For both of the circuits, we would expect the gain factor G to be about 10. However, the biasing of the
diodes is not a constant current as applied in Fig. 8.16, so we cannot expect exactly the same value of G
as found for this circuit. In order to find G for each of the circuits, we define G as a parameter.

Figure 8.21 shows the LTspice schematic corresponding to the circuit from Fig. 8.19. The transistors M1

and M2 have been designed for an effective gate voltage of about 200 mV for a drain current of 10 µA.

For determining G so that ∂Vref/∂T � 0 at room temperature, we run a ‘.op’ simulation where the
temperature is stepped from −20◦C to +80◦C and G is stepped from 9.5 to 10.5 in steps of 0.2. The
result of this simulation is shown in Fig. 8.22(a). We see that G = 9.9 results in ∂Vref/∂T � 0 for a
temperature of 27◦C, the default temperature for LTspice simulations. We also find that the reference
voltage is 1.260 V at 27◦C, and the variation over a temperature range from −20◦C to +80◦C is less
than 1.3 mV, i.e., about 0.1%.

(a) (b)

Figure 8.22: Reference voltage versus temperature (a) and reference voltage versus supply voltage (b) for the bandgap reference
from Fig. 8.21.
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We may also sweep the supply voltage. Figure 8.22(b) shows the reference voltage at 27◦C for VDD in
the range from 1.4 V to 2.0 V. We see that the circuit operates down to about 1.5 V with a variation in Vref

of about 4 mV for 1.6 V ≤VDD ≤ 2.0 V, i.e., a line regulation defined as ∂Vref/∂VDD of about 10 mV/V.

By changing the gain of the voltage-controlled voltage source ‘ ’, i.e., the gain A of the amplifier
in Fig. 8.18, you will find that the line regulation is inversely proportional to A. This is not surprising
since A is a factor in the gain of the loop controlling Vref, and the feedback reduces the gain ∂Vref/∂VDD

by a factor approximately equal to the loop gain, see details in Problem 8.9 on page 337.

Figure 8.23: LTspice schematic corresponding to the low-voltage bandgap reference from Fig. 8.20.

Figure 8.23 shows the LTspice schematic for the circuit from Fig. 8.20. In this circuit, the bias current in
M1 - M3 is about 20 µA because of the additional current in R4 and R5, so M1 - M3 have a channel width
of 20 µm instead of the value of 10 µm used in Fig. 8.21.

Again the gain parameter G may be found by a ‘.step’ directive to give ∂Vref/∂T � 0 at room temperature.
This results in G = 11.7. For G = 11.7, the resistor R6 has then been found to be 30.5 kΩ for a reference
voltage of 600 mV at room temperature.

(a) (b)

Figure 8.24: Reference voltage versus temperature (a) and reference voltage versus supply voltage (b) for the bandgap reference
from Fig. 8.23.
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Figure 8.24(a) shows Vref versus temperature, and we find a variation of less than 0.6 mV, i.e., less than
0.1% over a temperature range from −20◦C to +80◦C.

Figure 8.24(b) shows Vref versus the supply voltage for VDD in the range from 0.9 V to 2.0 V. We see that
the circuit operates down to about 1 V with a variation in Vref of about 2 mV for 1.0 V ≤ VDD ≤ 1.5 V,
corresponding to a line regulation of about 5 mV/V.

8.4 Voltage regulators

While bandgap reference circuits are very well suited for providing a stable reference voltage, they
cannot be used directly as supply voltage sources. A supply voltage source typically has to deliver a
voltage different from the bandgap reference voltage, and it has to be able to deliver a supply current,
Conversely, the circuits shown in Figs. 8.19 and 8.20 are assumed to deliver zero current from the output
terminal.

A popular approach to the design of high-efficiency power supplies capable of delivering a considerable
dc power is the use of switching regulators (Erickson & Maksimovic 2001). However, this is a topic
which is outside the scope of this book. Another approach is the design of linear regulators where an
unregulated, unipolar voltage VIN is used as the input to a linear regulator circuit comprising a voltage
reference and a feedback loop to control the output voltage. Figure 8.25 shows a version of such a circuit
for a positive input voltage VIN and a positive output voltage. The circuit delivers a regulated output
voltage VO <VIN to a load assumed to draw a current IL.
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Figure 8.25: Block diagram of a linear regulator for positive voltages.

The current IL is delivered from the input via a pass transistor controlled by the feedback loop including
the amplifier A and the β -circuit consisting of the resistive voltage divider R1 and R2. With a high loop
gain in the feedback loop, the output voltage is

VO =Vref/β =Vref(1+R2/R1) (8.26)

Efficiency and dropout voltage. The efficiency η of the voltage regulator is defined as the ratio be-
tween the power PL = VO IL consumed by the load and the total power delivered to the load and the
regulator. The power consumed by the regulator is often dominated by the power dissipated in the pass
transistor, i.e., (VIN −VO) IL, and in this case, the efficiency is η �VO/VIN .

The minimum value of the voltage difference VIN −VO required for the regulator to work properly is
called the dropout voltage, and for achieving a high efficiency, a small dropout voltage VDO is desirable.

Line regulation and load regulation. Two parameters used to describe the ability of the regulator to
maintain a constant output voltage are the line regulation and the load regulation (Sedra & Smith 2016).

The line regulation describes the change in output voltage versus the change in input voltage (ripple)
and as for the bandgap reference circuits, it is defined as ∂VO/∂VIN . It is normally expressed in mV/V.
Alternatively, the ability to suppress ripple from the input voltage may be described by the power supply
rejection ratio PSRR = 20 log(∂VIN/∂VO). It is expressed in dB, and it is frequency-dependent, i.e.,
depending of the frequency of the variations in the input voltage. Clearly, a small value of the line
regulation is desirable, corresponding to a large value of PSRR.

The load regulation describes the change in output voltage versus the change in load current and is
defined as ∂VO/∂ IL. It is normally expressed in mV/mA. It can also be interpreted as the small-signal
output resistance of the voltage regulator and a small value is desirable.
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Using an NMOS pass transistor. For the pass transistor, either an NMOS transistor or a PMOS tran-
sistor may be selected. Figure 8.26 shows a regulator with an NMOS transistor M1. The source of M1

is connected to the load and the drain is the input terminal. For simplicity, the simplified three-terminal
symbol from Fig. 3.11(b) on page 65 has been used. Whether the transistor can have bulk and source
connected depends on the process used for implementing the regulator. Some processes provide special
high-voltage transistors with different options, and for the pass transistor in a regulator circuit, it may
be necessary to select a transistor type which can operate with a higher drain voltage than the standard
NMOS transistors, depending on the maximum value of the input voltage VIN .

Figure 8.26: Linear voltage regulator with NMOS pass transistor.

Essentially, M1 is a source follower buffering the output of the differential amplifier A. Often the dif-
ferential amplifier is supplied by the unregulated input voltage VIN and is designed to be able to deliver
a maximum output voltage close to VIN . Typically, the amplifier can deliver a maximum output voltage
of VIN −VDS satP where VDS satP is the saturation voltage for a PMOS transistor driving the output voltage
of the amplifier high. This is the maximum gate voltage for M1, and with a gate-source voltage of M1

which is VGS1 =Vt1 +VDS satN where Vt1 and VDS satN are the threshold voltage and the saturation voltage,
respectively, the maximum output voltage which can be obtained is

VOmax =VIN −Vt1 −VDS satN −VDS satP (8.27)

Thus, the dropout voltage for the regulator is

VDO =Vt1 +VDS satN +VDS satP (8.28)

The regulator provides a good line regulation since the input voltage is connected to the drain of the pass
transistor, implying that variations in VIN are strongly attenuated at the output. Depending on the circuit
design, the major contribution to ripple at the output may come from the bandgap reference circuit if
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this is supplied from an unregulated supply voltage. In the simulation examples in Section 8.3, we found
the line regulation of the bandgap circuits to be on the order of 10 mV/V and the ripple on the bandgap
reference voltage is amplified by the factor (1+R2/R1) according to (8.26).

The regulator also provides a good load regulation. Neglecting the bulk effect, the output resistance of
the source-follower transistor M1 is on the order of 1/gm1 according to (4.12) on page 126, and this is
further attenuated by the amount of feedback in the feedback loop. With a high gain A in the amplifier
and a gain close to 1 in the source follower M1, the amount of feedback is almost equal to the loop gain
which is on the order of L0 = AR1/(R1 +R2).

The feedback loop in the circuit comprises the resistors R1 and R2, the amplifier A, the pass transistor M1

and the load. Clearly, stability of this feedback system is an important design issue but it is beyond the
scope of this book and the reader is referred to Chan Carusone, Johns & Martin (2012).

Using a PMOS pass transistor. The dropout voltage of a regulator with an NMOS pass transistor
always exceeds the NMOS transistor threshold voltage, and for a regulator intended to provide a supply
voltage of 1.8 V or less, the power loss in the pass transistor is a substantial fraction of the total power
consumption, leading to a low efficiency. Some processes may offer the option of a special NMOS
transistor with a low threshold voltage but if this is not available, a PMOS pass transistor may be chosen
instead in order to achieve a smaller dropout voltage, see Fig. 8.27. In this circuit, the difference between
VIN and VO may be as small as VDS satP, i.e., considerably smaller than with an NMOS pass transistor. The
configuration shown in Fig. 8.27 is often referred to as a low dropout (LDO) voltage regulator.
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Figure 8.27: Low dropout voltage regulator with PMOS pass transistor.

For the low dropout regulator, the source of the pass transistor is connected to the input and the drain is
connected to the output. Hence, both line regulation and load regulation differ from those of a regulator
with an NMOS pass transistor. Where the regulator with an NMOS pass transistor had a fairly good line
regulation and load regulation, even with a rather small gain A in the amplifier, the line regulation and
the load regulation of the low dropout regulator rely heavily on the gain in the feedback loop.

Concerning the line regulation, input voltage ripple now appears as an input signal to a common-gate
configuration which has a high gain, on the order of gm1 (rds1 ‖ rL), where rL is the small-signal resistance
of the load. However, it is attenuated by the feedback loop, so with a high loop gain, the output ripple is
attenuated well below the input ripple. With a loop gain of about L0 = Agm1 (rds1 ‖ rL)R1/(R1+R2), the
resulting line regulation is

∂VO

∂VIN
� gm1 (rds1 ‖ rL)

L0
�
(

1
A

)(
1+

R2

R1

)
(8.29)

Concerning the load regulation, the output resistance of the regulator is determined by the output resis-
tance of M1 and the loop gain. With an output resistance rds1 of M1, we find a load regulation on the
order of

∂VO

∂ IL
� rds1

Agm1 rds1 R1/(R1 +R2)
�
(

1
gm1

)(
1
A

)(
1+

R2

R1

)
(8.30)

The fact that the line regulation and the load regulation of the low dropout regulator rely on the loop
gain implies that the frequency response of the loop gain is important for the characteristics and it may
be more difficult to achieve good frequency characteristics for the low dropout regulator than for the
standard regulator (Chan Carusone, Johns & Martin 2012). Also for the low dropout regulator, the
stability of the feedback loop is an important design issue but it is beyond the scope of this book and the
reader is referred to Chan Carusone, Johns & Martin (2012).
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Simulation examples. We complete the presentation of voltage regulators by LTspice simulations of
the circuits from Figs. 8.26 and 8.27. The LTspice schematic of the regulator with an NMOS pass
transistor is shown in Fig. 8.28. For the simulations, we use the BSIM3 model from Fig. 3.44 on page 104
even though this is for a 0.18 µm CMOS process and may not be representative of a pass transistor suited
for the high input voltage required. The circuit has been designed for a regulated output voltage of 1.5 V
and is assumed to deliver a load current of 10 mA.

Figure 8.28: LTspice schematic corresponding to the voltage regulator from Fig. 8.26.

Using the simple Shichman-Hodges transistor model given by (3.9) on page 60 with the transistor pa-
rameters from Table 3.1 on page 67, we find W/L = 2800 for a current of 10 mA and an effective gate
voltage of 200 mV. This is a fairly large aspect ratio, so in order to achieve a compact transistor structure,
we select a small channel length, L = 0.2 µm, giving W = 560 µm.

With a source-bulk voltage equal to VO = 1.5 V, we expect a threshold voltage for M1 of about 0.72 V
calculated from (3.16) on page 64 with the transistor parameters from Table 3.1. With a saturation voltage
of 0.2 V for both M1 and the amplifier output, we find the dropout voltage from (8.28) to be 1.12 V, so the
minimum input voltage is about 2.62 V. Allowing for some ripple at the input, we assume VIN = 2.7 V.

For the amplifier, we select a gain of 1000, the order of magnitude achieved for the two-stage opamps
presented in Chapters 5 and 7.

The reference voltage is assumed to have a value of Vref = 1.25 V, so in order to achieve VO = 1.5 V, we
need (1+R2/R1) = 1.5/1.25 ⇒ R2/R1 = 0.2. We select R1 = 100 kΩ and R2 = 20 kΩ, implying that
they draw a negligible current compared to IL.

Since the line regulation is the small-signal gain from the input voltage to the output voltage and the load
regulation is the small-signal output resistance, we can find these parameters by running a ‘.tf’ simulation
with ‘ ’ as the source and ‘ ’ as the output. From the output file, we find the line regulation as the
transfer function and the load regulation as the output impedance. In order to find the dc output voltage,
we also run a ‘.op’ simulation. Figure 8.29 shows the simulation results.

328

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS The Two-Stage Opamp

329

CMOS Analog IC Design: Fundamentals Chapter 8 – Bias Circuits, Bandgap References
and Voltage Regulators

Results from ‘.op’ simulation.

--- Operating Point ---

V(vin): 2.7 voltage
V(vg1): 2.2776 voltage
V(vo): 1.49727 voltage

--- Transfer Function ---

Transfer_function: 7.09391e-005 transfer
vin#Input_impedance: 1.68874e+009 impedance
output_impedance_at_V(vo): 0.0107543 impedance
 

Results from ‘.tf’ simulation.

--- Transfer Function ---

Transfer_function: 7.09391e-005 transfer
vin#Input_impedance: 1.68874e+009 impedance
output_impedance_at_V(vo): 0.0107543 impedance
 

Figure 8.29: Results from the output files from a ‘.op’ simulation and a ‘.tf’ simulation of the voltage regulator from Fig. 8.28.

We notice that the dc value of the output voltage is 1.497 V, i.e., very close to 1.5 V as expected. We also
see that the gate voltage of M1 is more than 0.4 V below VIN which is enough headroom for the amplifier
driving the gate. From the ‘.tf’ simulation, we find the line regulation to be 0.07 mV/V which is much
better than the line regulation found for the bandgap reference circuit in Fig. 8.21. Thus, even with a
smaller gain A in the opamp, we can achieve an adequate line regulation. The output resistance is found
to be 11 mΩ, corresponding to a load regulation of 11 µV/mA.

The LTspice schematic for the low dropout regulator is shown in Fig. 8.30. The regulator has been de-
signed to provide an output voltage of 1.5 V to a load of 10 mA. Compared to the regulator from Fig. 8.28,
the pass transistor has been changed to a PMOS transistor which is four times as wide as the NMOS
pass transistor in order to compensate for the difference between hole mobility and electron mobility.
The dropout voltage is now equal to the saturation voltage of the pass transistor, and with this voltage
selected to 200 mV, the minimum input voltage is 1.7 V. In order to allow for some input ripple, the input
voltage has been selected to be 1.8 V.
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Figure 8.30: LTspice schematic corresponding to the low dropout voltage regulator from Fig. 8.27.

For this regulator, we run the same simulations as before. Figure 8.31 shows the output voltage, the line
regulation and the load regulation. Again, the output voltage is very close to 1.5 V as expected, and we
also note that the output voltage of the amplifier, i.e., the gate voltage of M1 is well within the voltage
range which can be delivered by the amplifier.

Results from ‘.op’ simulation.

--- Operating Point ---

V(vin):  1.8 voltage
V(vg1):  1.29246  voltage
V(vo):  1.50155  voltage

--- Transfer Function ---

Transfer_function: 0.00127657  transfer
vin#Input_impedance:  9.40018e+007  impedance
output_impedance_at_V(vo):  0.0094622  impedance 

Results from ‘.tf’ simulation.

--- Operating Point ---

V(vin):  1.8 voltage
V(vg1):  1.29246  voltage
V(vo):  1.50155  voltage

--- Transfer Function ---

Transfer_function: 0.00127657  transfer
vin#Input_impedance:  9.40018e+007  impedance
output_impedance_at_V(vo):  0.0094622  impedance 

Figure 8.31: Results from the output files from a ‘.op’ simulation and a ‘.tf’ simulation of the low dropout voltage regulator from
Fig. 8.30.

We find a line regulation of 1.28 mV/V, i.e., considerably worse than for the regulator with an NMOS
pass transistor. Estimating the regulation from (8.29), we find ∂VO/∂VIN � 1.2 mV/V, agreeing well
with the simulated value.

The output resistance is found to be 9.5 mΩ, corresponding to a load regulation of 9.5 µV/mA. This is
about the same as for the regulator with an NMOS pass transistor. From the error log file from the ‘.op’
simulation, we may find gm1 = 127 mA/V, and using (8.30), we can estimate the load regulation to be
9.4 µV/mA, again a result showing good agreement with the simulated value.
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Problems

8.1

Figure P8.1

The circuit shown in Fig. P8.1 is used
to mirror the current IIN = 90 µA to the
output currents IO1 and IO2. M1, M2

and M3 are identical with Vtn = 0.40 V,
µnCox = 180 µA/V2 and L = 1 µm. The
channel-length modulation can be ne-
glected. Design M1 to have an effective
gate-source voltage of 200 mV.
The resistors Rw represent the wiring
resistance of aluminum connections
between M3 and M1 - M2 which are lo-
cated far away from M3.
Calculate Rw, assuming a wiring length
of 2 mm, width of 1 µm and thick-
ness of 0.25 µm. The resistivity of alu-
minum is ρ = 2.7×10−8 Ωm.
Calculate the output currents IO1 and
IO2, assuming that all transistors are in
the active region.
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8.2

Figure P8.2

The circuit shown in Fig. P8.2 is used
to mirror the current IIN = 90 µA to the
output currents IO1 and IO2.
The four NMOS transistors are iden-
tical and have Vtn = 0.40 V, µnCox =

180 µA/V2 and L = 1 µm. The two
PMOS transistors are also identical and
have Vt p =−0.42 V, µpCox = 45 µA/V2

and L = 1 µm. The channel-length
modulation can be neglected for all
transistors. Design M1 and M3 to have
an absolute value of the effective gate-
source voltage of 200 mV.
The wiring resistance is Rw = 216 Ω.
Calculate the output currents IO1 and
IO2, assuming that all transistors are in
the active region.
Verify your results from Problems 8.1
and 8.2 using LTspice simulation.

8.3

Figure P8.3

The current mirror shown in Fig. P8.3
consists of two NMOS transistors with
W/L = 25, µnCox = 180 µA/V2 and
a nominal value of Vtn of 400 mV.
However, due to spread in the man-
ufacturing process, Vtn may differ by
5 mV for the two transistors, i.e., Vtn1 =

400 mV and Vtn2 = 400 mV±5 mV.
The channel-length modulation can be
ignored and both transistors are in the
active region.
Ideally, IO = IIN . However, the differ-
ence in Vtn causes a deviation from the
ideal value of the output current. Cal-
culate the maximum relative error in IO

for IIN = 100 µA. Repeat the calcula-
tion for IIN = 400 µA.
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8.4

Figure P8.4

The circuit shown in Fig. P8.4 is used
to generate a constant current IO. All
transistors are assumed to be identical
with µpCox = 45 µA/V2, Vt p =−0.42 V
and W/L = 10. The supply voltage is
VDD = 1.8 V. The current IB is IB =

9 µA.
Calculate RB so that IO = 100 µA, as-
suming that all transistors are in the ac-
tive region.
What is the maximum value of VO for
which M3 is in the active region?

8.5

Figure P8.5

Figure P8.5 shows a cascode current
mirror biased for operation with a low
output voltage and all transistors in
the active region. All transistors have
µnCox = 180 µA/V2 and Vtn = 0.4 V.
The channel-length modulation and the
body effect can be neglected. Transis-
tors M1 to M4 are assumed to be iden-
tical with W/L = 25. The input current
IIN is 90 µA and also M5 is biased by a
current IB = 90 µA.
Calculate W5/L5 so that the gate volt-
age for M3, M4 and M5 equals VGS3 +

VDSsat1.
Find the minimum output voltage for
which all transistors are in the active re-
gion.
Now assume that the channel-length
modulation parameter is λ = 0.1 V−1

for all transistors. Calculate the output
resistance of the current mirror when
all transistors are in the active region.
You may use reasonable approxima-
tions.
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8.6

Figure P8.6

Figure P8.6 shows a bias circuit
which generates a constant bias current
IO from a bandgap reference vol-
tage Vref = 1.25 V.
The transistors have the following pa-
rameters:
µnCox = 180 µA/V2 and Vtn = 0.4 V,
µpCox = 45 µA/V2 and Vt p =−0.42 V.
The channel-length modulation and the
body effect can be neglected. All tran-
sistors have W/L = 25. The supply
voltage is VDD = 1.8 V.
Calculate the value of RB so that the
output current is IO = 90 µA, assum-
ing that all transistors are in the active
region.
Find the maximum output voltage for
which all transistors are in the active re-
gion.
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8.7

Figure P8.7

Figure P8.7 shows a Widlar current
source used to generate a small dc out-
put current IO. Assume that M1 and
M2 are two identical transistors with
a channel length of 1 µm and a chan-
nel width of 5 µm and they have tran-
sistor parameters as specified in Table
3.1 on page 67. The input current is
IIN = 50 µA and the supply voltage is
VDD = 1.8 V.
Use LTspice to find the value of RB re-
sulting in an output current IO = 5 µA
when VO = 0.9 V.
From the LTspice simulation, find gm2,
gmb2 and rds2 and calculate the small-
signal output resistance, assuming an
output voltage of VO = 0.9 V.
Also find the output resistance by an
LTspice simulation.

8.8
Using the LTspice default diode model,
find the diode voltage VD1 and the tem-
perature coefficient ∂VD1/∂T for a sin-
gle diode with ID = 10 µA at room tem-
perature, i.e., a temperature of 27◦C.
Also find the diode voltage VDM for 10
parallel-connected diodes with a total
current of 10 µA, and find the temper-
ature coefficient of VD1 −VDM at room
temperature.
For Vref =VD1 +G(VD1 −VDM), find G
so that ∂Vref/∂T = 0 at room tempera-
ture and find the resulting value of Vref.
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8.9

Figure P8.9

Figure P8.9 shows a bandgap refer-
ence circuit. The amplifier A estab-
lishes a feedback loop controlling the
current in the two identical PMOS tran-
sistors M1 and M2. Diode D2 consists
of 10 parallel-connected diodes, each
identical to diode D1. The resistors
are R1 = 6 kΩ and R2 = R3 = 65 kΩ,
and the amplifier has a gain A = 1000.
The supply voltage is VDD = 1.8 V. For
the transistors, assume a drain current
ID = 10 µA and an effective gate volt-
age |VGS −Vt p|= 0.2 V. The transistors
are in the active region and the channel-
length modulation can be neglected.
Find an expression for the loop gain
by breaking the loop at the output of
the amplifier and applying a test volt-
age Vtest to the gate of M1 and M2, re-
sulting in a returned voltage Vr at the
output of the amplifier. The diodes
have identical small-signal resistances
rd1 = rd2 =VT/ID where VT is the ther-
mal voltage.
Calculate the numerical value of the
loop gain.
Find an expression for the small-signal
gain ∂Vref/∂VDD and calculate the nu-
merical value when the feedback loop
is open and the dc value of Vtest is ap-
plied to the gate of M1 and M2.
Find an expression for ∂Vref/∂VDD

when the feedback loop is closed and
calculate the numerical value.
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8.10

Figure P8.10

Figure P8.10 shows a voltage regulator
with an NMOS pass transistor M1. As-
sume that the channel-length modula-
tion for M1 can be neglected and that
it has a gate transconductance of gm1 =

100 mA/V and a bulk transconductance
of gmb1 = 20 mA/V. The resistors are
R1 = 100 kΩ and R2 = 20 kΩ, i.e., both
R1 and R2 are much larger than 1/gm1.
The load can be modeled as a dc cur-
rent source and the amplifier has a gain
of A = 1000.
Find an expression for the loop gain in
the feedback loop controlling VO, and
find an expression for the load regula-
tion ∂VO/∂ IL and calculate the numer-
ical results.
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Chapter 9 – Essential Results and Equations

This final chapter of the book is a summary of the most important results and equations presented in the
previous chapters. It is intended to serve as a reference guide which will - hopefully - provide a quick
overview of principles and equations frequently used when designing analog CMOS circuits. References
are given to the text in the preceding chapters where details can be found.

9.1 Design methodology

Design phases:
The design process includes both
analytical methods using math and
calculations by hand and circuit
simulation by computer.
Also implementation and evalua-
tion by measurements is part of the
design process, but this is not cov-
ered by the present book.

Simulation methods in LTspice:
Dc operating point.
‘.op’

This command calculates operating point and small-signal tran-
sistor parameters in the operating point using nonlinear circuit
equations. The small-signal parameters are listed in the error log
file, opened by ‘Ctrl-L’.

Dc sweep.
‘.dc’

This command computes dc currents and voltages over a range
of values for one, two or three independent current sources or
voltage sources.

Transient analysis.
‘.tran’

This command computes currents and voltages as a function of
time in a circuit with one or more sources specified as time-
varying sources.

Dc Transfer analysis.
‘.tf’

This command computes the small-signal input resistance,
small-signal output resistance and transfer function from an
(independent) input source to an output at a frequency of 0 Hz.

Ac analysis.
‘.ac’

This command computes the small-signal ac behavior of the cir-
cuit linearized about its dc operating point. This is used for find-
ing the frequency response of a circuit, e.g., the Bode plot of a
gain function.
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9.2 Circuit analysis

Fundamental principles:

The two fundamental theorems in circuit analysis are:

Kirchhoff’s current law (KCL),
see page 30.

The algebraic sum of currents flowing into a node equals zero.

Kirchhoff’s voltage law (KVL),
see page 31.

The algebraic sum of voltages across circuit elements connected
in a closed loop equals zero.

Additional methods:

Methods for simplifying linear circuits:

Thévenin equivalent circuit,
see page 34-35.

A linear two-terminal circuit consisting of impedances, voltage
sources and current sources can be replaced by an equivalent
circuit consisting of an independent voltage source in series with
an impedance.

Norton equivalent circuit,
see page 35.

A linear two-terminal circuit consisting of impedances, voltage
sources and current sources can be replaced by an equivalent
circuit consisting of an independent current source in parallel
with an impedance.

Superposition,
see page 36.

In a linear circuit with more independent sources, the total re-
sponse is the sum of the responses to each of the independent
sources acting alone with all other independent sources being
reset.

Signal notation, see page 20-21.

Time-domain notation, see Fig. 2.4 on page 21:

Instantaneous value. Lowercase letter, uppercase subscript, e.g., vA.

Dc value or bias value. Uppercase letter, uppercase subscript, e.g., VA.

Ac value or small-signal value. Lowercase letter, lowercase subscript, e.g., va.

Amplitude. Uppercase letter, lowercase subscript, e.g., Va.

Frequency-domain notation:

Angular frequency ω . Uppercase letter, lowercase subscript, e.g., Va( jω).
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9.3 Device models, linear passive devices

See page 23-26.

Resistor Capacitor Inductor

Diagram symbol.

Time domain. v(t) = Ri(t) i(t) =C
dv(t)

dt
v(t) = L

di(t)
dt

Frequency domain. V (s) = RI(s) I(s) = sCV (s) V (s) = sL I(s)

9.4 Device model, pn diode

Diagram symbol.

Shockley diode model,
see page 52.

ID = IS exp
(

VD

nVT
−1

)
� IS exp

(
VD

nVT

)
for VD �VT =

kT
q

.

Small-signal model. rd =

(
∂ iD
∂vD

)−1

� nVT

ID

9.5 Small-signal models

A small-signal model is a linearized model of a nonlinear device equation, see page 85-87. The small-
signal parameters are calculated as partial derivatives in a specific bias point (operating point). Example:

Small-signal parameters:

gm =
∂ iD

∂vGS

∣∣∣∣
bias
point

gds =
∂ iD

∂vDS

∣∣∣∣
bias
point Nonlinear large-signal model Linear small-signal model
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9.6 Device models, MOS transistors

Diagram symbol,
NMOS transistor, see page 65.

Diagram symbol,
PMOS transistor, see page 65.

Transistor parameters. Threshold voltage Vt , positive for NMOS transistors, negative
for PMOS transistors.
Channel width W . Channel length L. Channel-length modula-
tion parameter λ , inversely proportional to L.
Electron mobility µn (NMOS transistors).
Hole mobility µp (PMOS transistors).
Gate capacitance per unit area Cox.
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Nonlinear device models for an NMOS transistor:

Shichman-Hodges
transistor model,
see page 64.

Cut-off region: vGS ≤Vt :
iD = 0

Triode region: 0 ≤ vDS ≤ vGS −Vt :

iD = µnCox

(
W
L

)
[(vGS −Vt)vDS − v2

DS/2](1+λvDS)

Active region (saturation region): 0 ≤ vGS −Vt ≤ vDS:

iD =
µnCox

2

(
W
L

)
(vGS −Vt)

2(1+λvDS)

Simplified Shichman-Hodges
transistor model without channel-
length modulation,
see page 60.
Using 1+λvDS � 1 is often a
reasonable approximation for
hand calculations.

Cut-off region, vGS ≤Vt :
iD = 0

Triode region: 0 ≤ vDS ≤ vGS −Vt :

iD = µnCox

(
W
L

)
[(vGS −Vt)vDS − v2

DS/2]

Active region (saturation region): 0 ≤ vGS −Vt ≤ vDS:

iD =
µnCox

2

(
W
L

)
(vGS −Vt)

2

Body effect, change in threshold
voltage when source and bulk are
not connected,
see page 64.

Vt =Vto + γ(
√

vSB + |2ΦF |−
√
|2ΦF |)

where Vto is the threshold voltage with vSB = 0, γ is the bulk
threshold parameter (or body effect constant) and |ΦF | is the
Fermi potential of the body.

The voltage (vGS −Vt) is called the overdrive voltage, vov, or the effective gate voltage, veff, because it
is the voltage effectively available for creating the channel beneath the gate electrode, see page 58.
It is also called the saturation voltage, vDS sat, because it is the border between the triode region and the
saturation region (active region) for the transistor characteristics, see page 61.

The nonlinear device equations for a PMOS transistor are the same as for an NMOS transistors, provided
absolute values for vGS −Vt , vDS and vSB are used and µn is replaced by µp, see page 64-65.
For a PMOS transistor, the body effect causes Vt to be more negative than Vto.
For a PMOS transistor in the active region, vGS −Vt is negative and vDS is more negative than vGS −Vt ,
i.e., 0 ≥ vGS −Vt ≥ vDS and 0 ≤ |vGS −Vt | ≤ |vDS|. For a PMOS transistor in the triode region, vGS −Vt

is negative and vDS is negative, but less negative than vGS −Vt , i.e., 0 ≥ vDS ≥ vGS −Vt and 0 ≤ |vDS| ≤
|vGS −Vt |.
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Low-frequency small-signal model in the active region:

Small-signal diagram, see page 90.
The small-signal model is the
same for NMOS and PMOS tran-
sistors.

Transconductance gm, see page 88.
The equations are the same for
NMOS and PMOS transistors, but
for PMOS transistors you must use
absolute values of VGS−Vt and VDS

and replace µn by µp.

gm =
∂ iD

∂vGS
= µnCox

(
W
L

)
(VGS −Vt)(1+λVDS)

=
2 ID

VGS −Vt

=

√
2µnCox

(
W
L

)
ID(1+λVDS)

Approximate expressions for gm

using 1+λvDS � 1 which is often
a reasonable approximation for
hand calculations, see page 89.
For PMOS transistors,
use |VGS −Vt | and µp.

gm =
2 ID

VGS −Vt

� µnCox

(
W
L

)
(VGS −Vt)

�

√
2µnCox

(
W
L

)
ID

Output conductance gds,
output resistance rds = 1/gds,
see page 89.
For PMOS transistors,
use |VDS| and |VGS −Vt | and µp.
Using 1+λvDS � 1 is often a
reasonable approximation for
hand calculations.

gds = 1/rds =
∂ iD

∂vDS
= λ

µnCox

2

(
W
L

)
(VGS −Vt)

2

=
λ ID

1+λVDS

� λ ID

Bulk transconductance gmb,
see page 90.
For PMOS transistors,
use |VSB|.

gmb =
∂ iD
∂vBS

= gm
γ

2
√

VSB + |2ΦF |

Low-frequency figure of merit,
intrinsic voltage gain Avi,
see page 89.

Avi =
gm

gds
=

2(1+λVDS)

λ (VGS −Vt)
� 2

λ (VGS −Vt)
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High-frequency small-signal model in the active region:

High-frequency small-signal dia-
gram, see page 93.
The small-signal model is the
same for NMOS and PMOS tran-
sistors.

Gate-source capacitance Cgs,
see page 93.

Cgs �
2
3

WLCox

Gate-drain capacitance Cgd ,
see page 94.

Proportional to channel width.
Normally Cgd �Cgs.

Gate-bulk capacitance Cgb,
see page 94.

Proportional to channel length.
Normally Cgb �Cgs.

Bulk-source capacitance Cbs,
see page 94.

Junction capacitance, approximately proportional to area of
source diffusion.

Bulk-drain capacitance Cbs,
see page 94.

Junction capacitance, approximately proportional to area of
drain diffusion.

Bulk/well-substrate capacitance
Cbsub, see page 94.

Junction capacitance, approximately proportional to area of
well diffusion.

High-frequency figure of merit,
unity-gain frequency ft of small-
signal current gain, see page 95.

ft �
gm

2π Cgs
� 3µ (VGS −Vt)

4π L2

Typical Shichman-Hodges transistor parameters for a generic 0.18 µm CMOS process. Note that λ must
be calculated according to channel-length from λ = λ ′

/L, see page 67.

Parameter: µCox Vto λ ′
= λL γ |2ΦF |

NMOS: 180 µA/V2 0.40 V 0.10 µm/V 0.5
√

V 0.7 V

PMOS: 45 µA/V2 −0.42 V 0.14 µm/V 0.5
√

V 0.7 V
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9.7 Basic gain stages at low frequency

General amplifier model with a
voltage-controlled voltage source,
see page 115.

Small-signal parameters:
Open-circuit voltage gain Avoc.
Input resistance rin.
Output resistance rout .

Small-signal voltage gain Av with a load resistor RL:

Av =
vo

vin
= Avoc

RL

RL + rout

Small-signal voltage gain Avs with a load resistor RL

and a signal source resistor RS:

Avs =
vo

vs
= Avoc

(
RL

RL + rout

)(
rin

RS + rin

)
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Common-source stage with ideal
bias current source,
see page 116-119.

Small-signal equivalent for
the common-source stage.

Input resistance rin. rin = ∞

Output resistance rout . rout = rds1

Open-circuit voltage gain Avoc. Avoc =−gm1rds1

Common-drain stage
(source follower) with ideal
bias current source and no bulk
effect, see page 124-125.

Small-signal equivalent for
the common-drain stage.

Input resistance rin. rin = ∞

Output resistance rout . rout =
1

gm1
‖ rds1 =

rds1

1+gm1rds1
� 1

gm1

Open-circuit voltage gain Avoc. Avoc =
gm1rds1

1+gm1rds1
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Common-drain stage
(source follower) with ideal
bias current source and bulk
effect, see page 126-128.

Small-signal equivalent for
the common-drain stage.

Input resistance rin. rin = ∞

Output resistance rout . rout =
1

gm1 +gmb1
‖ rds1 =

rds1

1+(gm1 +gmb1)rds1
� 1

gm1 +gmb1

Open-circuit voltage gain Avoc. Avoc =
gm1rds1

1+(gm1 +gmb1)rds1
� gm1

gm1 +gmb1
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Common-gate stage with ideal
bias current sources and bulk ef-
fect, see page 133-136.
The coupling capacitors in the dia-
gram are considered ideal dc open
circuits and ideal ac short circuits.

Small-signal equivalent for
the common-gate stage, including
a source resistor RS and a load re-
sistor RL.

Input resistance rin.
Note that rin depends on RL.

rin =
rds1 +RL

1+(gm1 +gmb1)rds1
� 1

gm1 +gmb1
+

RL

(gm1 +gmb1)rds1

Output resistance rout .
Note that rout depends on RS.

rout = RS +(1+(gm1 +gmb1)RS)rds1

� rds1 +(gm1 +gmb1)rds1 RS

Open-circuit voltage gain Avoc. Avoc = 1+(gm1 +gmb1)rds1 � (gm1 +gmb1)rds1

For a common-gate stage without bulk effect (i.e., bulk and source connected), use gmb = 0 in the
equations above.
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Cascode stage with ideal bias
current source and bulk effect,
see page 136-141.

Small-signal equivalent for the
cascode stage.

Input resistance rin. rin = ∞

Output resistance rout . rout = rds1 +(1+(gm2 +gmb2)rds1)rds2

� (gm2 +gmb2)rds2 rds1

Open-circuit voltage gain Avoc. Avoc =−(1+(gm2 +gmb2)rds2)gm1rds1

�−gm1(gm2 +gmb2)rds1 rds2

Transconductance amplifier model
for the cascode stage,
see page 138.

gm � gm1

rout � (gm2 +gmb2)rds2 rds1
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Differential pair with
resistive load, see page 148-163.

Input voltages. Differential input: vID = vG1 − vG2

Common-mode input: vICM = (vG1 + vG2)/2
vG1 = vICM + vID/2
vG2 = vICM − vID/2

Output voltages. Differential output voltage: vOD = vD1 − vD2

Small-signal transistor
parameters.

gm1 = gm2

gds1 = gds2; rds1 = rds2

Small-signal differential gain. Ad = vod/vid =−(RD ‖ rds1)gm1; RD = RD1 = RD2
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Differential pair with
active load and single-ended
output, see page 163-165.

Small-signal transistor
parameters.

gm1 = gm2

gds1 = gds2; rds1 = rds2

gm3 = gm4

gds3 = gds4; rds3 = rds4

Small-signal differential gain. Ad = vo/vid = vo/(vin1 − vin2) = (rds2 ‖ rds4)gm1

Small-signal output resistance. rout = (rds2 ‖ rds4)

9.8 Frequency response of basic gain stages

Exact method: Find the transfer function in the frequency domain (s-domain) using node equations and
normalize numerator and denominator to be polynomials in s. Find zeros by setting the numerator equal
to zero and poles by setting the denominator equal to zero and solve for s.

Approximation methods for estimating pole frequencies:

Dominant time constant method,
see page 172.

For each node in the signal path, find the small-signal resistance
to ground and the small-signal capacitance to ground and cal-
culate the time constant as the product of the resistance and the
capacitance.
The node with the largest time constant is causing the dominant
pole, i.e., the lowest pole frequency.

Miller equivalent, see page 174:
The input capacitance Cin of a gain
stage with a voltage gain Av and
a capacitance C between input and
output is given by
Cin =CM � (1−Av)C.
CM is called the Miller capaci-
tance.
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Qualitative explanations for the basic gain stages:

General model.

Common-source stage. The common-source stage has a gate-drain capacitance Cgd from
input to output which is subject to the Miller effect and may
cause a fairly large input capacitance.
With RS large, the dominant pole is often caused by RS and the
input capacitance.
With RS small, the dominant pole is often caused by (RL ‖ rout)

and CL.
The common-source stage also has a zero in the transfer func-
tion. For a detailed calculation of the zero and the poles, see
page 265-267.

Common-drain stage. The common-drain stage has a gate-source capacitance Cgs from
input to output which is subject to the Miller effect and since
Av is positive and close to one, this normally causes the input
capacitance to be small, whereas RS may be large.
At the output node, RL is often small whereas CL may be large,
see page 180-182.

Common-gate stage. The common-gate stage has a small input resistance and a large
output resistance, so often, the dominant pole comes from the
output node, see page 185.

Cascode stage. The cascode stage has a very large output resistance and nor-
mally, the dominant pole comes from the output node. However,
the input resistance is infinite, so with a large value of RS, the
input time constant may also be large. For a detailed discussion,
see page 186-187.

Differential pair. The differential pair resembles the common-source stage and
has a high output resistance when using an active load. Often
the dominant pole comes from the output node with a capacitive
load which is the input capacitance of a subsequent common-
source stage, see page 190.
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9.9 Feedback

Basic structure of a system with negative feedback:

General model, see page 226.

System parameters:
Open-loop gain: A
Feedback factor: β

Loop gain: L = Aβ
Amount of feedback: 1+L = 1+Aβ

Closed-loop gain: ACL =
A

1+Aβ

For Aβ � 1, ACL � 1
β
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Benefits of feedback:

Using feedback, the gain is reduced by a factor (1+Aβ ) from A to ACL. By sacrificing gain, we achieve
improvements in several other system parameters. For the linear system parameters, the factor of im-
provement is (1+Aβ ).
In the table below, rin is the input resistance of the amplifier A without feedback and rout is the output
resistance of the amplifier A without feedback.

Relative gain error,
dACL

ACL
,

see page 227-228.

dACL

ACL
=

(
1

1+Aβ

)
dA
A

Closed-loop bandwidth ωpCL of a
system with a single pole ωp in A,
see page 233-234.

ωpCL = (1+A0β )ωp where A0 is the low-frequency value of A.
With A0β � 1, ωpCL � βA0ωp = βω ta where ω ta is the
gain-bandwidth product of the amplifier.

Input resistance rinCL of a
voltage-mode input,
ideally infinite, see page 235.

rinCL = (1+Aβ )rin

Input resistance rinCL of a
current-mode input,
ideally zero, see page 237-238.

rinCL =
rin

1+Aβ

Output resistance routCL of a
voltage-mode output,
ideally zero, see page 234-235.

routCL =
rout

1+Aβ

Output resistance routCL of a
current-mode output,
ideally infinite, see page 240-241.

routCL = (1+Aβ )rout

Stability of systems with feedback:

The stability of a system with feedback depends on the frequency response of the loop gain L(s). With
increasing frequency, |L(s)| decreases and � L(s) turns negative. With ω t defined as the unity-gain fre-
quency of the loop gain, the phase margin PM is the phase angle left until a phase shift of 180◦ in L(s)
is reached, i.e.,

PM = 180◦ − (−� L( jω t)) = 180◦+ � L( jω t)

For a system with feedback to be stable, the phase margin must be positive, see Fig. 6.25 on page 247.
In practice, a phase margin of at least 45◦ is normally required.
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First-order system, see page 248-250:

Loop gain, L(s) = βA(s). L(s) =
L0

1+ s/ωp

Unity-gain frequency ω t

of loop gain.
ω t = L0ωp, i.e., ω t is equal to the gain-bandwidth product ω tl

of the loop gain.

Phase margin PM. PM = 180◦ − arctan(ω t/ωp) = 180◦ − arctan(L0); PM > 90◦

Second-order system, see page 250-259:
For a second-order system with a dominant pole ωp1 at a much lower frequency than the non-dominant
pole ωp2, the phase margin is depending on the location of the non-dominant pole relative to the gain-
bandwidth product ω tl = L0ωp1 of the loop gain. The dependency is shown graphically in Fig. 6.35(a)
on page 259 and in tabular form below for selected values of the phase margin PM.

Loop gain, L(s) = βA(s). L(s) =
L0

(1+ s/ωp1)(1+ s/ωp2)
� ω tl

s(1+ s/ωp2)
; ωp2 � ωp1

Gain-bandwidth product ω tl

of loop gain.
ω tl = L0ωp1

Phase margin PM. 45◦ 50◦ 55◦ 60◦ 65◦ 65.5◦ 70◦ 75◦ 76.3◦

ωp2/ω tl . 0.71 0.91 1.17 1.50 1.94 2.00 2.58 3.60 4.00

For ωp2/ω tl < 2, corresponding to a phase margin of less than 65.5◦, the closed-loop frequency response
shows peaking. For ωp2/ω tl < 4, corresponding to a phase margin of less than 76.3◦, the closed-loop
transient response shows overshoot.
The closed-loop bandwidth is also depending on ωp2/ω tl and is between ω tl and 1.41×ω tl for
0.5 ≤ ωp2/ω tl ≤ 4, see Fig. 6.30 on page 255.

Frequency compensation:

The process of designing the location of poles and zeros in order to fulfill stability requirements is called
frequency compensation. Two common types of frequency compensation are dominant-pole compensa-
tion and Miller compensation.
In dominant-pole compensation, the frequency ωp1 of the dominant pole is reduced in order to reduce
the gain-bandwidth product of the loop gain. This is typically achieved by increasing the capacitance to
ground in the node causing the dominant pole, see page 264.
In Miller compensation, a capacitor is placed from input to output of an inverting gain stage to create a
dominant pole ωp1 from the input of the gain stage. An advantage of the Miller compensation is that it
not only reduces ωp1 but also increases the frequency ωp2 of the non-dominant pole from the output of
the gain stage. A disadvantage is that it introduces a right-half-plane zero causing a phase shift which
reduces the phase margin, see page 265-268.
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9.10 The two-stage opamp

A two-stage opamp with a PMOS
differential input pair.
The inverting input is vG1 and the
noninverting input is vG2, so the
differential input voltage is vID =

vG2 − vG1.

Simplified small-signal diagram of
the two-stage opamp.
R1 = rds2 ‖ rds4; R2 = rds6 ‖ rds7.
C1 represents the sum of the para-
sitic capacitances to ground at the
output of the first stage.
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Frequency compensation of the two-stage opamp for a feedback system with a feedback factor β , see
page 282-289.

Loop gain transfer function. L(s)� β
(

A0(1− s/ωz)

(1+ s/ωp1)(1+ s/ωp2)

)

Low-frequency loop gain. L0 = βA0 � β
(

gm1

gds2 +gds4

)(
gm7

gds6 +gds7

)

Frequency of dominant pole. ωp1 �
(gds2 +gds4)(gds6 +gds7)

gm7Cc

Gain-bandwidth product of
loop gain.

ω tl = ωp1L0 � β
gm1

Cc

Frequency of non-dominant pole. ωp2 �
gm7

C1 +CL +C1CL/Cc

Frequency of right-half-plane zero. ωz =
gm7

Cc

Compensation approach: Make ωz >> ω tl so that the phase shift from from the zero is small, e.g.,
ωz = 10ω tl . This will cause a phase shift of approximately 6◦ from the zero at the unity-gain frequency
of the loop gain.
Design the position of ωp2 relative to ω tl for a phase margin which is at least 6◦ larger than the specifi-
cation requirement for the phase margin using the table on page 356 or Fig. 6.35(a) on page 259.

As an example, assume C1 � CL and C1 � Cc and a design requirement for a phase margin of at least
70◦. This implies that we design the non-dominant pole location corresponding to a phase margin of
∼76◦ in the table on page 356, so we select ωp2/ω tl = 4.

Zero frequency.
ωz

ω tl
�
(

1
β

)(
gm7

gm1

)
= 10 ⇒ gm7 = 10βgm1

Non-dominant pole frequency.
ωp2

ω tl
�
(

gm7

CL

)(
Cc

β gm1

)
= 4 ⇒ Cc = 0.4 CL

From the frequency compensation, we have determined a relation between gm1 and gm7 and we have
found the compensation capacitor Cc as a function of the load capacitance CL.

For other design considerations, see page 289-297.

358

Download free eBooks at bookboon.com



CMOS ANALOG IC DESIGN: FUNDAMENTALS Essential Results and Equations

359

CMOS Analog IC Design: Fundamentals Chapter 9 – Essential Results and Equations

9.11 Current mirrors and current sources

Simple current mirror with
transistor scaling.
IO = N IIN .
VOmin =VDSsat2.
rout = rds2.
See page 70-74 and page 301-303.

W2/L2 = N(W1/L1)

Use L2 = L1

for good matching.

Cascode current mirror with
transistor scaling, shown with
bulk effect for M3 and M4.
IO = N IIN .
VOmin =Vt2 +VDSsat2 +VDSsat4.
rout � rds4 +(gm4 +gmb4)rds4 rds2.
See page 303-304.

W4/L4 = N(W3/L3)

W2/L2 = N(W1/L1)

Use L4 = L3

and L2 = L1

for good matching.

Low-voltage cascode current
mirror with transistor scaling,
shown without bulk effect
for M3 and M4.
IO = N IIN .
RB IIN =Vt4 −Vt2 +VDSsat4.
VOmin =VDSsat2 +VDSsat4.
rout � rds4 +gm4 rds4 rds2.
See page 303-304.

W4/L4 = N(W3/L3)

W2/L2 = N(W1/L1)

Use L4 = L3

and L2 = L1

for good matching.

Alternative low-voltage cascode
current mirror with transistor
scaling, shown without bulk effect
for M3 and M4.
IO = N IIN .
IB = IIN ; W5/L5 = (W1/L1)/4.
VOmin =VDSsat2 +VDSsat4.
rout � rds4 +gm4 rds4 rds2.
See page 303-304 and page 334.

W4/L4 = N(W3/L3)

W2/L2 = N(W1/L1)

Use L4 = L3

and L5 = L2 = L1

for good matching.
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Source-degenerated current mirror,
Widlar current source, shown
without bulk effect for M2.
IO = (VGS1 −VGS2)/RB.
VOmin =VGS1 −Vt2.
rout � rds2 +gm2 rds2 RB.

IO = IIN for K = 4 and

RB =

√
1

2µnCox(W1/L1) IB
=

1
gm1

.

See page 310-313.

W2/L2 = K(W1/L1)

Use L2 = L1

for good matching.

9.12 Bandgap reference principle

A bipolar diode forward voltage VD has a negative temperature coefficient of about −2 mV/K.
The difference ∆VD between the diode voltages for two diodes with current densities (diode current ID

relative to diode saturation current IS) scaled by a factor M has a positive temperature coefficient of
∂∆VD/∂T = (k/q) ln(M) = 0.0861 mV/K× ln(M).
By adding VD and G∆VD with G = 23.2/ ln(M), a temperature-independent voltage is obtained. The
voltage is Vref = G∆VD +VD � 1.25 V and is equal to the bandgap voltage of silicon, see page 313-317.
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A bandgap reference circuit,
see page 319.

VD1 =VT ln(
ID

IS
); VT =

kT
q

VDM =VT ln(
ID

MIS
)

∆VD =VT ln(M)

ID =
∆VD

R1
=

VT

R1
ln(M)

Vref =VD1 +R2 ID

=VD1 +

(
R2

R1

)
∆VD

9.13 Voltage regulators

A linear series voltage regulator
with an NMOS pass transistor,
see page 325-326.

VO =

(
1+

R2

R1

)
Vref

Dropout voltage:
VDO =Vt1 +VDS satN +VDS satP

Line regulation:
∂VO

∂VIN
�
(

1
Agm1rds1

)(
1+

R2

R1

)

Load regulation:
∂VO

∂ IL
�
(

1
Agm1

)(
1+

R2

R1

)
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A linear series voltage regulator
with a PMOS pass transistor, i.e.,
a low dropout (LDO) regulator,
see page 326-327.

VO =

(
1+

R2

R1

)
Vref

Dropout voltage:
VDO =VDS satP

Line regulation:
∂VO

∂VIN
�
(

1
A

)(
1+

R2

R1

)

Load regulation:
∂VO

∂ IL
�
(

1
Agm1

)(
1+

R2

R1

)
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Appendix

Answers to End-of-Chapter Problems

In several problems, you are encouraged to use reasonable approximations. The answers to the problems
may depend somewhat on the approximations used for the calculations.

Chapter 2:

2.1: Pavg =V 2
f /R; Fundamental: 81%; 3rd harmonic: 9%; 5th harmonic: 3.2%.

2.2: VA = 500 mV; Va = 200 mV; ω = 18.85×103 rad/s; θ = 120◦.

2.3: |Vo( j 2ω 0)|=Va/
√

5 = 0.447Va; � Vo( j 2ω 0) =−arctan(2) =−63.4◦;
vO(t) = 0.447Va cos(2ω0 t −63.4◦)

2.4: Rm =−R2 ‖ [Av(R1 ‖ R2)] =−36.4 kΩ; rin = (R1 ‖ R2) ‖ (R2/Av) = 727 Ω.

2.5: vC(t = 0) = 0; vC(t → ∞) = 10 V; τ = 0.3 ms.

2.6: H(s) =− GmR2R3sC2

(1+ sC2(R2 +R3))(1+ sC1R1)
; fp low = 19.9 Hz; fphigh = 24.9 kHz.

2.7: Bias point: ID = 0.125 mA; VO = 3.75 V.
Small-signal gain: dvO/dvIN = 5 V/V−10 V−1 ·VIN ; dvO/dvIN |VIN=1 V =−5 V/V.

2.8:
vo

vin
=

50 exp(−5 V−1 ·VIN)

(1+ exp(−5 V−1 ·VIN))2 .

VIN = 0 V:
dvO

dvIN
= 12.5 V/V; VIN =±0.3 V:

dvO

dvIN
= 7.46 V/V.

Chapter 3:

3.1: VD1 =−0.25 V; VS2 =−0.65 V; VD3 = 0.65 V.

3.2: VD1 = 0.86 V; VD2 =−0.20 V; VD3 = 0.23 V.

3.3: VD1 =−0.254 V; VS2 =−0.641 V; VD3 =−0.406 V.

3.4: R1 = 110 kΩ. For λ = 0: W1 = 17.0 µm; For λ L = 0.14 µm/V: W1 = 16.5 µm.

3.5: W1 = 2.05 µm; vIN =−0.2 V: vO = 0.81 V; vIN = 0.2 V: vO =−0.81 V.

3.6: 39.7 kΩ ≤ Req ≤ 111.1 kΩ; vDSmax = 80 mV.

3.7: W1 = 8.0 µm; W2 = 16.0 µm; ro = 118 kΩ.

3.8: vo/vin =−gmRD =−2VSS/|VIN −VDD −Vt |; VIN = 0.18 V; RD = 11.25 kΩ; W = 39.5 µm.

3.9: gm1 = 0.219 mA/V; rds1 = 86.2 kΩ; gm2 = 0.210 mA/V; rds2 = 111.1 kΩ; vo/vin =−20.8 V/V.

3.10: Av( jω) =−
(gm − jω Cgd)rds

1+ jω (Cgd +Cbd)rds
; A0 =−75 V/V ∼ 37.5 dB; fp = 32.2 MHz.
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Chapter 4:

4.1: ID1 = ID2 = 10.8 µA; VIN = 0.6 V; 0.2 V ≤ vO ≤ 1.4 V.

4.2: Av = vo/vin �−62.5 V/V. Simulated value: Av =−66.9 V/V.

4.3: VGS1 =VDS1 = 0.658 V; vo/vin =−(gm1 −1/RG)(RL ‖ RG) =−14 V/V.

4.4: W = 50 µm; VS = 0.3 V; VIN = 0.9 V;
vd/vin =−RD gm1/(1+RS gm1) =−1.5 V/V; vs/vin = RS gm1/(1+RS gm1) = 0.75 V/V.

4.5: RD = 18 kΩ; W1 = 68.9 µm; VIN = 1.126 V.

4.6: VIN =−0.668 V; Avoc = 0.985 V/V; rout = 978 Ω; Av = 0.824 V/V;
−0.192 V < vO < 0.600 V.

4.7: VIN = 545.38 mV; Avoc =−13326 V/V; rout = 48.8 MΩ; rx = 368 kΩ; Avx =−101 V/V.

4.8: VIN = 537.66 mV; Avoc =−84.6 V/V; rout = 327 kΩ; rx = 5.33 kΩ; Avx =−1.39 V/V.

4.9: ID1 = ID2 = ID3 = ID4 = 17.6 µA; ID5 = 35.3 µA; gm1 = gm2 = 178 µA/V;
gm3 = gm3 = 356 µA/V; gm5 = 252 µA/V; rds1 = rds2 = 406 kΩ; rds3 = rds4 = 568 kΩ;
rds5 = 203 kΩ; Ad = 42.1 V/V.

LTspice gives slightly larger values of bias currents and transconductances due to the channel-
length modulation which has been neglected in the hand calculations. Also simulated rds

values are slightly different due to the factor (1+ λ VDS) and the larger values of ID. The
differences cause the simulated value of the small-signal gain to be slightly larger than the
calculated value.

Simulated input common-mode voltage range: 0.07 V to 0.91 V.

4.10: Vo/Vin =−[(gm − sC2)rds]/[1+ srds (C2 +C3)]; p =−[rds (C2 +C3)]
−1; z = gm/C2.

4.11: rout = 250 kΩ; Av =−50 V/V; f−3 dB = 127.3 kHz; GBW = 6.37 MHz.

4.12: rout = 15 MΩ; Av =−3000 V/V; f−3 dB = 2.12 kHz; GBW = 6.37 MHz.

4.13: gm = 0.141 mA/V; rds = 500 kΩ; rout = 500 kΩ; Av =−5000 V/V; f−3 dB = 63.7 kHz;
GBW = 316 MHz.

4.14: Vo/Vin = (gm + sCgs)/(gm + s(CL +Cgs)); p =−gm/(CL +Cgs); z =−gm/Cgs.

4.15: gm1 = gm2 = 0.628 mA/V; Av = vo/(vin1−vin2) =−6.28 V/V; ID1 = ID2 = ID3 = ID4 = 94 µA;
ID5 = 188 µA; W1 =W2 = 11.6 µm; W3 =W4 = 46.4 µm; W5 = 23.2 µm.

4.16: Av = vo/vin = gm1 RD/2; As = vs/vin = 1/2; Cin =Cgd +Cgs/2.
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4.17: Common-source stage: Simulated values: rout = 44.9 kΩ, Cout = 0.125 pF.
Calculated values from small-signal parameters: rout = 44.9 kΩ, Cout = 0.113 pF.

High-gain cascode stage: Simulated values: rout = 5.05 MΩ, Cout = 0.432 pF.
Calculated values from small-signal parameters: rout = 5.0 MΩ, Cout = 0.148 pF.

Low-gain cascode stage: Simulated values: rout = 106 kΩ, Cout = 0.198 pF.
Calculated values from small-signal parameters: rout = 106 kΩ, Cout = 0.148 pF.

Note that while the simulated and calculated resistor values match reasonably well, some of
the simulated capacitor values are significantly higher than the calculated values. This is due
to the advanced capacitor modeling used in LTspice. The difference is particularly pronounced
for transistors where neither drain nor source is connected to a fixed dc voltage.

Chapter 5:

5.1: Ad = 1540 V/V; f−3 dB = 82 kHz.

5.2: W1 =W2 = 10 µm; W3 =W4 = 16 µm; W5 =W6 = 9.88 µm; W7 = 32 µm.

5.3: A1 = 30.7 dB; A2 = 27.4 dB. Gains are larger than 30 dB and 26 dB because the factor
(1+λ VDS) has been neglected in the calculations in Problem 5.2.

5.4: Calculated −3 dB frequency: 75.8 kHz. Simulated −3 dB frequency: 63.6 kHz.
The difference is due to the factor (1+λ VDS) which has been neglected in the calculations.
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5.5: W1 =W2 = 20 µm; W3 =W4 = 5 µm; W5 = 40 µm; W6 = 200 µm; W7 = 50 µm; VB = 1.08 V;
Ad = 625 V/V ∼ 55.9 dB; rout = 8.33 kΩ.

5.6: gm1 = 0.326 mA/V; gm7 = 3.35 mA/V; Ad = 762 V/V ∼ 57.6 dB; rout = 8.34 kΩ.
Simulated values are different from calculated values because the factor (1+λ VDS) has been
neglected in the calculations in Problem 5.5.

5.7: Cc = 1.2 pF. Simulated GBW: 40 MHz, corresponding to the calculated value.

5.8: Av = 1 V/V. Frequency of peak: 180 MHz. Frequency of oscillation: 150 MHz.
Bandwidth: 56 MHz. Output resistance rout = 10.9 Ω.

Chapter 6:

6.1: β =

(
R3 ‖ (R2 +R1)

R3 ‖ (R2 +R1)+R4

)(
R1

R1 +R2

)
. Ideal opamp: ACL = 1/β = 63 V/V.

Opamp with A = 100 V/V: ACL = A/(1+Aβ ) = 38.65 V/V.

6.2: Amin = 3087 V/V.

6.3: Single stage: ACL = 100 V/V: Tolerance: 3%. ACL = 10 V/V: Tolerance: 0.3%.
Two-stage amplifier: Total gain A = 100 V/V. Tolerance: ∼ 0.6%

6.4: ACLmax = 20 V/V; β = 0.045 V/V.

6.5: ACLmax = 18.18 V/V; rout CL = 0.909 kΩ.

6.6: For rout = 0: ACL =−R(Av/(1+Av)); rinCL = R/(1+Av); ACL =−9.524 kΩ; rinCL = 476 Ω.
For rout = 100 Ω: ACL =−R(Av − rout/R)/(1+Av)); rinCL = (R+ rout)/(1+Av);
ACL =−9.519 kΩ; rinCL = 481 Ω.

6.7: Aβ = 50; β = 5 kΩ; io/vin = 0.196 mA/V.

6.8: L(s) = (sRC/(1+ sRC))(A0/(1+ sA0/(2π GBW))); PM = 90◦.

6.9: L(s) = (sRC/(1+ sRC))(A0/(1+ sA0/(2π GBW)))(1/(1+ s/(2π fp2))); PM = 52.7◦.

6.10: PM = 55◦. f ′p1 = 145 kHz.

Chapter 7:

7.1: gm2 = 10gm1; Cc =

(
gm1

gm2

)(
CL +C1 +

√
(C1 +CL)2 +2

(
gm2

gm1

)
C1CL

)
.

gm2 = 5.0 mA/V. Cc = 2.14 pF. Phase margin: 61◦. Bandwidth: 57 MHz.

7.2: Cc = 3.35 pF. Bandwidth: 36 MHz.

7.3: gm2 = 7.9 mA/V. Bandwidth: 54 MHz.

7.4: W1 =W2 =W3 =W4 = 13.9 µm.
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7.5: W7 = 290 µm. IBN6 = 1.043 mA. Cgs7 � 1.7 pF. Cc = 2.14 pF.

7.6: Phase margin: 56◦. Bandwidth: 53 MHz.

7.7: Method 1: Increase Cc to increase ωp2/ω tl .
New value: Cc = 3.25 pF. Bandwidth: 37 MHz.

Method 2: Increase W7 and IBN6 by the same factor to increase gm7, hence ωz/ω tl and ωp2/ω tl .
New values: W7 = 650 µm; IBN6 = 2.34 mA. Bandwidth: 47 MHz.

Method 3: Insert a resistor Rc in series with Cc to move the zero.
Rc = 510 Ω. Bandwidth: 49 MHz.

Chapter 8:

8.1: W1 = 25 µm. Rw = 216 Ω. IO1 = 90 µA. IO2 = 128 µA.

8.2: W1 = 25 µm. W3 = 100 µm. IO1 = 90 µA. IO2 = 90 µA.

8.3: IIN = 100 µA: Maximum relative error: 4.8%. IIN = 400 µA: Maximum relative error: 2.4%.

8.4: RB = 1.53 kΩ. VOmax = 0.97 V.

8.5: W5/L5 = 6.25. VOmin = 0.4 V. ro � 11.2 MΩ.

8.6: RB = 7.22 kΩ. VOmax = 1.40 V.

8.7: RB = 34.4 kΩ. gm2 = 98.2 µA/V. gmb2 = 26.3 µA/V. rds2 = 2.15 MΩ.
Calculated output resistance: ro = 11.4 MΩ. Simulated output resistance: ro = 11.4 MΩ.

8.8: VD1 = 536,0 mV. ∂VD1/∂T =−2.17 mV/K.
VDM = 476.4 mV. ∂ (VD1 −VDM)/∂T = 0.1984 mV/K. G = 10.94. Vref = 1.19 V.

8.9: L0 � Agm1 R1 = 600 V/V. Open loop: ∂Vref/∂VDD � gm1 (R2 + rd1) = 6.75 V/V.
Closed loop: ∂Vref/∂VDD � ((R2 + rd1)/R1)/A = 11.3 mV/V.

8.10: L0 � A(gm1/(gm1 +gmb1))(R1/(R1 +R2)) = 694 V/V.
Load regulation ∂VO/∂ IL � (1/(Agm1)(1+R2/R1) = 12 µA/mA=12 mΩ.
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Index

active load, 117, 118, 163
active region, 61, 65, 87, 88, 92, 343
amount of feedback, 226, 354

bandgap
principle, 313, 319, 360
voltage, 315, 360
voltage reference, 313, 318, 361

bandwidth, 42, 233
bias current circuit, 301

cascode, 303
Widlar current source, 310, 360

bipolar transistor, 315
Bode plot, 41
body effect, 64, 343
body effect constant, 64
body transconductance, 90

BSIM model, 103
bulk effect, 64, 343
bulk threshold parameter, 64
bulk transconductance, 90

capacitor, 24, 341
cascode

folded, 139
gain stage, 136, 350
low-voltage, 303, 334
opamp, 207
telescopic, 139
transistor, 136

channel-length modulation, 62
channel-length modulation parameter, 63
closed-loop gain, 226, 354
CMOS, 11
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common-drain stage, 124, 347, 348
high-frequency model, 180
small-signal model, 124, 127, 347, 348

common-gate stage, 133, 349
high-frequency model, 185
small-signal model, 133, 349

common-mode
CMRR, 147
gain, 147
input, 146
rejection ratio, 147

common-source stage, 116, 347
active load, 118
high-frequency model, 173
small-signal model, 116, 347

complementary metal-oxide-semiconductor, 11
critically damped system, 252
current mirror, 70, 75, 301, 359

cascode, 303, 359
low-voltage cascode, 303, 359
source degenerated, 310, 360

cut-off region, 61, 65, 343

depletion region, 51
differential gain, 147
differential gain stage, 146, 351, 352

common-mode half-circuit, 159
differential half-circuit, 157
small-signal model, 156

differential input, 146
diode, 49, 313, 341
diode-connected transistor, 68
dominant pole, 172, 352
dominant time constant, 172, 352
dropout voltage, 324

Early voltage, 63
effective gate voltage, 58, 343
efficiency, 324

feedback, 225, 354
stability, 246, 355

feedback factor, 225, 354
Fermi potential, 64
folded cascode, 139
frequency compensation, 263, 356

dominant pole, 264, 356
Miller compensation, 265, 356

frequency response, 40, 171, 352
cascode, 186
common drain, 180
common gate, 185
common source, 173
differential pair, 190

gain margin, 246
gain-bandwidth product, 234, 251
gate transconductance, 85

half-circuit
common-mode, 159
differential, 157

high-frequency transistor model, 93, 345

inductor, 25, 341
intrinsic gain, 89, 344
inverting amplifier, 78, 116
inverting amplifier with feedback, 241

Kirchhoff’s current law, KCL, 30, 340
Kirchhoff’s voltage law, KVL, 31, 340

line regulation, 322, 324
linear region, 61
load regulation, 74, 324
loop equation, KVL, 31
loop gain, 226, 354
low dropout (LDO) regulator, 326
LTspice, 15

Miller capacitance, 174, 352
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Miller theorem, 174, 352
mobility, 58

electron, 58, 67
hole, 67

moderate inversion, 103
Moore’s law, 12
MOS transistor, 54, 342

diagram symbol, 65, 342
transistor parameters, 67, 342

n-channel, 55
n-well, 56
NMOS, 55
node equation, KCL, 30
Norton equivalent circuit, 35, 340
Nyquist stability criterion, 246

open-loop gain, 225
overdamped system, 253
overdrive voltage, 58, 343

p-channel, 55
p-well, 56
phase margin, 246, 355
PMOS, 55
pn diode, 53
pn junction, 50

quality factor, Q, 258

reference voltage, 315
resistor, 23, 341
resonance frequency, 258

saturation region, 61, 343
saturation voltage, 61, 343
Shichman-Hodges model, 57, 64, 343
Shockley diode model, 52, 341

signal notation, 20, 340
simulation methods, 339
slew rate, 282, 288
small-signal analysis, 29
small-signal model, 77, 341

diode, 341
high frequency, 93, 345
NMOS transistor, 84, 86, 90, 344
PMOS transistor, 92, 344

source follower, 124, 347
source-degenerated current mirror, 310, 360
space-charge region, 51
strong inversion, 103
subthreshold region, 103
superposition principle, 36, 340

Thévenin equivalent circuit, 34, 340
threshold voltage, 58
transconductance, 85
transistor parameters, 67, 94, 342, 345
triode region, 61, 65, 86, 87, 92, 343
twin-well, 56
two-stage opamp, 209, 279, 357

underdamped system, 252
unity-gain frequency, 192

amplifier, 248
loop gain, 246, 248, 250–252, 355
transistor, 95, 345

voltage regulator, 323, 361
low dropout, LDO, 326, 362
NMOS pass transistor, 325, 361
PMOS pass transistor, 326, 362

weak inversion, 103
Widlar current source, 310, 360
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